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 UIF FRVJWBMFOU PG  N PG TFB
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 UIF CMVF MJOF EFMJOFBUFT UIF 1JOF *TMBOE (MBDJFS
ESBJOBHF CBTJO
ɨF BEWFOU PG NPEFSO TBUFMMJUF PCTFSWBUJPOT CZ SBEBS BMUJNFUFST TVDI BT &34  ëSTU IJO
UFE BU UIF OFHBUJWF JDF TIFFU NBTT CBMBODF JO 8"*4 	8JOHIBN FU BM 
 "MUIPVHI UIFTF
PCTFSWBUJPOT TIPXFE B UIJOOJOH USFOE UIF DIBOHFT XFSF MJOLFE UP TOPXGBMM WBSJBCJMJUZ *U XBT
TIPXO CZ 	4IFQIFSE FU BM 
 UIBU UIF NBTT CBMBODF PG 1JOF *TMBOE (MBDJFS 	1*(
 B HMBDJFS
JO UIF "NVOETFO TFB TFDUPS PG 8FTU "OUBSDUJDB 	'JH 
 XBT OFHBUJWF UP TVDI BO FYUFOU UIBU
UIF PCTFSWFE FMFWBUJPO DIBOHFT NVTU CF EVF UP JDF EZOBNJDT SBUIFS UIBO BDDVNVMBUJPO WBSJ
BUJPOT *O SFDFOU ZFBST NVDI XPSL JO UIF "OUBSDUJD SFTFBSDI DPNNVOJUZ JT DPODFOUSBUFE PO
XIFUIFS 8"*4 JT VOTUBCMF o BOE JG VOTUBCMF o PWFS XIBU UJNFTDBMF NJHIU EJTJOUFHSBUJPO PDDVS
ɨJT XPSL JOUFOET UP BEE UP UIF JODSFBTJOHMZ MBSHF CPEZ PG LOPXMFEHF PO 1*( CZ QSPWJEJOH
JOTJHIUT JOUP JUT UIF GPSN ìPX BOE GFBUVSFT JO BO BUUFNQU UP QVU DPOTUSBJOUT PO UIF EZOBNJDT
PG 1*( BOE UP QSFEJDU IPX JU XJMM DIBOHF JO UIF GVUVSF

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
 7KH$PXQGVHQ6HDVHFWRURIWKH:$,6
ɨF "NVOETFO 4FB TFDUPS PG 8FTU "OUBSDUJDB JT UIF SFHJPO PG UIF 8"*4 UIBU GBDFT UIF DFOUSBM
1BDJëD *U JT ESBJOFE CZ TFWFSBM NBKPS GBTUìPXJOH JDF TUSFBNT UIF MBSHFTU UXP CFJOH 1*( BOE
ɨXBJUFT (MBDJFS 4BUFMMJUF SBEBS BMUJNFUSZ IBT TIPXO UIBU UIF "NVOETFO 4FB TFDUPS JT UIJOOJOH
XJUI UIF NBKPSJUZ PG UIF UIJOOJOH DPODFOUSBUFE BMPOH UIF BYFT PG UIF NBKPS JDF TUSFBNT ɨFTF
JDF TUSFBNT BSF TQFFEJOH VQ BOE DPOUSJCVUJOH UP UIF OFHBUJWF NBTT CBMBODF PG UIF SFHJPO XIJDI
JT DVSSFOUMZ BSPVOE  ±  (U B− 	. ± . NN B− TFBMFWFM SJTF
 BOE SJTJOH 	$VìFZ
BOE 1BUFSTPO 
 5P VOEFSTUBOE UIF TJHOJëDBODF PG UIFTF DIBOHFT BOE UP QSFEJDU GVUVSF
DIBOHFT UP UIF 8"*4 JU JT JNQPSUBOU UP QVU UIFN JO DPOUFYU PG UIF HMBDJBM IJTUPSZ PG UIF
"OUBSDUJD DPOUJOFOU
 7KHJODFLDWLRQRI$QWDUFWLFD
ɨF &BTU "OUBSDUJD QMBUF UIBU UPEBZ VOEFSMJFT UIF NBKPSJUZ PG UIF HSPVOEFE JDF JO "OUBSD
UJDB GPSNFE QBSU PG UIF (POEXBOBMBOE TVQFS DPOUJOFOU UIBU FYJTUFE JO UIF +VSBTTJD (.−
. .B #1) %VSJOH UIF GPMMPXJOH  NJMMJPO ZFBST (POEXBOBMBOE CSPLF VQ UP GPSN
UIF EJTUJODU DPOUJOFOUBM MBOENBTTFT UIBU BSF TFFO UPEBZ 	4JFHFSU 
 ɨF "OUBSDUJD DPO
UJOFOU 	'JH 
 IBT CFFO MPDBUFE XJUIJO TPVUIFSO QPMBS MBUJUVEFT TJODF UIF -PXFS $SFUBDFPVT
(.− . .B #1) CVU IBT OPU BMXBZT CFFO DPWFSFE JO JDF #FGPSF UIF POTFU PG HMBDJBUJPO
JO UIF &PDFOF (. − . .B #1) JU XBT NPTUMZ JDFGSFF BOE WFHFUBUFE XJUI NFBO BOOVBM
UFNQFSBUVSFT UIBU XFSF XFMM BCPWF GSFF[JOH 	%F$POUP BOE 1PMMBSE  

 (RFHQH (.− . .B #1)
ɨF FBSMZ &PDFOF 	'JH 
 XBT NBSLFE CZ UIF DVMNJOBUJPO PG B XBSNJOH USFOE UIBU IBE CFHBO
JO UIF NJE1BMFPDFOF BU BSPVOE  .B #1 ɨF QFBL PG UIJT XBSNJOH USFOE PDDVSSFE BU −
 .B #1 BOE JT LOPXO BT UIF &BSMZ &PDFOF $MJNBUF 0QUJNVN 	&&$0
 BOE NBSLFE UIF UJNF
PG IJHIFTU HMPCBM UFNQFSBUVSFT EVSJOH UIF XIPMF PG UIF $FOP[PJD &SB (. .B #1−1SFTFOU)
	;BDIPT FU BM 

'PMMPXJOH UIF &&$0 UIFSF XBT B TUFBEZ EFDMJOF JO UFNQFSBUVSF UPXBSET DPPMFS DPOEJ
UJPOT XJUI NVDI PG UIJT DIBOHF PDDVSSJOH JO UIF NJEEMF &PDFOF ( −  .B #1) UP MBUF
&PDFOF ( −  .B #1) 	;BDIPT FU BM 
 5PXBSET UIF FOE PG UIF MBUF &PDFOF BU
∼ .B #1 TNBMMFQIFNFSBM JDF TIFFUT CFHBO UP BQQFBS JO &BTU "OUBSDUJD ɨFTF XFSF NBJOMZ

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
'JHVSF  &BSMZ $FOP[PJD JDFGSFF "OUBSDUJD UPQPHSBQIZ JO NFUSFT BCPWF TFB MFWFM
"CCSFWJBUJPOT BSF BT GPMMPXT "VSPSB #BTJO 	"#
 %SPOOJOH .BVE -BOE 	%.-

(BNCVSUTFW .PVOUBJOT 	(.
 -BNCFSU (SBCFO 	-(
 1SZE[ #BZ 	1#
5SBOT "OU
BSDUJD .PVOUBJOT 	5".
 8JMLFT #BTJO 	8#
 8JMLFT -BOE 	8-
 3FQSJOUFE CZ
QFSNJTTJPO GSPN .BDNJMMBO 1VCMJTIFST -UE /BUVSF 	%F$POUP BOE 1PMMBSE  

DPQZSJHIU 	
 IUUQXXXOBUVSFDPN
DPOëOFE UP UIF IJHIFTU NPVOUBJO SBOHFT PG UIF &BTU "OUBSDUJD QMBUFBV 	'JH 
 QBSUJDVMBSMZ
UIF 5SBOTBOUBSDUJD BOE (BNCVSUTFW NPVOUBJOT CVU BMTP JO UIF IJHI NPVOUBJOT PG %SPOOJOH
.BVE -BOE 	%F$POUP BOE 1PMMBSE  
 "MUIPVHI TNBMM UIF ìVDUVBUJPOT PG UIFTF FN
CSZPOJD JDF TIFFUT XBT SFDPSEFE JO CFOUIJD δ180 SFDPSET ɨJT JT CFDBVTF WBSJBUJPOT JO δ180
MBSHFMZ SFìFDU DIBOHFT JO DPOUJOFOUBM JDF WPMVNF BOE UFNQFSBUVSF 	;BDIPT FU BM 
 2VBTJ
QFSJPEJD WBSJBUJPOT 	GPSDFE CZ .JMBOLPWJUDI PSCJUBM UVOJOH
 PCTFSWFE JO δ180 SFDPSET BSF TFFO
EVSJOH BMM JOUFSWBMT DIBSBDUFSJTFE CZ HMBDJBUJPO SFHBSEMFTT PG UIF MPDBUJPO BOE FYUFOU PG JDF
TIFFUT 	;BDIPT FU BM 
 ɨF BNQMJUVEF PG δ180 WBSJBUJPOT BSF MBSHFS XIFO JDF TIFFUT BSF
NPSF EZOBNJD BOE FTQFDJBMMZ QSPOPVODFE XIFO JDF TIFFUT BSF CPUI MBSHF BOE IJHIMZ EZOBNJD
ɨJT JT UIF DBTF GPS QSFTFOU EBZ HMBDJBM DZDMFT XIFSF NVDI PG UIF δ180 TJHOBM JT EVF UP UIF
HSPXUI BOE EFDBZ PG MBSHF CVU USBOTJFOU OPSUIFSO IFNJTQIFSF JDF TIFFUT

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
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'JHVSF  (MPCBM EFFQTFB PYZHFO BOE DBSCPO JTPUPQFT GPS UIF $FOP[PJD FSB XJUI
NBKPS $MJNBUJD 5FDUPOJD #JPUJD BOE (MBDJBM FWFOUT IJHIMJHIUFE 'SPN 	;BDIPT
FU BM 
 3FQSJOUFE XJUI QFSNJTTJPO GSPN """4
 2OLJRFHQH (.− . .B #1)
"U UIF &PDFOF0MJHPDFOF CPVOEBSZ 	∼ .B #1
 B TVEEFO ESPQ JO CFOUIJD δ180 PG >.z
	'JH 
 JT FWJEFODF GPS SBQJE BEWBODF PG UIF &"*4 'VSUIFS FWJEFODF PG DPPMJOH BOE HMBDJBUJPO
JT QSPWJEFE CZ DPSFT ESJMMFE PO UIF &BTU "OUBSDUJD DPOUJOFOUBM NBSHJO ɨF SFDPSE PG DJSDVN
"OUBSDUJD JDFSBGUFE EFCSJT B TIJGU JO UIF DMBZ DPNQPTJUJPO PG UIF DJSDVN"OUBSDUJD TFEJNFOUT
BOE UIF GPTTJM SFDPSE PG "OUBSDUJD WFHFUBUJPO TIPX UIBU DPPMJOH BOE HMBDJBUJPO XFSF PDDVSSJOH BU
UIJT UJNF 	%F$POUP BOE 1PMMBSE  
 (MBDJBUJPO JT UIPVHIU UP IBWF PSJHJOBUFE JO UIF JOUFSJPS
PG &BTU "OUBSDUJDB XJUI UIF TNBMM JDFNBTTFT UIBU EFWFMPQFE EVSJOH UIF MBUF &PDFOF FYQBOEJOH
UP GPSN MBSHFS JDF TIFFUT *OJUJBMMZ UIF NBKPSJUZ PG JDF EJTDIBSHF UP UIF PDFBO PDDVSSJOH WJB UIF
-BNCFSU (SBCFO UP 1SZE[ CBZ 	'JH 
 #Z UIF NJEEMF 0MJHPDFOF UIF JDF TIFFUT IBE CFDPNF
MBSHF FOPVHI UIBU UIF 5SBOTBOUBSDUJD .PVOUBJOT OP MPOHFS QSFTFOUFE B TJHOJëDBOU PCTUBDMF UP

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
JDF ìPX SFTVMUJOH JO QBSUJBM ESBJOBHF PG JDF WJB 3PTT TFB 	%F$POUP BOE 1PMMBSE  
 *O UIF
FBSMZ 0MJHPDFOF TQFDUSBM BOBMZTJT PG CFOUIJD δ180 SFDPSET TIPX UIBU NVDI PG UIF QPXFS JT
DPODFOUSBUFE JO UIF PCMJRVJUZ CBOE 	∼ LB
 XJUI MJUUMF QPXFS PDDVSSJOH JO UIF ∼ LB BOE
∼ LB FDDFOUSJDJUZ CBOET ɨJT JOEJDBUFT UIF JNQPSUBODF PG UIF PCMJRVJUZ PSCJUBM DPNQPOFOU
JO JDF TIFFU GPSDJOH 5PXBSET UIF FOE PG UIF 0MJHPDFOF BOE JOUP UIF .JPDFOF UIFSF JT B TIJGU JO
TQFDUSBM QPXFS UPXBSET UIF 	∼ LB
 FDDFOUSJDJUZ CBOE JOEJDBUJOH UIF JODSFBTJOH JOìVFODF
PG UIF PSCJUBM FDDFOUSJDJUZ JO JDF TIFFU HSPXUI BOE EFDBZ 	;BDIPT FU BM 
 ɨJT JT TJNJMBS UP
UIF QSFTFOU EBZ TJUVBUJPO XIFSF HMBDJBUJPOT BSF BMTP GPSDFE CZ UIF ∼ LB FDDFOUSJDJUZ CBOE
ɨF NBYJNVN FYUFOU UIBU UIF &"*4 SFBDIFE EVSJOH UIF 0MJHPDFOF XBT BSPVOE  PG
JUT QSFTFOU EBZ TJ[F ɨF 0MJHPDFOF &"*4 QFSTJTUFE VOUJM UIF MBUFS QBSU PG UIF 0MJHPDFOF
(− .B #1) BGUFS XIJDI B XBSNJOH USFOE UIBU DPOUJOVFE VOUJM UIF FOE PG UIF 0MJHPDFOF
	. .B #1
 SFEVDFE UIF FYUFOU PG JDF JO &BTU "OUBSDUJDB UP QBSUJBM TDBMF HMBDJBUJPO 	;BDIPT
FU BM 

 ,FHVKHHWJURZWKDWWKH(RFHQH2OLJRFHQHERXQGDU\
ɨF TVEEFO HSPXUI PG UIF TNBMM JDF NBTTFT JO &BTU "OUBSDUJDB BU UIF &PDFOF0MJHPDFOF CPVOE
BSZ IBT CFFO BUUSJCVUFE UP UIF UFDUPOJD PQFOJOH PG PDFBOJD HBUFXBZT CFUXFFO "OUBSDUJDB BOE
4PVUI "NFSJDB 	%SBLF QBTTBHF
 BOE "OUBSDUJDB BOE "VTUSBMJB 	5BTNBOJBO 1BTTBHF
 ɨFTF
PQFO HBUFXBZT BMMPXFE UIF GPSNBUJPO BOE PSHBOJTBUJPO PG UIF "OUBSDUJD $JSDVNQPMBS $VSSFOU
	"$$
 	%F$POUP BOE 1PMMBSE  
 ɨF EFWFMPQNFOU PG UIF "$$ FêFDUJWFMZ JTPMBUFE "OUBSD
UJDB GSPN UIF NFSJEJPOBM USBOTQPSU PG PDFBOJD BOE BUNPTQIFSJD IFBU BOE DBVTFE B MPXFSJOH PG
"OUBSDUJD UFNQFSBUVSFT 	4JFHFSU 
 ɨF QSJODJQMF QSPCMFN XJUI UIJT IZQPUIFTJT JT XJUI UIF
UJNJOH PG HBUFXBZ PQFOJOH ɨF NBKPSJUZ PG UFDUPOJD SFDPOTUSVDUJPOT QMBDF UIF PQFOJOH PG UIF
5BTNBOJBO QBTTBHF BU UIF &PDFOF0MJHPDFOF CPVOEBSZ CVU UIF %SBLF QBTTBHF NBZ OPU IBWF
CFFO B TJHOJëDBOU EFFQ XBUFS QBTTBHF VOUJM TFWFSBM NJMMJPO ZFBST MBUFS 	%F$POUP BOE 1PMMBSE 

 4JODF CPUI HBUFXBZT BSF OFDFTTBSZ GPS UIF EFWFMPQNFOU PG UIF "$$ BOE UIF SFTVMUJOH
DPPMJOH BOPUIFS IZQPUIFTJT CZ 	%F$POUP BOE 1PMMBSE  
 BSHVFT UIBU PUIFS QSPDFTTFT NBZ
IBWF CFFO SFTQPOTJCMF GPS UIF TVEEFO HSPXUI PG &BTU "OUBSDUJD JDF NBTTFT BU ∼ .B #1
ɨF IZQPUIFTJT QSFTFOUFE CZ 	%F$POUP BOE 1PMMBSE  
 JT UIBU EFDMJOJOH BUNPTQIFSJD
DBSCPO EJPYJEF NBZ IBWF QMBZFE B GVOEBNFOUBM SPMF JO UIF &PDFOF0MJHPDFOF DPPMJOH USFOE
BOE UIF TVCTFRVFOU &BTU "OUBSDUJD HMBDJBUJPO ɨFJS NPEFM TIPXT UIBU UIF TVEEFO CVJMEVQ
PG &BTU "OUBSDUJD JDF BU UIF &PDFOF0MJHPDFOF CPVOEBSZ BOE JUT WBSJBUJPO UISPVHIPVU UIF
0MJHPDFOF XBT QSJNBSJMZ EVF BUNPTQIFSJD DBSCPO EJPYJEF PSCJUBM GPSDJOH BOE JDFDMJNBUF

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
GFFECBDLT 	%F$POUP BOE 1PMMBSE  
 ɨF EFDMJOF JO BUNPTQIFSJD DBSCPO EJPYJEF UISPVHI
PVU UIF &PDFOF DBVTFE UIF HSBEVBM MPXFSJOH PG &BTU "OUBSDUJD TOPXMJOFT "T DBSCPO EJPYJEF
MFWFMT DPOUJOVFE UP GBMM UIF TOPXMJOFT CFHBO JOUFSTFDUJOH BSFBT PG IJHI UPQPHSBQIZ TVDI BT UIF
(BNCVSUTFW .PVOUBJOT 	'JH 
 MFBEJOH UP UIF EFWFMPQNFOU PG TNBMM JTPMBUFE JDF DBQT 	%F
$POUP BOE 1PMMBSE  
 "U B DSJUJDBM QPJOU 	UIF &PDFOF0MJHPDFOF CPVOEBSZ
 UIF DBSCPO
EJPYJEF MFWFMT CFDBNF MPX FOPVHI UIBU JDFDBQ IFJHIUNBTTCBMBODF GFFECBDLT XFSF TVEEFOMZ
JOJUJBUFE SFTVMUJOH JO UIF GPSNBUJPO PG MBSHFS EZOBNJD JDF TIFFUT ɨFTF EZOBNJD JDF TIFFUT
BMUFSOBUFMZ DPBMFTDFE BOE TFQBSBUFE GPSDFE CZ .JMBOLPWJDI PSCJUBM UVOJOH 'VSUIFS EFDMJOFT JO
DBSCPO EJPYJEF MFE UP UIF EFWFMPQNFOU PG B QFSTJTUFOU MBSHF &"*4 EVSJOH UIF FBSMZ .JPDFOF
ɨJT JDF TIFFU IBE WFSZ MJUUMF TVNNFS NFMUJOH BOE BDDVNVMBUJPO [POFT UIBU SFBDIFE TFB MFWFM
	BSPVOE NPTU PG &BTU "OUBSDUJDB
 JU XBT BMTP BMNPTU JOTFOTJUJWF UP PSCJUBM GPSDJOH 	%F$POUP
BOE 1PMMBSE  

*O UIJT TDFOBSJP UIF PQFOJOH PG UIF 4PVUIFSO PDFBO HBUFXBZT BOE UIF EFWFMPQNFOU PG UIF
"$$ BMUIPVHI VOEPVCUBCMZ DPPMJOH UIF IJHI TPVUIFSO MBUJUVEFT QMBZFE B TFDPOEBSZ SPMF JO
UIF USBOTJUJPO BU UIF &PDFOF0MJHPDFOF CPVOEBSZ SFMBUJWF UP UIF MBSHFS SPMF QMBZFE CZ DBSCPO
EJPYJEF DPODFOUSBUJPO 	%F$POUP BOE 1PMMBSE  

 0LRFHQH (.− . .B #1)
*O UIF .JPDFOF UIF XBSNJOH USFOE UIBU IBE CFHBO JO UIF MBUF 0MJHPDFOF ( −  .B #1)
SFBDIFE JUT NBYJNVN BU UIF NJEEMF .JPDFOF DMJNBUF PQUJNVN ( −  .B #1) 	'JH 

ɨSPVHIPVU UIJT XBSNJOH USFOE HMPCBM JDF WPMVNF JODMVEJOH JDF JO &BTU "OUBSDUJD SFNBJOFE
MPX FYDFQU GPS TFWFSBM CSJFG 	CVU EFFQ
 HMBDJBUJPOT TVDI BT UIF ∼ LB .J HMBDJBUJPO BU
UIF 0MJHPDFOF.JPDFOF CPVOEBSZ 	. .B #1
 	;BDIPT FU BM 
 4QFDUSBM QPXFS JO UIF
	∼ LB
 FDDFOUSJDJUZ CBOE XBT FYDFQUJPOBM QSPOPVODFE JO UIF FBSMZ .JPDFOF JOEJDBUJOH UIBU
EVSJOH UIJT UJNF PSCJUBM FDDFOUSJDJUZ XBT UIF EPNJOBOU GPSDJOH GBDUPS GPS JDF TIFFU DZDMJD WBSJBC
JMJUZ 	;BDIPT FU BM 
 "GUFS UIF NJEEMF .JPDFOF DMJNBUF PQUJNVN B HSBEVBM DPPMJOH USFOE
CFHBO XIJDI MFE UP UIF SFFTUBCMJTINFOU PG B NBKPS JDF TIFFU JO &BTU "OUBSDUJDB CZ∼ .B #1
	;BDIPT FU BM 
 'VSUIFS DPPMJOH EVSJOH UIF MBUF .JPDFOF (. − . .B #1) MFE
UP TNBMM TDBMF JDF FYQBOTJPOT JO 8FTU "OUBSDUJDB BOE BMTP JO UIF "SDUJD 	;BDIPT FU BM 


 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
 3OLRFHQH (.− . .B #1)
ɨF .JPDFOF DPPMJOH USFOE DPOUJOVFE JOUP UIF WFSZ FBSMZ 1JMPDFOF SFBDIJOH B NJOJNVN BU
∼ .B #1 ɨJT XBT GPMMPXFE CZ B TVCUMF XBSNJOH USFOE UIBU QFBLFE BU ∼. .B #1 BGUFS
XIJDI UFNQFSBUVSFT CFHBO UP EFDSFBTF BHBJO XJUI B δ180 JODSFBTF 	'JH 
 JOEJDBUJOH UIF PO
TFU PG /PSUIFSO )FNJTQIFSF HMBDJBUJPO 	;BDIPT FU BM 
 %VSJOH UIF 1MJPDFOF UIF CFOUIJD
δ180 SFDPSET TIPX UIBU UIF EPNJOBOU PSCJUBM GPSDJOH GBDUPS XBT PCMJRVJUZ 	∼ LB
 BOE UIBU
CPUI FDDFOUSJDJUZ DZDMFT 	∼ LB ∼ LB
 IBE MFTT PG BO FêFDU PO JDF WPMVNF UIBO JO QSF
WJPVT FQPDIT 	;BDIPT FU BM 

" NPEFM TJNVMBUJOH UIF "OUBSDUJD JDF TIFFU EVSJOH UIF MBTU  NJMMJPO ZFBST IBT CFFO EF
WFMPQFE CZ 	1PMMBSE BOE %F$POUP 
 ɨJT NPEFM TIPXT UIF &"*4 JT TUBCMF UISPVHIPVU UIF
XIPMF PG UIF TJNVMBUFE UJNF QFSJPE ( .B #1−1SFTFOU) FYDFQU GPS TNBMM WBSJBUJPOT BMPOH UIF
8JMLFT -BOE NBSHJO BOE JO JOMFUT TVDI BT 1SZE[ CBZ XJUI OFBSMZ BMM UIF WBSJBCJMJUZ JO "OUBSDUJD
JDF WPMVNF CFJOH EVF UP ìVDUVBUJPOT PG UIF 8"*4
ɨFSF JT B HFOFSBM USFOE GPS 8"*4 HSPXUI 	XJUI TVQFSJNQPTFE ìVDUVBUJPOT
 UISPVHIPVU
UIF 1MJPDFOF GSPN∼− .B #1 XJUI JOUFSWBMT PG 8"*4 DPMMBQTF 	MJUUMF PS OP NBSJOF JDF
 CFJOH
NPSF DPNNPO BU UIF CFHJOOJOH PG UIF FQPDI ɨF NPTU GSFRVFOU BOE QSPMPOHFE 8"*4 DPM
MBQTFT PDDVSSFE CFUXFFO ∼.− . .B #1 	1PMMBSE BOE %F$POUP 
 XIJDI JT BU BSPVOE
UIF UJNF PG UIF QFBL PG UIF TVCUMF XBSNJOH USFOE SFQPSUFE CZ 	;BDIPT FU BM 
 ɨFTF SFT
VMUT BSF BMTP JO HPPE BHSFFNFOU XJUI UIF "/%3*-- "/%# TFEJNFOU DPSF SFDPWFSFE GSPN
UIF 8FTUFSO 3PTT 4FB "GUFS  .B #1 UIFSF XFSF MPOHFS JOUFSWBMT IBWJOH QSFTFOUEBZ UP HMB
DJBM JDF WPMVNFT SBUIFS UIBO UIF DPNQMFUFMZ DPMMBQTFE 8"*4 WPMVNFT ɨFSF XFSF TUJMM CSJFG
8"*4 TVQFSJOUFSHMBDJBM DPMMBQTFT TVDI BT UIF XFMMEBUFE .*4  FWFOU 	'JH 
 UIBU PDDVSSFE
. .B #1 CVU JO HFOFSBM TVDI FWFOUT XFSF MFTT GSFRVFOU BGUFS  .B #1 	1PMMBSE BOE %F$POUP


 3OHLVWRFHQH (.− . .B #1)
*O UIF 1MFJTUPDFOF CPUI UIF &"*4 BOE 8"*4 WBSJFE JO TJ[F XJUI UIF BNQMJUVEF PG 8"*4 ìVD
UVBUJPOT GBS MBSHFS UIBO &"*4 ìVDUVBUJPOT 	4JFHFSU 
 *O UIF FBSMZ 1MFJTUPDFOF PSCJUBM
GPSDJOH DPOUJOVFE UP CF EPNJOBUFE CZ UIF FêFDU PG UIF ∼ LB PCMJRVJUZ DZDMF CVU BU BSPVOE
 LB #1 UIFSF XBT B TIJGU BXBZ GSPN UIF PCMJRVJUZ CBOE 	BOE∼ LB FDDFOUSJDJUZ CBOE
 BOE
UPXBSET UIF∼ LB FDDFOUSJDJUZ CBOE XIJDI CFDBNF UIF EPNJOBOU PSCJUBM GPSDJOH NFDIBO
JTN 	'JH 
 ɨF QBSUJDVMBSMZ MBSHF BNQMJUVEF WBSJBUJPOT JO δ180 SFDPSET PWFS UIF MBTU  LB

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
'JHVSF  	B
 4UBDLFE EFFQTFBDPSF CFOUIJD δ180 	C
 5PUBM TJNVMBUFE "OUBSDUJD
JDF WPMVNF 	D
 "T C CVU XJUI UJNF BYJT FYQBOEFE PWFS UIF QBTU . .B HSFZ TIBE
JOH JOEJDBUFT TJNVMBUFE TVQFSJOUFSHMBDJBMT 3FQSJOUFE CZ QFSNJTTJPO GSPN .BD
NJMMBO 1VCMJTIFST -UE /BUVSF 	1PMMBSE BOE %F$POUP 
 DPQZSJHIU 	

IUUQXXXOBUVSFDPN
XFSF QSJODJQBMMZ DBVTFE CZ UIF HSPXUI BOE EFDBZ PG MBSHF /PSUIFSO IFNJTQIFSF JDF TIFFUT
" NPEFMMJOH TUVEZ TJNVMBUJOH UIF "OUBSDUJD JDF TIFFU UISPVHI UIF MBTU GFX HMBDJBM DZDMFT JT
QSFTFOUFE CZ 	)VZCSFDIUT 
 ɨF NPEFM TIPXT UIBU UIF TJ[F PG UIF JDF TIFFU EVSJOH UIF
MBTU JOUFSHMBDJBM UIF &FNJBO BU ∼ LB #1 XBT TMJHIUMZ TNBMMFS UIBO UIF QSFTFOU EBZ JDF TIFFU
	'JH 
 ɨF BSFB PG HSFBUFTU EJêFSFODF CFUXFFO UIF &FNJBO BOE UIF QSFTFOU EBZ DPOëH
VSBUJPO XBT UIF QPTJUJPO PG UIF 8"*4 JO UIF 3POOF'JMDIOFS CBTJO %VSJOH UIF &FNJBO UIF
HSPVOEJOH MJOF XBT  o  LN GVSUIFS JOMBOE FRVJWBMFOU UP B FVTUBUJD TFB MFWFM SJTF PG . N
	)VZCSFDIUT 

ɨF NPEFM CZ 	)VZCSFDIUT 
 BMTP TIPXT UIBU UIF HSPXUI PG UIF "OUBSDUJD JDF TIFFU PO
UIF MFBE VQ UP UIF -BTU (MBDJBM .BYJNVN 	-(.
 XBT QSJNBSJMZ GPSDFE CZ TFB MFWFM DIBOHFT

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
'JHVSF  /VNFSJDBM NPEFM TIPXJOH "OUBSDUJDBT JDF TIFFU EVSJOH UIF MBTU HMBDJBM
DZDMF $PMPVS CBST TIPX JDF TVSGBDF FMFWBUJPO SFMBUJWF UP QSFTFOU EBZ TFB MFWFM ɨF
DPOUPVS JOUFSWBM JT  N UIJDL MJOFT BSF GPS FWFSZ  N UIF MPXFTU DPOUPVS JT
GPS  N BOE JT HFOFSBMMZ DMPTF UP UIF HSPVOEJOH MJOF 	TMF  TFB MFWFM FRVJWBMFOU

5BLFO GSPN 	)VZCSFDIUT 

" NPEFSBUF MPXFSJOH JO TFB MFWFM PG  o  N DBVTFE UIF JDF TIFFU UP SVO BHSPVOE JO UIF
"NFSZ CBTJO BOE 8FEEFMM TFB XJUI UIF JDF TIFFU HSPVOEJOH PO B OVNCFS PG UPQPHSBQIJD
IJHI QPJOUT PO UIF TFB CFE DMPTF UP UIF UIF QSFTFOU MPDBUJPO PG UIF JDF TIFMG GSPOU 	)VZCSFDIUT

 ɨJT HSPVOEJOH PCTUSVDUFE UIF JDF ìPX BOE DBVTFE B SFMBUJWFMZ SBQJE UIJDLFOJOH XIJDI
QSPQBHBUFE JOMBOE WJB B CBDLëMMJOH NFDIBOJTN SFTVMUJOH JO WFSZ SBQJE HSPVOEJOH PWFS B MBSHF
BSFB 	)VZCSFDIUT 

ɨF TJUVBUJPO JO UIF 3PTT 4FB JT EJêFSFOU EVF UP UIF EJêFSFOU HFPNFUSZ PG UIF DPOUJOFOUBM
TIFMG ɨF HSPVOEJOH JO UIF 3PTT TFB JT NPSF HSBEVBM CFDBVTF UIF GSFF XBUFS EFQUI CFMPX UIF JDF
TIFMG HFOFSBMMZ JODSFBTFT UPXBSET UIF DPOUJOFOUBM TIFMG CSFBL ɨF XJEFTQSFBE HSPVOEJOH PG UIF
JDF TIFFU JO UIF 3PTT 4FB JT POMZ BDIJFWFE XJUI EFDSFBTFT JO HMPCBM TFB MFWFM JO FYDFTT PG  N
XIJDI PDDVS JO UIF MBUFS TUBHFT PG B HMBDJBM QFSJPE 	)VZCSFDIUT 
 "U UIF 	-(.  LB #1

UIF "OUBSDUJD JDF TIFFU SFBDIFT JUT NBYJNVN FYUFOU PDDVQZJOH BO BSFB PG .×  LN
XIJDI JT ∼ MBSHFS UIBO UIF QSFTFOU EBZ JDF TIFFU ɨF DPSSFTQPOEJOH JDF TIFFU WPMVNF
XBT .×  LN BO JODSFBTF PG ∼ PWFS UIF QSFTFOU EBZ JDF TIFFU BOE FRVJWBMFOU UP B

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
HMPCBM TFB MFWFM MPXFSJOH PG . N SFMBUJWF UP UPEBZ 	)VZCSFDIUT 

" TJNJMBS NPEFMMJOH TUVEZ CZ 	%FOUPO BOE )VHIFT 
 TIPXFE UIBU UIF BEEJUJPOBM JDF
WPMVNF PG UIF "OUBSDUJD JDF TIFFU BU UIF -(. XBT .×  LN ɨF TFBMFWFMFRVJWBMFOU JDF
WPMVNF JODSFBTF JO UIF 8"*4 XBT . N BMNPTU UXJDF UIBU PG UIF &"*4 	. N
 BOE DPNCJOFE
UIJT XPVME IBWF SFTVMUFE JO B MPXFSJOH PG HMPCBM TFB MFWFMT CZ  N 	%FOUPO BOE )VHIFT 

ɨF EJêFSFODF JO -(. JDF WPMVNF CFUXFFO UIF UXP NPEFMT 	)VZCSFDIUT 
 BOE 	%FOUPO
BOE )VHIFT 
 DBO CF QBSUMZ FYQMBJOFE CZ UIF EJêFSFOU XBZT UIFZ IBOEMF UIF USBOTJUJPO
CFUXFFO JDF TIFFU ìPX BOE JDF TIFMG ìPX CVU UIF HFOFSBM QBUUFSO PG HMBDJBUJPO JT IPXFWFS UIF
TBNF GPS CPUI NPEFMT
0WFS UIF QFSJNFUFS PG UIF &"*4 	XJUI UIF FYDFQUJPO PG UIF "NFSZ #BTJO
 HSPVOEJOH MJOF
BEWBODF BU UIF -(. JT MJNJUFE UP BU NPTU o LN 	%SPOOJOH .BVE -BOE 8JMLFT -BOE

ɨFSF BSF BMTP QMBDFT BSPVOE UIF &"*4 UIBU TBX MJUUMF PS OP BEWBODF PG HSPVOEFE JDF BU UIF
-(. 	)VZCSFDIUT 
 UIVT BHSFFJOH XJUI PCTFSWBUJPOT 	"OEFSTPO FU BM 
 XIJDI TIPX
UIBU EVSJOH UIF -(. UIF &"*4 BEWBODFE POMZ UP UIF NJEEMF UP NJEPVUFS DPOUJOFOUBM TIFMG
	'JH 
 ɨFSF XFSF BMTP SFHJPOT XFSF JU JT QPTTJCMF UIBU UIFSF XBT OP BEWBODF TVDI BT JO
'JHVSF  "OUBSDUJD HSPVOEJOH MJOF QPTJUJPO BU UIF -(. 	XIJUF MJOF
 "MTP
TIPXO BSF UIF PMEFTU SBEJPDBSCPO BHFT GSPN HMBDJBMNBSJOF EFQPTJUT XIJDI BSF UIF
BQQSPYJNBUF BHF PG JOJUJBM JDF TIFFU SFUSFBU GSPN UIF TIFMG 	XIJUF CPYFT
 5BLFO
GSPN 	"OEFSTPO FU BM 


 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
&BTUFSO 2VFFO .BVE -BOE-VU[PX )PMN #BZ SFHJPO BOE JO TPNF SFHJPOT UIF NBYJNVN
HSPVOEJOH MJOF FYUFOU XBT BDUVBMMZ BDIJFWFE CFGPSF UIF -(. 	"OEFSTPO FU BM 

ɨF -(. "OUBSDUJD JDF TIFFU TVSGBDF FMFWBUJPO XBT BMTP EJêFSFOU UP UPEBZ 0WFS NPTU
PG UIF 8"*4 UIF FMFWBUJPOT XFSF IJHIFS XJUI TPNF QMBDFT IBWJOH JDF TIFFU FMFWBUJPOT VQ UP
 N HSFBUFS UIBO UPEBZ ɨF JOUFSJPS PG UIF &"*4 IBE FMFWBUJPOT UIBU XFSF MPXFS UIBO
UPEBZ XJUI TVSGBDF FMFWBUJPO UZQJDBMMZ MPXFS CZ o N 	)VZCSFDIUT 
 ɨF NPEFMMJOH
TUVEJFT BHSFF XJUI PYZHFO JTPUPQF BOBMZTJT GSPN DFOUSBM &"*4 SFHJPOT TVDI BT UIF TJUF PG UIF
7PTUPL JDF DPSF UIBU BMTP SFWFBM UIBU JDF FMFWBUJPOT BU UIF -(. XFSF  N MPXFS UIBU UIF JDF
TIFFU PG UPEBZ 	4JFHFSU 

ɨF MPDBUJPO PG &"*4 JDF EJWJEFT EPNFT BOE UIF HFOFSBM ìPX QBUUFSO IBSEMZ DIBOHFE EVS
JOH UIF -(. CVU JO UIF 8"*4 UIFSF XFSF TJHOJëDBOU DIBOHFT JO UIF NPEFMMFE ìPX EJSFDUJPO
QBSUJDVMBSMZ OFBS UIF QSFTFOU EBZ HSPVOEJOH MJOF PG UIF 3PTT *DF 4IFMG ɨF 8"*4 BEWBODFE
BDSPTT UIF DPOUJOFOUBM TIFMG EVSJOH UIF -(. SFBDIJOH UIF DPOUJOFOUBM TIFMG NBSHJO JO UIF
FBTUFSO BOE DFOUSBM 3PTT 4FB BT XFMM BT JO UIF #FMMJOHTIBVTFO BOE "NVOETFO TFBT 	&WBOT FU BM

 "MPOH UIF SFTU PG UIF 8"*4 NBSHJO UIF HSPVOEJOH MJOF BEWBODF XBT BU MFBTU UP UIF
NJEEMF DPOUJOFOUBM TIFMG 	"OEFSTPO FU BM 
 %VSJOH UIF ëOBM TUBHFT PG UIF -(. UIF FO
MBSHFE 8"*4 XBT BSPVOE UXJDF UIF TJ[F PG UIF NPEFSO JDF TIFFU 	4JFHFSU 
 BOE XBT ìPXJOH
BDSPTT BO FYUFOTJWFMZ EFGPSNJOH CFE JNQMZJOH IJHI SBUFT PG ìPX BOE EJTDIBSHF XJUI TIBMMPX
JDF QSPëMFT 	"OEFSTPO FU BM 

 3RVW/*0 :$,6 UHWUHDW
ɨF NBKPS DIBOHFT JO UIF "OUBSDUJD JDF TIFFU BGUFS UIF -(. XFSF JO 8FTU "OUBSDUJDB XJUI
BMM SFHJPOT PG UIF 8"*4 TFFJOH MBSHF HSPVOEJOH MJOF SFUSFBUT IPXFWFS UIF SFUSFBU TUZMF BOE
DISPOPMPHZ WBSJFT GSPN SFHJPO UP SFHJPO
5RVV 6HD ɨF EFHMBDJBUJPO IJTUPSZ PG UIF 3PTT *DF 4IFMG TJODF UIF -(. JT EFTDSJCFE
CZ 	.DLBZ FU BM 
 BOE JT JMMVTUSBUFE JO 'JH  "U BSPVOE UIF TUBSU PG UIF )PMPDFOF
	  B #1
 UIFSF XBT B QIBTF PG BDDFMFSBUFE SFUSFBU XJUI UIJT SFUSFBU PDDVSSJOH JNNFEJBUFMZ
QSJPS UP UIF UJNJOH PG .FMUXBUFS QVMTF C ɨF NBJO SFUSFBU FQJTPEF PDDVSSFE GSPN   UP
  $ B #1 %VSJOH XIJDI UJNF UIF HSPVOEJOH MJOF QPTJUJPO 	PG UIF UIFO 3PTT *DF 4IFFU

NPWFE GSPN UIF PVUFS %SZHMBTLJ 5SPVHI UP UIF TPVUI PG 3PTT *TMBOE 	'JH 
 	.DLBZ FU BM

 3BEJPDBSCPO EBUFE TFEJNFOU DPSFT SFWFBM UIBU UIF VOHSPVOEJOH PG JDF JO UIF  N
NBSJOF CBTJOT TVSSPVOEJOH 3PTT *TMBOE IBE PDDVSSFE CZ ∼  $ B #1 BGUFS XIJDI UJNF

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
UIFSF XFSF PQFO NBSJOF DPOEJUJPOT JNNFEJBUFMZ UP UIF OPSUI PG 3PTT *TMBOE
ɨF FOMBSHFE 3PTT *DF 4IFMG FYUFOEFE UP UIF OPSUI PG 3PTT *TMBOE VOUJM ∼ $ B #1
BGUFS XIJDI JUT DBMWJOH MJOF CFDBNF QJOOFE UP 3PTT *TMBOE ɨJT QJOOJOH SFTVMUFE JO UIF EFDPVQ
MJOH PG UIF DBMWJOH MJOF GSPN UIF HSPVOEJOH MJOF BOE UIF SFUSFBU PG UIF HSPVOEJOH MJOF UPXBSET
UIF 4JQMF $PBTU XIJDI DPOUJOVFT UP UIJT EBZ 	'JH 
 ɨF EFDPVQMJOH FWFOU UIVT NBSLFE UIF
USBOTJUJPO GSPN B SFUSFBUJOH 3PTT *DF TIFFU UP UIF QSFTFOU EBZ 3PTT *DF 4IFMG HFPNFUSZ XJUI B
HSPVOEJOH MJOF TFQBSBUFE GSPN UIF DBMWJOH GSPOU CZ ∼ LN 	.DLBZ FU BM 

'JHVSF  ɨF SFUSFBU IJTUPSZ PG UIF 3PTT *DF 4IFFU4IFMG HSPVOEJOH BOE DBMWJOH
MJOF VTJOH DPSSFDUFE 14$ EBUFT GSPN 	.DLBZ FU BM 
 BOE UIPTF PG QSFWJPVT
XPSLFST 5BLFO GSPN 	.DLBZ FU BM 

:HGGHOO6HD ɨF SFUSFBU IJTUPSZ PG UIF 8FEEFMM TFB BOE UIF FYUFOU PG UIF 8"*4 PO JUT
DPOUJOFOUBM TIFMG JT MFTT XFMM DPOTUSBJOFE UIBO JO UIF 3PTT 4FB 8PSL EFTDSJCFE CZ 	#FOUMFZ
FU BM 
 TIPXFE UIBU UIF MPOH UFSN UIJOOJOH PG JDF JO UIF &MMTXPSUI SFHJPO PG UIF 8FEEFMM
4FB FNCBZNFOU ɨF JDF JO UIJT MPDBUJPO UIJOOFE CZ BT NVDI BT  N JO UIF MBTU  LB 	#FOUMFZ
FU BM 
 ɨF POTFU PG UIF UIJOOJOH USFOE PDDVSSFE BU  LB #1 XIJDI JT DPOTJTUFOU XJUI
PUIFS FTUJNBUFT PG 8"*4 EFHMBDJBUJPO UJNJOH 	'JH 
 ɨF MPOH UFSN UIJOOJOH USFOE XBT
NPTU MJLFMZ OPOMJOFBS BOE TIPSU MJWFE QFSJPET PG SBQJE MPXFSJOH DPVME IBWF PDDVSSFE ɨJT

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
UIJOOJOH CFIBWJPVS JT UP CF FYQFDUFE JG UIF FYUFOEFE 3POOFëMDIFS JDF TIFMG SFTQPOEFE UP UIF
FVTUBUJD JODSFBTFT JO TFB MFWFM UIBU PDDVSSFE EVSJOH .81 " 	#FOUMFZ FU BM 
 ɨF OPO
MJOFBSJUZ JO UIF SFUSFBU IJTUPSZ JT FWJEFOU GSPN EBUB EFSJWFE GSPN JDF TIFFU NFBTVSFNFOUT JO
UIF NBSCMF IJMMT B TPVUIFSO TFDUJPO PG UIF )FSJUBHF NPVOUBJO SBOHF BCPVU  LN JOMBOE PG
UIF QSFTFOU 3POOF *DF TIFMG HSPVOEJOH MJOF ɨFTF EBUB TIPX B NBYJNVN UIJOOJOH PG POMZ
 N POFRVBSUFS PG UPUBM QPTU-(. UIJOOJOH GSPN  LB #1 UP  LB #1 NFBOJOH UIBU UIF
UIJOOJOH USFOE MJLFMZ DPOUJOVFE GBS JOUP UIF )PMPDFOF
ɨF MBSHFTU HFPNPSQIJD GFBUVSF PO UIF 8FEEFMM TFB DPOUJOFOUBM TIFMG MPDBUFE JO UIF TPVUI
FBTUFSO FYUSFNJUZ JT $SBSZ 5SPVHI 1JTUPO DPSFT GSPN $SBSZ 5SPVHI TBNQMFE UJMM ɨJT JOEJD
BUFT UIBU UIF JDF TIFMG HSPVOEFE UP EFQUIT PG KVTU PWFS  N EVSJOH UIF -(. 	"OEFSTPO FU BM

 (MBDJBM NBSJOF TFEJNFOUT GSPN B TFEJNFOU DPSF MPDBUFE PO UIF PVUFS TIFMG IBWF ZJFMEFE
SBEJPDBSCPO BHFT PG BQQSPYJNBUFMZ   $ B #1 ɨF SFUSFBU IJTUPSZ GPS UIJT TFDUJPO PG UIF
TIFMG JT OPU LOPXO CVU UIFTF EBUB JOEJDBUF UIBU UIF JDF TIFMG IBE SFUSFBUFE GSPN UIF PVUFS TIFMG
CZ UIJT UJNF 	"OEFSTPO FU BM 

$PXQGVHQ6HD .VMUJCFBN TXBUIF CBUIZNFUSZ BOE TVCCPUUPN QSPëMFS EBUB XFSF VTFE
CZ 	&WBOT FU BM 
 BOE NPSF SFDFOUMZ CZ 	(SBIBN FU BM 
 UP TUVEZ UIF SFUSFBU IJTUPSZ
PG UIF 8"*4 JO UIF "NVOETFO TFB ɨF FYJTUFODF PG TUSFBNMJOFE HMBDJBM CFEGPSNT TVDI BT
NFHBTDBMF HMBDJBM MJOFBUJPOT PO UIF "NVOETFO TFB DPOUJOFOUBM TIFMG 	'JH 
 JOEJDBUF UIBU
UIF 8"*4 JO UIF OPSUIFBTUFSO "NVOETFO 4FB &NCBZNFOU FYUFOEFE UP XJUIJO  LN PG UIF
DPOUJOFOUBM TIFMG BOE QSPCBCMZ BMM UIF XBZ UP UIF TIFMG FEHF BU UIF -(. 	(SBIBN FU BM 

0CTFSWBUJPOT PG -(. FYUFOU BHSFF JO UIF FBTU XJUI TJNJMBS PCTFSWBUJPOT CZ 	&WBOT FU BM 

GSPN BO TJUF PO UIF XFTUFSO TIFMG
ɨF NBJO ESBJOBHF QBUIXBZ PG UIF DPNCJOFE 1JOF *TMBOEɨXBJUFT 1BMBFP*DF4USFBN 	1*5
1*4
 XBT WJB B DSPTTTIFMG USPVHI UIBU FYUFOET UP B USPVHI NPVUI PO UIF PVUFS TIFMG BU∼¡8
	(SBIBN FU BM 
 "MUIPVHI UIF ∼¡8 USPVHI NPVUI XBT QSPCBCMZ UIF NBJO PVUMFU
GPS UIF 1*51*4 BOPUIFS USPVHI NPVUI BU∼¡8 JOEJDBUFT UIBU ìPX TXJUDIJOH NBZ IBWF PD
DVSSFE *O FBSMJFS QIBTFT PG UIF ìPX UIF 1*51*4 NBZ IBWF CFFO EJWFSUFE BMPOH BO PVUFS TIFMG
USPVHI UP UIF XFTU UFSNJOBUJOH BU UIF USPVHI NPVUI BU ∼¡8 CFGPSF TXJUDIJOH CBDL UP JUT
PSJHJOBM QPTJUJPO 	(SBIBN FU BM 
 ɨJT IZQPUIFTJT QSPWJEFT B QMBVTJCMF FYQMBOBUJPO GPS
UIF QSFTFODF PG UXP PVUFS TIFMG USPVHIT FBDI DPOUBJOJOH UIFJS PXO ìPXQSPEVDFE CFEGPSNT
BOE FBDI IBWJOH UIFJS PXO USPVHI NPVUI PVUMFU
ɨF TUZMF PG UIF SFUSFBU GSPN UIF PVUFS TIFMG IBT CFFO JOGFSSFE GSPN GFBUVSFT PO UIF DPO

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
'JHVSF  #BUIZNFUSZ PG UIF "NVOETFO 4FB UBLFO GSPN 	/JUTDIF FU BM 

UJOFOUBM TIFMG ɨF QSFTFODF PG (SPVOEJOH ;POF 8FEHFT 	(;8
 BSF JOEJDBUJWF PG B TUFQQFE
FQJTPEJD EFHMBDJBUJPO TUZMF XJUI B (;8 CFJOH GPSNFE EVSJOH B UFNQPSBSZ IBMU JO HSPVOEJOH
MJOF SFUSFBU 'JWF (;8 IBWF CFFO PCTFSWFE JO UIF FBTUFSO USPVHI 	USPVHI NPVUI BU∼¡8

UIJT JOEJDBUFT UIBU UIF 1*51*4 IBMUFE BU MFBTU ëWF UJNFT EVSJOH UIF SFUSFBU UP JUT QSFTFOU DPO
ëHVSBUJPO 	(SBIBN FU BM 
 ɨF TUJMMTBOET UIBU MFE UP UIF QSPEVDUJPO PG UIF (;8T BSF
BTTPDJBUFE XJUI DIBOHFT JO UIF MBOEXBSE EJQQJOH CFE HSBEJFOU XJUI NPSF SBQJE QIBTFT PG SF
USFBU DPSSFMBUFE XJUI MBSHFS HSBEJFOUT JO CFE TMPQF 	(SBIBN FU BM 
 "T 1*51*4 HSPVOEJOH
MJOF SFUSFBU OFBSFE JUT QSFTFOU EBZ QPTJUJPO JOOFSTIFMG QJOOJOH QPJOUT DBVTFE GVSUIFS IBMUT JO
JUT SFUSFBU ɨF TFEJNFOU DPSFT UIBU IBWF CFFO UBLFO 	BOE EBUFE
 GSPN UIJT BSFB JOEJDBUF UIBU
EFHMBDJBUJPO CFHBO TPPO BGUFS UIF -(. BU ∼  B #1 BOE UIBU CZ ∼  $ B #1 UIF
1*51*4 HSPVOEJOH MJOF IBE SFUSFBUFE GSPN UIF TIFMG FEHF UP UIF NJEEMF TIFMG CFDPNJOH HSPVO
EFE PO B CFESPDL IJHI 	#VSLF JTMBOE
 PO UIF NJEEMF TIFMG 	'JH 
 'SPN ∼  $ B #1
UP ∼  $ B #1 UIFSF XBT B QIBTF PG SBQJE SFUSFBU BOE CZ ∼  $ B #1 UIF 1*51*4
QSPCBCMZ PDDVQJFE JUT QSFTFOU EBZ QPTJUJPO 	-PXF BOE "OEFSTPO 


 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
 7KH$PXQGVHQVHDFRQWLQHQWDOVKHOI
ɨF GFBUVSFT PG UIF "NVOETFO TFB DPOUJOFOUBM TIFMG BSF EFTDSJCFE JO 	/JUTDIF FU BM 

BOE BSF TIPXO JO 'JH  ɨF NPTU QSPNJOFOU GFBUVSFT PO UIF DPOUJOFOUBM TIFMG BSF EFFQ
BOE SVHHFE JOOFS TIFMG USPVHIT UIBU UFOE UP NFSHF BOE TIPBM TFBXBSE BXBZ GSPN UIF JDF TIFMG
GSPOUT 	/JUTDIF FU BM 
 ɨFTF USPVHIT BSF UIPVHIU UP IBWF CFFO DBSWFE JOUP UIF TFB ìPPS
EVSJOH QBTU JDF BHFT 	4FD 
 CZ GBTU NPWJOH QBMFPJDF TUSFBNT 	&WBOT FU BM 
 ɨF
JOEJWJEVBM USPVHIT UIBU PSJHJOBUF BU UIF JDF TIFMG GSPOUT UFOE UP NFSHF JOUP TJOHMF GFBUVSFT CZ
UIF NJE TIFMG *O UIF FBTUFSO TIFMG UIFSF BSF UXP USPVHI TZTUFNT POF XIJDI PSJHJOBUFT BU UIF
%PUTPO BOE FBTUFSO (FU[ JDF TIFMWFT BOE POF UIBU PSJHJOBUFT BU 1JOF *TMBOE ɨXBJUFT BOE
4NJUI (MBDJFST ɨFTF UXP USPVHI TZTUFNT BSF TFQBSBUFE CZ B TVCNBSJOF CBOL SJTJOH UP EFQUIT
PG ∼ N BOE FYUFOEJOH OPSUIXBSE GSPN UIF CFBS QFOJOTVMB 	'JH 
 ɨF NBYJNVN
EFQUIT JO CPUI TZTUFNT FYDFFE  N XIFSFBT BU UIF DPOUJOFOUBM TIFMG CSFBL UIFZ BWFSBHF
∼ N 	WBSZJOH CFUXFFO ∼ N BOE  N
 $POOFDUJPOT CFUXFFO UIF EFQSFTTJPOT PO
UIF TIFMG CSFBL BOE JOOFS TIFMG USPVHIT BSF ZFU UP CF DPOëSNFE BT QFSFOOJBM TFB JDF DPWFSJOH
UIF NJE TIFMG IBNQFST EFUBJMFE CBUIZNFUSJD NBQQJOH FêPSUT
ɨF CBUIZNFUSZ PG UIF SFHJPO DMPTF UP UIF 1*( HSPVOEJOH MJOF XBT TVSWFZFE EVSJOH UIF
+BOVBSZ  EFQMPZNFOU PG UIF "VUPTVC "VUPOPNPVT 6OEFSXBUFS 7FIJDMF 	"67
 	+FOLJOT
FU BM 
 0OF PG UIF NBKPS EJTDPWFSJFT PG UIF TVSWFZ XBT UIBU B DPOUJOVPVT SJEHF FYJTUT
NJEXBZ CFUXFFO UIF JDF GSPOU BOE UIF 1*( HSPVOEJOH MJOF ɨJT SJEHF IBT CFFO TIPXO UP
IBWF BO VOEVMBUJOH DSFTU BSPVOE  N CFMPX TFB MFWFM BOE JT GPVOE FYUFOEJOH TPVUIXBSE
GSPN &WBOT ,OPMM 	UIF NPTU TPVUIXFTUFSMZ PVUDSPQ PG UIF )VETPO NPVOUBJOT 'JH 
 ɨF
UIJDLOFTT PG UIF XBUFS DPMVNO EFëOFE BT UIF EJTUBODF CFUXFFO UIF CPUUPN PG UIF 1*( JDF
TIFMG BOE UIF TFB CFE WBSJFT GSPN MFTT UIBO  N BMPOH UIF SJEHF DSFTU UP  N JO UIF
PVUFS DBWJUZ *O UIF JOOFS DBWJUZ UPXBSET UIF HSPVOEJOH MJOF UIF XBUFS DPMVNO UIJDLOFTT ëSTU
UIJDLFOT UIFO UBQFST UPXBSE UIF HSPVOEJOH MJOF 	+FOLJOT FU BM 
 .VMUJCFBN BDPVTUJD
JNBHFSZ PG UIF TFB ìPPS MFBET UP UIF DPODMVTJPO UIBU UIF SJEHF JT B GPSNFS HSPVOEJOH MJOF
-BOETBU JNBHFSZ IBT SFWFBMFE UIBU UIF 1*( JDF TIFMG XBT BU MFBTU QBSUMZ HSPVOEFE PO UIF SJEHF
BT SFDFOUMZ BT  *O BEEJUJPO UIF CFE FMFWBUJPO JO QSPYJNJUZ UP UIF  HSPVOEJOH QPJOU
DPVME CF BT IJHI BT  N CFMPX TFB MFWFM 	+FOLJOT FU BM 
 ɨJT JT DBMDVMBUFE BTTVNJOH
UIBU UIF PCTFSWFE TMPQF BOHMF DPOUJOVFE UP UIF SJEHF DSFTU BOE NFBOJOH UIBU UIF XBUFS DPMVNO
UIJDLOFTT BCPWF UIF  HSPVOEJOH QPJOU DPVME IBWF CFFO MFTT UIBO  N JO +BOVBSZ 

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
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'JHVSF  .0%*4 JNBHF PG UIF 1*( JDF TIFMG PCUBJOFE PO  %FDFNCFS 
BMTP TIPXO BSF UIF USBDLT GPMMPXFE CZ "VUPTVC 	XIJUF MBCFMMFE XJUI NJTTJPO OVN
CFS
 BOE UIF HSPVOEJOH MJOF BT NBQQFE JO  	CPME XIJUF
 3FQSJOUFE CZ QFS
NJTTJPO GSPN .BDNJMMBO 1VCMJTIFST -UE /BUVSF HFPTDJFODF 	+FOLJOT FU BM 

DPQZSJHIU 	
 IUUQXXXOBUVSFDPNOHFPJOEFYIUNM
 &LUFXPSRODUGHHSZDWHU
$JSDVNQPMBS %FFQ 8BUFS 	$%8
 JT UIF MBSHFTU HMPCBM XBUFS NBTT CZ WPMVNF BOE GPSNT B
MBSHF BOE JOUFHSBM QBSU PG UIF "OUBSDUJD $JSDVNQPMBS $VSSFOU 	"$$
 *O UIF "NVOETFO TFB
$%8 IBT CFFO GPVOE UP CF XJEFTQSFBE CFOFBUI UIF VQQFS  N PG UIF XBUFS DPMVNO
	+FOLJOT FU BM 
 BOE UZQJDBMMZ PG B UFNQFSBUVSF PG BSPVOE  ¡$ 	+FOLJOT FU BM 
 ɨF
TPVUIFSO CPVOEBSZ PG UIF "$$ NBSLT UIF QPMFXBSE MJNJU PG $%8 	8BMLFS FU BM 
 ɨF
"$$ FODJSDMFT "OUBSDUJDB CVU JUT MPDBUJPO SFMBUJWF UP UIF DPBTU JT OPU DPOTUBOU BSPVOE UIF XIPMF
DPOUJOFOU BOE JUT QPTJUJPO BMTP WBSJFT XJUI UJNF %FTQJUF UIJT WBSJBCJMJUZ PWFS UIF NBKPSJUZ PG
UIF "OUBSDUJD DPBTU UIF "$$ JT OPSNBMMZ GPVOE GBS PêTIPSF BOE BXBZ GSPN UIF DPOUJOFOUBM
TIFMG ɨJT JT OPU UIF DBTF JO UIF "NVOETFO TFB #FMMJOHTIBVTFO TFB BOE UIF XFTUFSO TJEF PG UIF
"OUBSDUJD 1FOJOTVMB )FSF UIF TPVUIFSO CPVOEBSZ PG UIF "$$ JT BEKBDFOU UP UIF DPOUJOFOUBM
TIFMG FEHF NFBOJOH UIBU $%8 DBO CF GPVOE KVTU TFBXBSE PG UIF TIFMG CSFBL 	'JH 

ɨF EFQUI PG UIF DPOUJOFOUBM TIFMG CSFBL JO UIF "NVOETFO TFB WBSJFT CFUXFFO ∼ N

 ɨF "NVOETFO 4FB TFDUPS PG UIF 8"*4
'JHVSF  4FB ìPPS UFNQFSBUVSF NBQ EBUB EFSJWFE GSPN UIF 80$& 40 "UMBT
BOE QSPWJEFE CZ ,FJUI /JDIPMMT 	#"4

BOE  N 	4FD 
 BOE BDUT BT B UPQPHSBQIJD CBSSJFS GPS UIF NBKPSJUZ PG UIF $%8 UIVT
QSFWFOUJOH POTIFMG ìPX 	/JUTDIF FU BM 
 0CTFSWBUJPOT 	8BMLFS FU BM 
 BOE NPEFMT
	ǲPNB FU BM 
 IBWF JOEJDBUFE UIBU $%8 NBZ CF BCMF UP NPWF POUP UIF DPOUJOFOUBM
TIFMG WJB EFQSFTTJPOT JO UIF TIFMG CSFBL 4JHOJëDBOU EFQSFTTJPOT JO UIF TIFMG CSFBL BSF UIF UFS
NJOBUJPOT PG USPVHIT UIBU PSJHJOBUF MBOEXBSE PG UIF TIFMG CSFBL ɨFTF TIFMG CSFBL EFQSFTTJPOT
IBWF UIF BCJMJUZ PG BMMPXJOH BMNPTU VONPEJëFE $%8 POUP UIF DPOUJOFOUBM TIFMG 0ODF PO
TIFMG UIF USPVHI OFUXPSL NBZ DIBOOFM UIF NPTU TBMJOF BOE EFOTF $%8 UP UIF JOOFS TIFMG BOE
UPXBSET UIF DBWJUJFT PG UIF "NVOETFO TFB JDF TIFMWFT

 1JOF *TMBOE (MBDJFS
 3LQH,VODQG*ODFLHU
1JOF *TMBOE (MBDJFS 	1*(
 JT POF PG GPVS NBKPS HMBDJFST 	1*( ɨXBJUFT 4NJUI BOE ,PIMFS
 UIBU
ESBJO UIF "NVOETFO 4FB TFDUPS PG 8FTU "OUBSDUJDB 	'JH 
 ɨFTF GPVS HMBDJFST DPNCJOFE
ESBJO BO BSFB PG BSPVOE   LN o BMNPTU POFRVBSUFS o PG 8"*4 ɨF MBSHFTU EJTDIBSHFST
PG JDF BSF 1*( BOE UIF OFJHICPVSJOH ɨXBJUFT HMBDJFS XIJDI DPNCJOFE ESBJO ∼ PG UIF
XIPMF 8"*4 	1BZOF FU BM 
 ɨF ìPX WFMPDJUZ PG JDF DMPTF UP UIF 1*( HSPVOEJOH MJOF
JT GBTU CZ "OUBSDUJD TUBOEBSET 	> . LN B−
 BOE UIJT DPOUSJCVUFT UP 1*( IBWJOH UIF MBSHFTU
EJTDIBSHF 	BU >  ±  (U ZS−
 PG BMM UIF 8"*4 JDF TUSFBNT 	BOE POF PG UIF MBSHFTU JO BMM
"OUBSDUJDB
 	3JHOPU FU BM 

'BS GSPN IBWJOH VOJGPSN ìPX JDF JO UIF 1*( ESBJOBHF CBTJO JT DIBOOFMFE UISPVHI B EFOE
SJUJD USJCVUBSZ TUSVDUVSF 	'JH 
 	7BVHIBO FU BM 
 *DF EJTDIBSHF UP UIF DPBTU GSPN UIF
EFFQ JOUFSJPS PDDVST UISPVHI UIFTF USJCVUBSZ JDF TUSFBNT 	#BNCFS FU BM 
 BOE UIJT ESBJO
BHF TUSVDUVSF BMMPXT QFSUVSCBUJPOT JOJUJBUJOH BU UIF DPBTU UP BêFDU UIF FOUJSF ESBJOBHF CBTJO
NPSF SBQJEMZ UIBO JG JDFìPX XFSF NPSF VOJGPSN 	3JHOPU 

'JHVSF  *DFìPX WFMPDJUZ EFSJWFE GSPN *O4"3 OVNCFSFE USJCVUBSJFT BOE JDF
ìPX EJSFDUJPO NFBTVSFE BU UIF UFNQPSBSZ ëFME DBNQ 1/& 	SFE EPU XJUI ìPX EJS
FDUJPO JOEJDBUFE CZ UIF BSSPX
 5BLFO GSPN 	7BVHIBO FU BM 

*O BEEJUJPO 1*( JT POMZ MJHIUMZ HSPVOEFE JO B SFHJPO  LN VQTUSFBN PG JUT HSPVOEJOH MJOF

 1JOF *TMBOE (MBDJFS
	UIF QPJOU XIFSF BO JDF TIFFU TUBSUT UP ìPBU Pê UP CFDPNF BO JDF TIFMG 
 PO UIF TP DBMMFE AJDF QMBJO
	$PSS FU BM 
 .PEFMMJOH TUVEJFT IBWF TIPXO UIBU DIBOHFT JO CBTBM TUSFTT PO UIF JDF QMBJO
	ǲPNBT FU BM 
 BOE UP NBSHJOBM ESBH BU JDF TIFMG NBSHJOT 	4DINFMU[ FU BM 
 NBZ
DBVTF BMNPTU JOTUBOUBOFPVT UIJOOJOH UIBU XPVME QSPQBHBUF EFFQ JOUP UIF JOUFSJPS PG UIF 1*(
CBTJO *O SFBMJUZ UIF TJUVBUJPO JT NPSF TVCUMF XJUI MPOHJUVEJOBM TUSFTT BEKVTUNFOU PSJHJOBUJOH
BU UIF HSPVOEJOH MJOF CFJOH EBNQFE PVU CZ B SFHJPO PG IJHI CBTBM TUSFTT JNNFEJBUFMZ BEKBDFOU
BOE VQTUSFBN PG UIF HSPVOEJOH MJOF 	8JOHIBN FU BM 
 "OZ UIJOOJOH GVSUIFS JOMBOE
XPVME CF DBSSJFE VQTUSFBN CZ B EJêVTJWF BEKVTUNFOU QSPDFTT PQFSBUJOH PO UJNFTDBMF PG ∼
ZFBST 	1BZOF FU BM 
 ɨF GBDU UIBU DIBOHFT DBO CF TP SBQJEMZ QSPQBHBUFE VQTUSFBN NBLFT
1*( FTQFDJBMMZ TFOTJUJWF UP DIBOHFT PDDVSSJOH BUOFBS JUT HSPVOEJOH MJOF
 2FHDQRJUDSKLFREVHUYDWLRQV
3FTVMUT GSPN "VUPTVC IBWF TIPXO $%8 UP FYJTU JO UIF JOOFS 1*( DBWJUZ 	+FOLJOT FU BM 

ɨJT JOìPXJOH $%8 IBT B IJHI UFNQFSBUVSF 	BU∼ ¡$ JU JT  ¡$ XBSNFS UIBO JO TJUV GSFF[JOH
QPJOU
 IJHI TBMJOJUZ BOE B MPX EJTTPMWFE PYZHFO DPOUFOU 6QQFS XBUFS DPMVNO QSPQFSUJFT BU UIF
1*( JDF GSPOU IBWF CFFO GPVOE UP CF UIF QSPEVDU PG UIF NJYJOH CFUXFFO $%8 BOE NFMUXBUFS
	+FOLJOT FU BM 
 ɨJT JOEJDBUFT UIBU $%8 ìPXJOH JOUP UIF 1*( TVCHMBDJBM DBWJUZ NFMUT
UIF PWFSMZJOH JDF 	+FOLJOT FU BM 

ɨJT NFMUMBEFO PVUìPX IBT EJêFSFOU QSPQFSUJFT UP UIF JOìPXJOH $%8 *U JT DPPMFE CZ
MBUFOU IFBU FYUSBDUJPO EVSJOH NFMUJOH EJMVUFE CZ UIF BEEJUJPO PG GSFTIXBUFS 	GSPN UIF QVSF
JDF TIFMG JDF
 BOE FOSJDIFE JO PYZHFO CZ UIF EJTTPMVUJPO PG BJS CVCCMFT DPOUBJOFE XJUIJO UIF
NFMUFE JDF 	+FOLJOT FU BM 
 ɨF EJMVUJPO FêFDU EPNJOBUFT PWFS UIF DPPMJOH FêFDU DBVTJOH
B SFEVDUJPO JO UIF EFOTJUZ PG UIF $%8NFMUXBUFS NJY ɨJT SFTVMUT JO B CVPZBOU PVUìPX
DVSSFOU UIBU MFBWFT UIF 1*( JOOFS DBWJUZ BOE ìPXT UPXBSET UIF 1*( JDF TIFMG GSPOU BMPOH UIF
JDF TIFMG CBTF EFìFDUFE UP UIF TPVUI CZ UIF $PSJPMJT FêFDU
ɨF TVCNBSJOF SJEHF 	4FD 
 UIBU TFQBSBUFT UIF JOOFS BOE PVUFS DBWJUZ QSFTFOUT B QIZT
JDBM PCTUBDMF GPS $%8 ìPXJOH UPXBSE UIF HSPVOEJOH MJOF BOE MJNJUT UIF SBUF BU XIJDI $%8
DBO ìPX JOUP 	BOE PVU PG 
 UIF JOOFS DBWJUZ *O UIF UIJO XBUFS DPMVNO BCPWF UIF SJEHF DSFTU
UJEF ESJWFO DVSSFOUT BOE TIFBSJOEVDJOH EFOTJUZ EJêFSFODFT XJMM CF BNQMJëFE 	+FOLJOT FU BM

 ɨF SJEHF DSFTU JT UIFSFGPSF UIF TJUF PG NBYJNVN GSJDUJPOBM ESBH BOE UVSCVMFOU NJYJOH
MJNJUJOH UIF TQFFE PG XBUFS FYDIBOHF CFUXFFO UIF UXP TJEFT PG UIF DBWJUZ 	+FOLJOT FU BM 

ɨF UVSCVMFOU NJYJOH QSPDFTT BMTP IBT UIF FêFDU PG DPPMJOH UIF JOìPXJOH $%8 BOE XBSNJOH

 1JOF *TMBOE (MBDJFS
UIF PVUìPXJOH NFMUXBUFS QMVNF BTXFMM BT QSPNPUJOH FïDJFOU WFSUJDBM IFBU USBOTQPSU MFBEJOH
UP SBQJE NFMUJOH BOE UIJOOJOH PG UIF PWFSMZJOH JDF TIFMG ɨJT IBT UIF FêFDU PG XJEFOJOH UIF
HBQ PWFS UIF SJEHF JODSFBTJOH UIF XBUFS DPMVNO UIJDLOFTT *O B UIJDLFS XBUFS DPMVNO UIFSF
JT MFTT JOUFSBDUJPO CFUXFFO UIF JOìPXJOH $%8 BOE PVUìPXJOH NFMU QMVNF BOE UIFSFGPSF MFTT
NJYJOH CFUXFFO UIFN ɨJT SFTVMUT JO B XBSNFS $%8 JO UIF JOOFS DBWJUZ BOE DPOTFRVFOUMZ
NPSF NFMUJOH OFBS UIF HSPVOEJOH MJOF 	+FOLJOT FU BM 

 6DWHOOLWHREVHUYDWLRQV
*NBHFSZ QSPWJEFE CZ -BOETBU GSPN  TIPXFE DIBOHFT UP UIF JDF TIFMG TFDUJPO PG 1*(
PWFS UIF XIPMF QFSJPE PG PCTFSWBUJPO ɨFTF JODMVEFE JDF TIFMG UIJOOJOH BU BO BWFSBHF SBUF PG
VQ UP . N B− BOE ìPX NBSHJO NJHSBUJPO JOUP JDF TIFMG %VSJOH UIF  ZFBS QFSJPE CFUXFFO
 BOE  UIF OPSUI ìPX NBSHJO TIJGUFE . LN OPSUIXBSE BXBZ GSPN UIF DFOUSF PG UIF
1*( JDF TIFMG BU BO BWFSBHF SBUF PG  N B− GPSNJOH B DVSWFE ìPX NBSHJO 	#JOETDIBEMFS

 "TTVNJOH UIBU UIF ìPX NBSHJO XBT PSJHJOBMMZ TUSBJHIU BOE UIBU UIF MBUFSBM NJHSBUJPO
SBUF XBT DPOTUBOU QSJPS UP  UIFO UIF FTUJNBUFE TUBSU UJNF GPS UIF NJHSBUJPO JT  	#JOE
TDIBEMFS 
 %FTQJUF UIF UIJOOJOH BOE NBSHJO NJHSBUJPO UIF JDF GSPOU QPTJUJPO IBT OPU
TIPXO BOZ DMFBS USFOE PWFS UIF MBTU  ZFBST 	3JHOPU 

*O BEEJUJPO UP UIF PCTFSWFE UIJOOJOH BOE XJEFOJOH 	#JOETDIBEMFS 
 UXP EJTUJODU QFSJ
PET PG ìPX BDDFMFSBUJPO BSF EJTDFSOJCMF 	o BOE o
 TFQBSBUFE GSPN FBDI PUIFS
CZ BSPVOE TFWFO ZFBST PG TUFBEZ ìPX 	+PVHIJO FU BM  3JHOPU FU BM 
 ɨF MBUUFS
QFSJPE PG BDDFMFSBUJPO 	o
 DPJODJEFE XJUI UIF &34  BOE MBUFS &/7*4"5 TBUFMMJUF
DBNQBJHOT XIJDI BMMPXFE UIF VTF PG SBEBS BMUJNFUSZ BOE *OUFSGFSPNFUSJD 4ZOUIFUJD "QFSUVSF
3BEBS 	*O4"3
 *U XBT TIPXO CZ 	4IFQIFSE FU BM 
 UIBU UIF HSPVOEFE QBSU PG 1*( UIJOOFE
BU SBUF PG . N B− CFUXFFO  BOE  BOE EVSJOH UIF TBNF QFSJPE 	
 UIF
1*( HSPVOEJOH MJOF SFUSFBUFE BU B SBUF PG BSPVOE  LN B−1 	3JHOPU 
 XJUI UIF ìPX
WFMPDJUZ JODSFBTJOH CZ PWFS  UP WBMVFT BQQSPBDIJOH  LN B− 	ǲPNBT FU BM 

*O4"3 EBUB GPS UIF QFSJPE CFUXFFO  BOE  TIPXFE UIBU 1*( IBE TQFE VQ CZ B
GVSUIFS  UP B NBYJNVN ìPX WFMPDJUZ PG .±. LN B− BOE CFDBNF VOHSPVOEFE PWFS
NPTU PG JUT JDF QMBJO 	3JHOPU 
 EVSJOH UIJT UJNF QFSJPE " TUVEZ DPNCJOJOH &34 BOE
&/7*4"5 SBEBS BMUJNFUSZ PCTFSWBUJPOT PWFS UIF QFSJPE  UP  	8JOHIBN FU BM 

TIPXFE UIBU UIF QBUUFSO PG UIJOOJOH IBE CPUI BDDFMFSBUFE BOE TQSFBE GVSUIFS JOMBOE UP FODPN
QBTT UIF USJCVUBSJFT ìPXJOH JOUP UIF DFOUSBM USVOL PG UIF HMBDJFS 	'JH B BOE 'JH C
 "U

 1JOF *TMBOE (MBDJFS
'JHVSF ɨJOOJOH SBUFT JO UIF 1*( FOWJSPOT 	MFGU
 UIJOOJOH SBUF 	SJHIU

 UIJOOJOH SBUF UIF CPVOEBSJFT PG UIF HMBDJFS DFOUSBM USVOL 	EBTIFE CMBDL MJOF

BOE JUT USJCVUBSJFT 	TPMJE CMBDL MJOF
 BSF BMTP TIPXO 5BLFO GSPN 	8JOHIBN FU BM


UIF HSPVOEJOH MJOF UIF UIJOOJOH SBUF IBE JODSFBTFE GSPN  N B− JO  UP  N B− JO 
%BUB GSPN (14 SFDFJWFST FNQMBDFE POUP 1*( JDF TVSGBDF CFUXFFO  BOE  TIPXFE UIBU
CPUI UIJOOJOH BOE BDDFMFSBUJPO SBUFT FYDFFEFE SBUFT PCTFSWFE BU BOZ PUIFS UJNF EVSJOH UIF
MBTU UXP EFDBEFT 	4DPUU FU BM 
 ɨJT UIJOOJOH BOE BDDFMFSBUJPO USFOE XBT PCTFSWFE UP CF
TQSFBEJOH SBQJEMZ JOMBOE JO BDDPSEBODF XJUI UIF BMUJNFUSZ EBUB QSPWJEFE CZ 	8JOHIBN FU BM

 (14 EBUB GSPN B TJUF  LN JOMBOE PG UIF JDF GSPOU TIPXJOH B ìPX BDDFMFSBUJPO PG
. EVSJOH  BOE UIJT ìPX JODSFBTF XBT HSFBUFS UIBO BOZ JODSFBTF BMPOH UIF XIPMF HMBDJFS
QSJPS UP  	4DPUU FU BM 

3FDFOU EBUB QSFTFOUFE JO 	+PVHIJO FU BM 
 TIPXFE UIBU NBYJNVN ìPX SBUF JODSFBTFE
UP OFBSMZ  LN B− CZ MBUF  CVU TIPXFE MJUUMF GVSUIFS DIBOHF UISPVHI FBSMZ  #Z VTJOH
5FSSB4"39 TBUFMMJUF EBUB UIF  HSPVOEJOH MJOF QPTJUJPO XBT NBQQFE TIPXJOH BO BSFB PG
JTPMBUFE MJHIUMZ HSPVOEFE JDF EPXOTUSFBN PG UIF NBJO HSPVOEJOH MJOF 	+PVHIJO FU BM 

'SPN JUT OFX QPTJUJPO JU XBT OPUFE UIBU GSPN  UP  QBSUT PG UIF HSPVOEJOH MJOF IBE
SFUSFBUFE CZ BSPVOE  LN

 1JOF *TMBOE (MBDJFS
 'ULYLQJPHFKDQLVPVIRUREVHUYHGFKDQJHV
'SPN TBUFMMJUF PCTFSWBUJPOT 	4FD 
 JU JT DMFBS UIBU DIBOHFT BSF PDDVSSJOH UP 1*( BOE JUT
FOWJSPOT ɨF NFDIBOJTNT DBVTJOH UIFTF DIBOHFT BSF GBS GSPN CFJOH VOEFSTUPPE CVU OFX
PCTFSWBUJPOT BSF CFHJOOJOH UP CVJME VQ B DPIFSFOU QJDUVSF PG UIFJS QPTTJCMF DBVTFT
.PEFMMJOH XPSL CZ 	4DINFMU[ FU BM  1BZOF FU BM  ǲPNBT FU BM 
 IBT
TIPXO UIBU UIF PCTFSWFE BDDFMFSBUJPO PG 1*( NBZ CF DPOUSPMMFE CZ UIF QPTJUJPO PG JUT HSPVOE
JOH MJOF XJUIJO UIF JDF QMBJO BOE BMTP CZ B SFEVDUJPO JO JDF TIFMG CVUUSFTTJOH 	3JHOPU 

ɨF DPOUJOVFE BOE BDDFMFSBUJOH VOHSPVOEJOH PG UIF JDF QMBJO JT UIPVHIU UP CF UIF SFTVMU PG
UIF EZOBNJD UIJOOJOH PG 1*( ɨJT EZOBNJD UIJOOJOH IBT UIF FêFDU PG SFEVDJOH UIF CBDL
TUSFTT BOE UIVT JODSFBTJOH UIF MPOHJUVEJOBM TUSBJO SBUF JO UIF JDF ɨF JODSFBTF JO TUSBJO SBUF
DBVTFT BO BDDFMFSBUJPO JO ìPX WFMPDJUZ BOE DPSSFTQPOEJOH WFSUJDBM UIJOOJOH SFTVMUJOH JO GVSUIFS
HSPVOEJOH MJOF SFUSFBU BOE GVSUIFS VOHSPVOEJOH PG UIF JDF QMBJO GPSNJOH B QPTJUJWF GFFECBDL
NFDIBOJTN 	3JHOPU 
 ɨF EJTDPWFSZ PG B TVCNBSJOF SJEHF 	4FD 
 BU UIF FOUSBODF PG
UIF 1*( JOOFS DBWJUZ QSPWJEFT BO FYQMBOBUJPO GPS UIF QBUUFSO PG PCTFSWFE DIBOHFT 	4FD 

-BOETBU JNBHFSZ GSPN  TIPXFE B CVNQ PO UIF TVSGBDF PG UIF 1*( JDF TIFMG UIBU EJT
BQQFBSFE B GFX ZFBST MBUFS XJUI B DPODVSSFOU TIJGU JO ìPX QBUUFSOT 	+FOLJOT FU BM 
 ɨF
MPDBUJPO PG UIJT CVNQ XBT SJHIU PWFS UIF QSFTFOU EBZ SJEHF DSFTU UIF CVNQ XBT UIFSFGPSF BU
USJCVUFE UP CFJOH BO JDF SVNQMF DBVTFE CZ UIF DPOUBDU CFUXFFO UIF JDF TIFMG BOE QBSU PG UIF
SJEHF *G UIJT JT UIF DBTF UIF JDF TIFMG DPVME IBWF CFFO BU MFBTU QBSUMZ HSPVOEFE BT SFDFOUMZ BT
 ɨF 1*( JDF TIFMG NBZ IBWF CFFO NPSF GVMMZ HSPVOEFE PO UIF SJEHF JO UIF QBTU CVU
FYBDUMZ XIFO JT EJïDVMU UP QSPWF BU QSFTFOU ɨF IZQPUIFTJT QVU GPSXBSE CZ 	+FOLJOT FU BM

 GPS UIF SFDFOU UIJOOJOH USFOE JT UIBU B EPXOXBSE NJHSBUJPO PG UIF HSPVOEJOH MJOF GSPN
UIF SJEHF DSFTU XIJDI CFHBO QSJPS UP  NBEF HSPVOEJOH MJOF SFUSFBU JOFWJUBCMF SFTVMUJOH
JO UIF PCTFSWFE UIJOOJOH
ɨF UIJOOJOH SBUF IBT CFFO FOIBODFE CZ DIBOHFT JO UIF JOUFSBDUJPO CFUXFFO UIF SJEHF DSFTU
BOE $%8 "T OPUFE JO 4FD  BO JODSFBTF JO UIF UIJDLOFTT PG UIF XBUFS DPMVNO PWFS UIF
SJEHF DSFTU NFBOT MFTT NJYJOH CFUXFFO UIF XBSN JOìPXJOH $%8 BOE UIF DPPM PVUìPXJOH
NFMUXBUFS QMVNF ɨJOOJOH PG UIF JDF TIFMG EVF UP JODSFBTFE CBTBM NFMUJOH IBT CFFO TVQQPSUFE
CZ B QPTJUJWF GFFECBDL NFDIBOJTN JO XIJDI UIJOOJOH JODSFBTF UIF HBQ PWFS UIF SJEHF DSFTU
UIVT BMMPXJOH NPSF VONPEJëFE $%8 JOUP UIF HSPXJOH JOOFS DBWJUZ JODSFBTJOH UIF NFMU SBUF
	+FOLJOT FU BM 
 ɨJT IZQPUIFTJT QSPWJEFT BO FYQMBOBUJPO GPS UIF BDDFMFSBUFE UIJOOJOH
USFOE CVU JU EPFT OPU QSPWJEF BO FYQMBOBUJPO GPS UIF  ZFBS QFSJPE PG BQQBSFOUMZ TUFBEZ ìPX

 1JOF *TMBOE (MBDJFS
CFUXFFO  UP  	+PVHIJO FU BM 
 ɨJT QFSJPE PG TUFBEZ ìPX NBZ IBWF JUT PSJHJO
JO DIBOHFT UP OBUVSF PG UIF $%8 PO UIF DPOUJOFOUBM TIFMG
.PEFMT PG UIF $%8 JODVSTJPO NFDIBOJTN 	ǲPNB FU BM 
 IBWF TIPXO UIBU UIFTF JO
DVSTJPOT BSF ESJWFO CZ SFHJPOBM XJOE GPSDJOH JO UIF "NVOETFO TFB 1SFWBJMJOH &BTUFSMZ XJOET
QPTJUJPOFE PWFS UIF FEHF PG UIF DPOUJOFOUBM TIFMG FEHF DIBOHF UP XFTUFSMJFT BT B SFTVMU PG UIF
XJOUFSTQSJOH NJHSBUJPO PG UIF "NVOETFO 4FB -PX ɨJT DIBOHF JO UIF XJOE ëFME DBVTFT B
TFBTPOBM POTIFMG ìPX UP EFWFMPQ XIJDI WBSJFT PO EFDBEBM UJNFT TDBMF XJUI TPNF ZFBST TFF
JOH B TUSPOHFS JOìVY PG $%8 UIBO PUIFST ɨF QFSJPE PG TUFBEZ ìPX GSPN  UP 
DPSSFTQPOET UP UIF QFSJPE PG XFBLFTU $%8 JOìPX POUP UIF TIFMG BOE MPXFTU XBUFS DPMVNO
IFBU DPOUFOU 	ǲPNB FU BM 
 *OUFSFTUJOHMZ UIF UJNF PG IJHIFTU XBUFS DPMVNO IFBU DPO
UFOU  UP  	UIF FOE PG UIF NPEFMMFE QFSJPE
 BMTP DPSSFTQPOE UP UIF HSFBUFTU PCTFSWFE
UIJOOJOH SBUFT
*O TVNNBSZ BU QSFTFOU UIF EBUB TVHHFTU UIBU UIF SFDFOU UIJOOJOH SBUFT BSF GPSDFE CZ UIF
JOUFSBDUJPO CFUXFFO UIF $%8 BOE UIF HFPNFUSZ PG UIF JOOFS DBWJUZ BT TVHHFTUFE CZ 	+FOLJOT
FU BM 
 BOE DIBOHFT UP UIF SBUF PG JOìVY BOE DIBSBDUFS PG $%8 PO UIF DPOUJOFOUBM TIFMG
 )XWXUHFKDQJHV
*U JT UFNQUJOH UP ESBX DPODMVTJPOT CFUXFFO DVSSFOU HMPCBMMZ PCTFSWFE XBSNJOH USFOET 	4PMPNPO
FU BM 
 BOE UIF DIBOHFT PDDVSSJOH UP 1*( IPXFWFS TVDI MJOLT UP IVNBOJOEVDFE DMJNBUF
DIBOHF 	BMUIPVHI QMBVTJCMF UISPVHI DIBOHFT UP BUNPTQIFSJD DJSDVMBUJPO QBUUFSOT
 BSF UFOVPVT
HJWFO QSFTFOU LOPXMFEHF
ɨF DPNQMFUF ìPBUBUJPO PG UIF JDF QMBJO XIJDI NBZ PDDVS JO UIF OFBS GVUVSF JG DVSSFOU
UIJOOJOH USFOET DPOUJOVFT DPVME SFTVMU JO UIF EPVCMJOH PG 1*( ìPX WFMPDJUZ 	3JHOPU 

(SPVOEJOH MJOF SFUSFBU JOUP UIF SFHJPO VQTUSFBN PG UIF JDF QMBJO XPVME NFBO UIBU UIF HSPVOE
JOH MJOF XPVME CF MPDBUFE PO UIF FEHF PG MBOEXBSE TMPQJOH BOE TNPPUIFS CFE PWFS  N
CFMPX TFB MFWFM UIBU FYUFOET EFFQ JOUP UIF JOUFSJPS 	3JHOPU 
 ɨVT VOMFTT TPNF ìPX
DPNQMFYJUZ PS DIBOHF JO PDFBO JOUFSBDUJPO BDUT UP TUBCJMJTF UIF HSPVOEJOH MJOF JUT SFUSFBU JOUP
UIF JOUFSJPS XJMM NPTU MJLFMZ DPOUJOVF VOUJM JU ëOET UIF OFYU NBKPS SJTF JO UIF CFE PWFS  LN
JOMBOE PG UIF QSFTFOU EBZ HSPVOEJOH MJOF 	+FOLJOT FU BM 
 ɨF UJNFTDBMF PG ìPBUBUJPO XBT
EJTDVTTFE JO 	8JOHIBN FU BM 
 *O XIJDI JU XBT OPUFE UIBU JG UIF EJTDIBSHF PG UIF 1*(
DFOUSBM USVOL DPOUJOVFE UP BDDFMFSBUF BU B SBUF PG . ± . LN B− UIFO CBTFE VQPO UIF
HFPNFUSZ TIPXO JO 	7BVHIBO FU BM 
 UIF DFOUSBM USVOL SFHJPO 	'JH 
 XPVME CFDPNF

 3BEBS TPVOEJOH
FOUJSFMZ BìPBU XJUIJO BCPVU  ZFBST 	8JOHIBN FU BM 

" SFDFOU NPEFMMJOH TUVEZ 	+PVHIJO FU BM 
 TVHHFTUFE UIBU UIF MBSHF UIJOOJOH SBUFT
PCTFSWFE OFBS UIF HSPVOEJOH MJOF BSF OPU TVTUBJOBCMF BOE UIBU GBS GSPN BDDFMFSBUFE SFUSFBU
UIF 1*( HSPVOEJOH MJOF JT OPX OFBS B QPJOU PG NVMUJEFDBEBM TUBCJMJUZ ɨF NPEFM BMTP TVHHFTUT
UIBU UIF QSFWJPVTMZ PCTFSWFE TUSPOH UIJOOJOH OFBS UIF HSPVOEJOH MJOF XJMM NPEFSBUF BT UIF SBUF
PG TQFFEVQ EFDMJOFT NFBOJOH UIBU UIF USVOL XJMM OPU VOHSPVOE XJUIJO  ZFBST 	+PVHIJO
FU BM 
 'VSUIFS UIJOOJOH BOE NBTT MPTT JT FYQFDUFE UP DPOUJOVF UISPVHIPVU UIF SFTU PG
UIF DFOUVSZ BU SPVHIMZ UIF  SBUFT BOE UIJOOJOH PG UFOT PG NFUSFT JT FYQFDUFE UP FYUFOE
XFMM JOMBOE ɨF NPEFM EFSJWFE VQQFS CPVOE PG TFB MFWFM SJTF UIBU XPVME SFTVMU GSPN TVDI B
TDFOBSJP JT . DN DFOUVSZ− 	+PVHIJO FU BM 

 5DGDUVRXQGLQJ
.VDI IBT CFFO HBJOFE CZ UIF VTF PG TBUFMMJUFT UP VOEFSTUBOE UIJT GBTUDIBOHJOH QBSU PG "OU
BSDUJDB 3BEBS BMUJNFUSZ BOE *O4"3 UFDIOJRVFT IBWF CFFO QBSUJDVMBSMZ VTFGVM GPS UIJT QVSQPTF
ɨFSF JT BO JOUSJOTJD MJNJUBUJPO UP UIFTF PCTFSWBUJPOT UIFZ DBO POMZ TBNQMF DIBOHFT PDDVSSJOH
BU UIF TVSGBDF 5P VOEFSTUBOE UIF PSJHJO PG TVSGBDF DIBOHFT BO BQQSFDJBUJPO PG UIF JOUFSOBM
TUSVDUVSF PG B HMBDJFS JT OFFEFE (MBDJPMPHJTUT VTF SBEBS TPVOEJOH BMTP LOPXO BT 3BEJP &DIP
4PVOEJOH 	3&4
 BT B UPPM UP JNBHF UIF JOUFSOBM TUSVDUVSF PG JDF TIFFU BOE HMBDJFST 3BEBS
TPVOEJOH VUJMJTFT QVMTFE SBEJP XBWFT BU DBSSJFS GSFRVFODJFT PG UZQJDBMMZ  .)[ *U JT BO
BDUJWF SFNPUFTFOTJOH NFUIPE BOE JU DBO CF VTFE EVF UP UIF IJHI USBOTQBSFODZ PG JDF JO UIF
SBEJPMPXFSNJDSPXBWF QBSU PG UIF &MFDUSPNBHOFUJD 4QFDUSVN 	$IBQUFS 
 ɨF UIFPSZ BOE
UFDIOJRVFT VTFE JO SBEBS TPVOEJOH BSF EJTDVTTFE JO 	#PHPSPETLZ FU BM 
 CVU NBOZ PG UIF
JOTUSVNFOUT EFTDSJCFE IBWF CFFO SFQMBDFE CZ OFXFS UFDIOPMPHZ
ɨF HSFBU BEWBOUBHF PG UIJT UFDIOJRVF 	SFMBUJWF UP TPNF PUIFS HFPQIZTJDBM UFDIOJRVFT
 JT UIF
TQFFE BU XIJDI TVSWFZT NBZ CF DBSSJFE PVU 3BEBS BOUFOOBF DBO CF NPVOUFE PO BO BJSDSBGU PS
NPWJOH TVSGBDF WFIJDMFT BOE JOGPSNBUJPO BCPVU BO JDF TIFFU PS HMBDJFS NBZ CF PCUBJOFE RVJDLMZ
BOE DPOUJOVPVTMZ JO DPOUSBTU UP PUIFS HFPQIZTJDBM UFDIOJRVFT TVDI BT TFJTNJD TPVOEJOH
ɨF QIZTJDBM UIFPSZ CFIJOE SBEBS TPVOEJOH JT BT GPMMPXT B TIPSU FMFDUSPNBHOFUJD QVMTF JT
FNJUUFE CZ BO BOUFOOB XIJDI JT NPVOUFE PO B QMBUGPSN TVDI BT BO BJSDSBGU NPWJOH PWFS UIF
JDF TVSGBDF ɨF QVMTF QFOFUSBUFT UIF HMBDJFS BOE JT SFìFDUFE CZ JOIPNPHFOFJUJFT JO UIF JDF BOE
BMTP CZ UIF CFESPDL ɨF SFUVSO FDIPT VQPO BSSJWBM BU UIF BOUFOOB BSF BNQMJëFE BOE TUPSFE
ɨF UXPXBZ USBWFM UJNF ∆t PG FMFDUSPNBHOFUJD XBWF QSPQBHBUJPO UISPVHI BO JDF MBZFS PG

 3BEBS TPVOEJOH
UIJDLOFTT h JT HJWFO CZ
∆t =
2h× nice
c
	

XIFSF nice JT UIF SFGSBDUJWF JOEFY PG JDF ,OPXJOH UIF TQFFE PG UIF FMFDUSPNBHOFUJD XBWF BOE
NFBTVSJOH UIF UJNF JU UBLFT UP USBWFM JO UIF JDF JU JT QPTTJCMF UP DBMDVMBUF UIF JDF UIJDLOFTT
UIF EFQUIT PG SFìFDUJOH JOUFSGBDFT BOE NFBO HMBDJFS UFNQFSBUVSFT 	#PHPSPETLZ FU BM 
 *G
UIF USBOTNJUUFE QVMTFT BSF QIBTF DPIFSFOU 	IBWF UIF TBNF TUBSUJOH QIBTF
 UIFO BOBMZTJT PG UIF
BNQMJUVEF BOE QIBTF DIBSBDUFSJTUJDT PG UIF SFUVSO FDIP DBO ZJFME BEEJUJPOBM JOGPSNBUJPO BOE
BMMPX GPS UIF BQQMJDBUJPO PG BEWBODFE QPTUQSPDFTTJOH UFDIOJRVFT
 %ULHIKLVWRU\RIWKHUDGDUVRXQGLQJRILFHVKHHWV
*OWFTUJHBUJPOT PG UIF QIZTJDBM QSPQFSUJFT PG JDF JO UIF MBUF T IBE TIPXO JDF UP CF USBOT
QBSFOU UP SBEJP XBWFT BOE JO  B OFX NFUIPE XBT EFWFMPQFE UP NFBTVSF HMBDJFST CZ VTJOH
FMFDUSPEZOBNJD NFBOT 	5VSDIFUUJ FU BM 
 *O  PCTFSWBUJPOT BU "ENJSBM #ZSET A-JUUMF
"NFSJDB "OUBSDUJD CBTF PO UIF 3PTT *DF 4IFMG HBWF GVSUIFS JOEJDBUJPOT PG UIF USBOTQBSFODZ PG
JDF UIJT UJNF UP IJHI GSFRVFODZ SBEJP XBWFT 6OGPSUVOBUFMZ QPPS GVOEJOH BOE B MBDL PG BQQSP
QSJBUF UFDIOPMPHZ TUPQQFE UIF SFTFBSDI 'VSUIFS SFTFBSDI PO UIF TVCKFDU XPVME IBWF UP XBJU
VOUJM BGUFS UIF 4FDPOE 8PSME 8BS BOE UIF EFWFMPQNFOU PG SBEBS BMUJNFUFST 	5VSDIFUUJ FU BM


 $OWLPHWHURULJLQRI5(6
%VSJOH UIF MBUF T BOE T UIF 64 NBEF BUUFNQUT UP USBJO BOE PWFSXJOUFS JO "OUBSD
UJDB ɨF ëSTU TVDI BUUFNQU A0QFSBUJPO )JHIKVNQ 	
 BOE TVCTFRVFOU NJTTJPOT XFSF
PSHBOJTFE CZ UIF 64 OBWZ BT QBSU PG UIF "OUBSDUJD EFWFMPQNFOU QSPHSBN XIJDI XBT BJNFE
BU FTUBCMJTIJOH 64 CBTFT JO "OUBSDUJDB 	5VSDIFUUJ FU BM 
 "JSCPSOF MPHJTUJDBM TVQQPSU GPS
0QFSBUJPO )JHIKVNQ BOE UIF MBUFS A0QFSBUJPO %FFQ 'SFF[F  NJTTJPO 	
 FODPVOUFSFE
QSPCMFNT XJUI UIFJS SBEBS BMUJNFUFST ɨF SFBEJOH PG IFJHIU BCPWF UIF JDF TVSGBDF QSPWJEFE CZ
UIFTF BMUJNFUFST TVêFSFE GSPN HSPTT FSSPST XIJDI TPNFUJNFT SFTVMUFE JO UIF BJSDSBGU DSBTIJOH
PO UIF JDF TVSGBDF 	5VSDIFUUJ FU BM 
 "O JOWFTUJHBUJPO JOUP UIF NBMGVODUJPOJOH BMUJNFUFST
XBT DPOEVDUFE CZ "NPSZ 8BJUF PG UIF 64 "SNZ &MFDUSPOJDT MBCPSBUPSZ 	64"&-
 ɨF QJ
POFFSJOH XPSL PG 8BJUF TIPXFE UIBU JDF XBT FêFDUJWFMZ USBOTQBSFOU UP SBEJPXBWFT CFUXFFO
GSFRVFODJFT PG  .)[ BOE  .)[ ɨF DPOWFOUJPOBM SBEBS BMUJNFUFS VTFE CZ BJSDSBGU

 3BEBS TPVOEJOH
PO UIF )JHIKVNQ BOE %FFQ 'SFF[F NJTTJPOT XBT UIF 4$3  XIJDI PQFSBUFE BU B DFOUSBM
GSFRVFODZ PG  .)[ QVUUJOH JU SJHIU JO UIF NJEEMF PG UIF USBOTQBSFODZ CBOE ɨF XPSL PG
8BJUF TIPXFE UIBU CFDBVTF PG UIF USBOTQBSFODZ PG JDF UP SBEJP XBWFT QVMTFT GSPN UIF 4$3
 XFSF OPU SFìFDUFE BU UIF JDF TVSGBDF CVU BDUVBMMZ XFOU TUSBJHIU UISPVHI UIF JDF BOE XFSF
SFìFDUFE CZ UIF CPUUPN JDF JOUFSGBDF 	UIF CPVOEBSZ CFUXFFO UIF JDF BOE UIF VOEFSMJOH NBUFS
JBM
 ɨF SBEBS BMUJNFUFS BDUVBMMZ NFBTVSFE UIF SBOHF UP UIJT CPUUPN TVSGBDF SBUIFS UIBO UIF
JDF TVSGBDF 	5VSDIFUUJ FU BM 
 8BJUF SFBMJTFE UIF TDJFOUJëD CFOFëUT PG UIJT EJTDPWFSZ BOE
CFUXFFO  BOE  B NPEJëFE WFSTJPO PG UIF 4$3  	5BCMF 
 XBT EFQMPZFE UP DBSSZ
PVU JDF NFBTVSFNFOUT JO "OUBSDUJDB EFNPOTUSBUJOH UIF QPUFOUJBM PG UIF EFWJDF UP JOWFTUJHBUF
UIF JDF CPUUPN TVSGBDF BOE UP QSPWJEF JDF UIJDLOFTT EBUB 	5VSDIFUUJ FU BM 

 ,RQRVRQGHRULJLQRI5(6
*O  4UBOMFZ &WBOT UIFO B MFDUVSFS BU +PESFMM #BOL 0CTFSWBUPSZ XBT TFOU UP "OUBSDUJDB
UP TUVEZ UIF "VSPSB "VTUSBMJT BU UIF 3PZBM 4PDJFUZT CBTF BU )BMMFZ #BZ &WBOT VTFE BO BMM
TLZ DBNFSB EVSJOH UIF "OUBSDUJD OJHIU BOE BO JPOPTPOEF EVSJOH EBZMJHIU UP NBLF "VSPSBM
NFBTVSFNFOUT 	5VSDIFUUJ FU BM 
 *POPHSBNT 	HSBQIT TIPXJOH EFUFDUFE FDIPT JO UFSNT PG
GSFRVFODZ BHBJOT SBOHF
 GSPN UIF )BMMFZ #BZ JPOPTPOEF BOE PUIFS MPDBUJPOT BSPVOE "OUBSD
UJDB TIPXFE NZTUFSJPVT HBQT CFUXFFO DPOUJOVPVTMZ SFDPSEFE FDIPT 	5VSDIFUUJ FU BM 
 CVU
UIFTF HBQT XFSF BU WFSZ TQFDJëD MPX GSFRVFODJFT *O  &WBOT XIP XBT OPX BU UIF 4DPUU 1PMBS
3FTFBSDI *OTUJUVUF 	413*
 XBT WJTJUFE CZ 8BMUFS 1JHHPUU PG UIF %4*3 3BEJP 3FTFBSDI &TUBCMJTI
NFOU 	33&
 BOE -8 #BSDMBZ ɨFZ EFNPOTUSBUFE UIBU TPNF PG UIF JPOPTPOEF SBEBS TJHOBMT
XFSF SFìFDUFE BU UIF JOUFSGBDF CFUXFFO UIF JDF TIFMG BOE UIF TFB XBUFS CFOFBUI JU 	5VSDIFUUJ FU BM

 &DIPT GSPN UIF TIFMGTFB JOUFSGBDF XFSF CFJOH CPVODFE CBDL JOUP UIF JPOPTQIFSF BOE
BU TQFDJëD GSFRVFODJFT XFSF JOUFSGFSJOH XJUI UIF TJHOBM QSPEVDFE CZ UIF JPOPTPOEFT *O 
&WBOT BOBMZTFE SFDFOUMZ QSPEVDFE JPOPHSBNT GSPN UISFF EJêFSFOU "OUBSDUJD TUBUJPOT BOE GPVOE
UIBU UIFZ BMM TIPXFE HBQT JO DPOUJOVPVTMZ SFDPSEFE FDIPT GSPN JPOPTQIFSF MBZFST & BOE ' BU
GSFRVFODJFT PG  .)[ BOE  .)[ BOE JO EPJOH TP DPOëSNJOH 1JHHPUUT IZQPUIFTJT 	5VSDIFUUJ
FU BM 
 &WBOT BOBMZTJT PG UIF JPOPHSBNT MFE IJN UP DPODMVEF UIBU B SBEJPFDIP BQQBSBUVT
PQFSBUJOH BU B GSFRVFODZ PG  .)[ UP  .)[ IBE QPUFOUJBM VTFT GPS JDF TPVOEJOH (PSEFO
EF 2VFUUFWJMMF 3PCJO 	UIF EJSFDUPS PG 413*
 TVHHFTUFE EFWFMPQJOH B OFX JDFTPVOEJOH BQQBS
BUVT BU 413* XJUI GVOEJOH QSPWJEFE CZ UIF 3PZBM 4PDJFUZ ɨF OFX 413* EFQUI TPVOEFS UIF
413* NBSL * 	5BCMF 
 XBT DPNQMFUFE CZ  BOE MJLF UIF NPEJëFE 4$3  EFWFMPQFE
CZ 8BJUF JUT NBJO BJN XBT UP QSPCF UIF JDF 	5VSDIFUUJ FU BM 


 3BEBS TPVOEJOH
 )XUWKHUGHYHORSPHQWV
ɨF TJHOJOH PG UIF "OUBSDUJD USFBUZ PO UIF SE PG +VOF  GPSTUBMMFE BMM UFSSJUPSJBM DMBJNT BOE
TFU BTJEF "OUBSDUJDB GPS QFBDFGVM QVSQPTFT QBSUJDVMBSMZ GPS TDJFODF BOE UIVT TFUUJOH UIF TDFOF
GPS JOUFSOBUJPOBM DPMMBCPSBUJPO *O "QSJM  BU UIF ɨVMF "JSGPSDF CBTF JO (SFFOMBOE &WBOTT
413* .BSL * BOE 8BJUFT 4$3  XFSF DPNQBSFE BHBJOTU NPSF FTUBCMJTIFE HFPQIZTJDBM UFDI
OJRVFT PG HSBWJUZ TFJTNJD BOE FMFDUSJDBM SFTJTUBODF NFUIPET 	5VSDIFUUJ FU BM 
 "MUIPVHI
UIF SFTVMUT GSPN UIF SBEBS TPVOEFST XFSF OPU FOUJSFMZ DPOWJODJOH B DPNNVOBM JOUFSFTU XBT
TIPXO GPS UIF GVSUIFS EFWFMPQNFOU PG UIF 3&4 UFDIOJRVF ɨF ëSTU "OUBSDUJD ëFME UFTU PG UIF
413* .BSL * XBT JO %FDFNCFS  .JLF 8BMGPSE 	&WBOTT BTTJTUBOU
 UPPL UIF TZTUFN UP
)BMMFZ CBZ UP QFSGPSN UIF ëSTU UFTU PG JUT BDDVSBDZ GPS HMBDJFS NFBTVSFNFOUT 	5VSDIFUUJ FU BM


ɨF ëSTU TZTUFN EFTJHOFE CZ 8BJUF TQFDJBMMZ GPS TPVOEJOH JDF XBT UIF 64"&- .BSL *
	5BCMF 
 UIJT XBT GPMMPXFE JO  CZ UIF 64"&- .BSL ** 	5BCMF 
 XIJDI PQFSBUFE BU
B DFOUSF GSFRVFODZ PG  .)[ *O +VOF BOE +VMZ  BU UIF ɨVMF "JSGPSDF CBTF JO (SFFO
MBOE UIF QFSGPSNBODF PG UIF OFXMZ EFWFMPQFE 413* .BSL ** 	5BCMF 
 BOE 64"&- .BSL
** XFSF UFTUFE ɨJT UJNF CPUI SBEBS TPVOEFST QSPWFE NPSF FêFDUJWF TVDDFTTGVMMZ SFDPSEJOH
FDIPT GPS JDF EFQUIT PG  N BOE UIVT QSPWJOH UIF WBMVF PG 3&4 BT B WJBCMF TVSWFZ UFDIOJRVF
	5VSDIFUUJ FU BM 
 *O UIF MBUUFS QBSU PG  UIF 413* .BSL ** TZTUFN XBT VTFE GPS GVS
UIFS NFBTVSFNFOUT JO "OUBSDUJDB *O  UIF 64"&- .BSL ** XBT VTFE CZ UIF 6OJWFSTJUZ
PG 8JTDPOTJONBEJTPO EVSJOH FYUFOTJWF PWFSTOPX USBWFSTFT PG 2VFFO .BVE -BOE "OUBSDUJDB
JODMVEJOH UIF ëSTU TPVOEJOH PG UIF &BTU "OUBSDUJD QMBUFBV BU UIF 4PVUI 1PMF 4UBUJPO JO +BOVBSZ
 	#PHPSPETLZ FU BM 

ɨF ëSTU BJSCPSOF VTF PG UIF 64"&- .BSL ** XBT GPS MPOH EJTUBOU ìJHIUT PWFS UIF (SFFOMBOE
JDF TIFFU JO +VMZ  ɨF BQQBSBUVT XBT NPVOUFE PO B $POTUFMMBUJPO &$  BJSDSBGU BOE
HPPE FDIP SFUVSOT XFSF PCUBJOFE GSPN CPUI UIF UPQ BOE CPUUPN TVSGBDF PG UIF JDF TIFFU 	&WBOT

 ɨF 413* NBSL ** XBT ëSTU UFTUFE JO UIF BJS JO  PWFS &MMFTNFSF *TMBOE 	$BOBEB
 PO
B EF )BWJMMBOE %)$ 0UUFS BJSDSBGU BOE QSPEVDFE HPPE 3&4 EBUB ɨF 413* NBSL ** XBT
UIFO MPBOFE UP $IBSMFT 4XJUIJOCBOL PG UIF #SJUJTI "OUBSDUJD 4VSWFZ 	#"4
 XIP UPHFUIFS XJUI
%BWJE 1FUSJF ìFX JU PWFS )BMMFZ #BZ "OUBSDUJDB PO B 4XJTTCVJU 1JMBUVT UVSCPQPSUFS BJSDSBGU
	5VSDIFUUJ FU BM 

ɨF 4PWJFUT XFSF BMTP FYQFSJNFOUJOH XJUI 3&4 BU BSPVOE UIF TBNF UJNF BT 8BJUF BOE
&WBOT XFSF EFWFMPQJOH UIFJS TZTUFNT *O  4PWJFU TDJFOUJTUT GSPN UIF "SDUJD BOE "OUBSDUJD

 3BEBS TPVOEJOH
4DJFOUJëD 3FTFBSDI JOTUJUVUF JO -FOJOHSBE DBSSJFE PVU UIFJS ëSTU FYQFSJNFOUBM NFBTVSFNFOU PG
JDF UIJDLOFTT OFBS UIF .JSOZ 0CTFSWBUPSZ JO &BTU "OUBSDUJDB ɨF JDF UIJDLOFTT XBT TPVOEFE
VTJOH UIF (6:4. 3&4 TZTUFN 	5BCMF 
 ëUUFE UP B TVSGBDF WFIJDMF 	#PHPSPETLZ FU BM

 *O 'FCSVBSZ BOE .BSDI  FDIPT XFSF SFDFJWFE BU  QPJOUT EVSJOH SBEBS TPVOEJOHT
BMPOH UIF .JSOZ1JPOFSTLBZB USBWFSTF "GUFS  EBZT UIF NFBTVSFNFOUT BU UXP QPJOUT BMPOH
UIF USBWFSTF XFSF SFQFBUFE UP DIFDL GPS EBUB SFQSPEVDJCJMJUZ 3&4 EBUB GSPN UIF USBWFSTF XFSF
VTFE UP QMPU B DSPTTTFDUJPO UISPVHI UIF JDF BOE UIJT XBT TIPXO UP CF JO HPPE BHSFFNFOU XJUI
UIF TBNF DSPTTTFDUJPO QSPEVDFE CZ SFìFDUJPO TFJTNJDT 	#PHPSPETLZ FU BM 
 ɨF ëSTU 4P
WJFU BJSCPSOF SBEBS TPVOEJOH FYQFSJNFOU XBT DBSSJFE PVU JO 'FCSVBSZ  "O *MZVTIJO *M
BJSDSBGU XBT FRVJQQFE XJUI UIF (6:4. 3&4 TZTUFN ɨF FDIP TJHOBMT GSPN UIF TZTUFN
XFSF EJTQMBZFE PO BO PTDJMMPTDPQF BOE XFSF SFDPSEFE POUP QIPUPHSBQIJD ëMN CZ BO "3'" UZQF
QIPUPHSBQIJD DBNFSB GPS FWFSZ POF LJMPNFUSF PG UIF ìJHIU USBDL 	#PHPSPETLZ FU BM 
 ɨF
(6:4. TZTUFN XBT VTFE CZ CPUI BJSDSBGU BOE TVSGBDF WFIJDMFT UP NFBTVSF JDF UIJDLOFTTFT
CFUXFFO  N BOE  N VOUJM  XIFO JU XBT SFQMBDFE CZ OFXFS UFDIOPMPHZ 	#PHPSPETLZ
FU BM 
 ɨF PUIFS UXP 3&4 TZTUFNT VTFE CZ UIF 4PWJFUT EVSJOH UIJT QFSJPE XFSF UIF
37 BOE 3-4 ɨF 37 	5BCMF 
 XBT B MPXFS QPXFS BOE IJHIFS GSFRVFODZ BJS
CPSOF SBEBS BMUJNFUFS TZTUFN UIBU XBT VTFE UP TPVOE HMBDJFST PG UIJDLOFTT SBOHJOH GSPN  N UP
 N BOE JG UIF HMBDJFS UFNQFSBUVSF XBT CFMPX − ¡$ UIF TZTUFN DPVME NFBTVSF JDF UIJDL
OFTT EPXO UP  N 	#PHPSPETLZ FU BM 
 ɨF MPXFS GSFRVFODZ 3-4 	5BCMF 

XBT EFTJHOFE JO  BOE VOUJM  XBT UIF NBJO 3&4 TZTUFN VTFE GPS 4PWJFU "OUBSDUJD
JDF UIJDLOFTT NFBTVSFNFOU ɨF 3-4 IBE HSFBUFS EFQUI QFOFUSBUJPO BCJMJUZ UIBO UIF
(6:4. EVF UP JUT MPXFS GSFRVFODZ BOE BT B SFTVMU XBT BCMF UP NFBTVSF JDF UIJDLOFTTFT
CFUXFFO  N BOE  N 	#PHPSPETLZ FU BM 

 7KH635,16)78' ÁLJKWV
#Z  3&4 IBE QSPWFE JUTFMG BT B HFPQIZTJDBM UFDIOJRVF BOE UIF TDFOF XBT TFU GPS UIF MBSHF
TDBMF TVSWFZJOH PG UIF "OUBSDUJD DPOUJOFOU " EFDJTJPO XBT NBEF CZ UIF /BUJPOBM 4DJFODF
'PVOEBUJPO 	/4'
 0ïDF PG "OUBSDUJD 1SPHSBNT 	0"1
 UP CFHJO B QSPHSBN BJNFE BU NBQQJOH
"OUBSDUJDBT TVC HMBDJBM NPSQIPMPHZ 	5VSDIFUUJ FU BM 
 ɨF /4' XPVME QSPWJEF GVOEJOH
GPS UIF QSPKFDU BOE BO BJSDSBGU XPVME CF NBEF BWBJMBCMF GSPN 64 /BWZ TRVBESPO 79 ɨF
/4' DIPTF UP DPMMBCPSBUF XJUI 413* PO UIF QSPKFDU SBUIFS UIBO UIF 64"&- ɨJT EFDJTJPO XBT
QBSUMZ ëOBODJBM CVU JU XPVME BMTP BMJHO 0"1T BDUJWJUJFT XJUI QPTU *OUFSOBUJPOBM (FPQIZTJDBM
:FBS 64 TDJFODF QPMJDZ OBNFMZ JOUFSOBUJPOBM DPMMBCPSBUJPO BMPOHTJEF OBUJPOBM TDJFOUJëD FO

 3BEBS TPVOEJOH
EFBWPVST 	5VSDIFUUJ FU BM 
 ɨJT NBSLFE UIF CFHJOOJOH PG UIF DPMMBCPSBUJWF 413*/4'
QSPKFDU UP NBQ UIF "OUBSDUJD CPUUPN UPQPHSBQIZ XJUI 3&4 BOE MBUFS UIF &MFLUSPNBHOFUJTL
*OTUJUVU PG UIF 5FDIOJDBM 6OJWFSTJUZ PG %FONBSL 	56%
 XPVME BMTP CFDPNF JOWPMWFE
ɨF ëSTU NJTTJPO PG UIF NBQQJOH DBNQBJHO PDDVSSFE JO UIF "OUBSDUJD TVNNFS PG 
VTJOH UIF 413* .BSL ** BQQBSBUVT XIJDI XBT NPVOUFE PO B -PDLIFFE $ 4VQFS $POTUFM
MBUJPO ɨF $ XBT NPEJëFE CZ BEEJOH BO FYUSB GVFM CMBEEFS HJWJOH JU B SBOHF PG  LN
XIJDI XBT OFFEFE GPS UIF MPOH TVSWFZ ìJHIUT 	5VSDIFUUJ FU BM 
 *O .BZ  UIF 64
6443 "VTUSBMJB BOE 'SBODF BMM KPJOFE B DPMMBCPSBUJWF QSPHSBN UIF *OUFSOBUJPOBM "OUBSDUJD
(MBDJPMPHJDBM 1SPKFDU 	*"(1
 BJNFE BU FYQMPSJOH &BTU "OUBSDUJDB
ɨF TFDPOE NJTTJPO 	
 CFDBNF BO JOUFHSBM QBSU PG UIF *"(1 QSPHSBN TP TVSWFZT
XFSF DPODFOUSBUFE JO &BTU "OUBSDUJDB 'PS UIJT NJTTJPO UIF 413* .BSL ** XBT SFQMBDFE CZ
UIF OFXFS 413* .BSL *7 	UIF 413* .BSL *** XBT OPU VTFE PO /4'413* NJTTJPOT JU XBT
DPODFJWFE QSJNBSJMZ GPS TNBMM TDBMF XPSL PO UFNQFSBUF HMBDJFST
 	5VSDIFUUJ FU BM 
 ɨF
OFX 413* .BSL *7 TZTUFN IBE UIF BCJMJUZ UP BVUPNBUJDBMMZ BOOPUBUF SFDPSET XJUI SFDFJWFS
HBJO JOGPSNBUJPO BOE VTFE QMVH JO NPEVMFT GPS SBQJE TFSWJDJOH JO ëFME PQFSBUJPOT 	5VSDIFUUJ
FU BM 
 ɨF BJSDSBGU XBT BMTP DIBOHFE XJUI UIF $ CFJOH SFQMBDFE CZ B -PDLIFBE
)FSDVMFT $' XIJDI XBT GBTUFS 	 LN I−
 BOE IBE UIF TBNF SBOHF BT UIF $ ɨF
QMBOOJOH BOE FYFDVUJPO PG UIJT BOE MBUFS NJTTJPOT HSFBUMZ CFOFëUUFE GSPN TBUFMMJUF JNBHFSZ BOE
NFUFPSPMPHJDBM JOGPSNBUJPO GSPN UIF &44" BOE /JNCVT TBUFMMJUFT 	5VSDIFUUJ FU BM 

ɨF UIJSE NJTTJPO 	 'JH 
 TBX UIF CFHJOOJOH PG UIF DPMMBCPSBUJPO XJUI UIF
56% XIP CFDBNF SFTQPOTJCMF GPS UIF BOUFOOB EFTJHO JO UIJT NJTTJPO ɨF JOTUBMMBUJPO PG UXP
-JUUPO -5/ JOFSUJBM HVJEBODF EFWJDFT HSFBUMZ SFEVDFE UIF NBSHJO PG FSSPS GPS QPTJUJPOJOH
UP BSPVOE  LN BOE OPSNBMMZ CFUXFFO  LN BOE  LN 	5VSDIFUUJ FU BM 
 ɨF JOFSUJBM
HVJEBODF EFWJDFT BMMPXFE UIF EFëOJUJPO PG ìJHIU MJOFT BDDPSEJOH UP HSJE QBUUFSOT SBUIFS UIBO
UIF TFU SPVUFT CFUXFFO "OUBSDUJD CBTFT UIBU XFSF VTFE QSFWJPVTMZ
ɨF GPVSUI NJTTJPO 	 'JH 
 TBX UIF 56% CFDPNF SFTQPOTJCMF GPS UIF 3&4
BQQBSBUVT BOE BT B SFTVMU UIF 413* .BSL *7 XBT SFQMBDFE CZ B TZTUFN EFWFMPQFE CZ UIF 56%
PQFSBUJOH BU CPUI  .)[ BOE  .)[ 	5BCMF 
 ɨF  .)[ GSFRVFODZ XBT VTFE UP
QFOFUSBUF JDF PWFS  LN UIJDL BOE QSPWJEF VOJOUFSSVQUFE JDF UIJDLOFTT NFBTVSFNFOUT XIJMF UIF
 .)[ GSFRVFODZ XBT VTFE UP QSPWJEF CFUUFS EFQUI SFTPMVUJPO GPS JOWFTUJHBUJPOT PG TVSGBDF
MBZFST 	4JFHFSU 

ɨF ëGUI NJTTJPO 	 'JH 
 TBX B DIBOHF PG BJSDSBGU UP UIF -PDLIFBE $3
XIJDI IBE B HSFBUFS SBOHF UIBO UIF $' EVF UP JU VOEFSXJOH FYUFSOBM GVFM UBOLT 	5VSDIFUUJ

 3BEBS TPVOEJOH
'JHVSF ɨF 3&4 ìJHIUMJOFT DPNQMFUFE CZ EVSJOH UIF 413*/4'56% NJT
TJPOT JO UIF T 5BLFO GSPN 	#JOHIBN BOE 4JFHFSU 

FU BM 
 ɨF IVHF BJSMJGU SFRVJSFE GPS UIF SFCVJMEJOH PG UIF 4JQMF "OUBSDUJD TUBUJPO QMBDFE
TFWFSF SFTUSJDUJPOT PO UIF OVNCFS PG ìJHIU IPVST BWBJMBCMF UP UIF 3&4 QSPHSBN ɨJT NFBOU
UIBU POMZ  IPVST PG B QMBOOFE  IPVST XFSF BDUVBMMZ ìPXO 	%SFXSZ BOE.FMESVN 

%VSJOH UIF TJYUI NJTTJPO 	 'JH 
 TFWFSBM QSPCMFNT XFSF FODPVOUFSFE XJUI UIF
BJSDSBGU ɨFTF JODMVEFE B DSBDLFE UZSF UIBU QSFWFOUFE GVSUIFS XIFFMFE UBLFPêT BOE EBNBHF
UP BO FYUFSOBM GVFM UBOL SFEVDJOH GVFM DBQBDJUZ BTXFMM BT FMFDUSJDBM QSPCMFNT XJUI UIF BOUFOOBT
BOE SFDPSEJOH FRVJQNFOU "T B SFTVMU PG UIFTF QSPCMFNT  ìJHIU IPVST XFSF SFDPSEFE XIJDI
BDDPVOUFE GPS BSPVOE  PG UIF QMBOOFE ìZJOH IPVST 	%SFXSZ BOE .FMESVN 

ɨF 413*/4'56% NJTTJPOT XFSF UFSNJOBUFE JO  EFTQJUF UIF GBDU UIBU  PG
"OUBSDUJDB XBT VOTVSWFZFE 	'JH 
 ɨF TJY NJTTJPOT CFUXFFO  BOE  NBOBHFE UP
DPMMFDU B UPUBM PG   LN PG ìJHIU EBUB PWFS    LN PG UIF DPOUJOFOUBM "OUBSDUJD JDF
TIFFU 	4JFHFSU 
 ɨJT SFBTPOT GPS UIF UFSNJOBUJPO PG UIF NJTTJPOT XBT EPXO UP JODSFBTJOHMZ

 3BEBS TPVOEJOH
VOSFMJBCMF FMFDUSJDBM BOE ìJHIU TZTUFNT BOE B XJUIESBX PG /4' TVQQPSU PG UIF QSPKFDU 	EVF UP
B DPOìJDU JO EBUB IBOEJOH QPMJDZ CFUXFFO /4' BOE 413*
 CVU BMTP B HMPCBM TIJGU BXBZ GPS
"OUBSDUJD FYQMPSBUJPO BOE UPXBSE SFNPUF TFOTJOH CZ TBUFMMJUFT 	5VSDIFUUJ FU BM 

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5BCMF  ɨF UFDIOJDBM TQFDJëDBUJPOT PG UIF 3&4 TZTUFNT NFOUJPOFE JO UIF
4FD  BEBQUFE GSPN 	(PHJOFOJ FU BM 
 XJUI BEEJUJPOBM JOGPSNBUJPO BE
EFE GSPN 	#PHPSPETLZ FU BM 

 7KH'LJLWDODJH
ɨF FOE PG UIF 413*/4'56% NJTTJPOT EJE OPU NBSL UIF FOE PG 3&4 JO "OUBSDUJDB ɨFSF
XBT B NPWF BXBZ GSPN MBSHF TDBMF TVSWFZT BOE UPXBSET TNBMMFS TDBMF 3&4 QSPKFDUT UIBU DPO
DFOUSBUFE PO QBSUJDVMBS BSFBT PG "OUBSDUJDB VTJOH TQFDJBMJTFE 3&4 FRVJQNFOU .BOZ PG UIFTF
TVSWFZT BSF TVNNBSJTFE CZ 	-ZUIF BOE 7BVHIBO 
 BOE XFSF VTFE UP QSPEVDF UIF #&%."1
DPNQJMBUJPO
ɨF NBKPS DIBOHFT JO 3&4 UFDIOJRVFT TJODF  IBWF CFFO UFDIOPMPHJDBM BOE UIFTF IBWF
DIBOHFE UIF XBZ UIBU TVSWFZT BSF QMBOOFE BOE SFDPSEFE ɨF FBSMZ 3&4 TZTUFNT TVDI BT UIF 43
 BOE 64"&- .BSL * 	5BCMF 
 VTFE B TJNQMF DBUIPEF SBZ UVCF UP EJTQMBZ QPJOU TPVOEJOHT
	1MFXFT BOE )VCCBSE  
 -BUFS TZTUFNT TVDI BT UIF 413* .BSLT **7 BOE 64"&- .BSL **
VTFE B TZTUFN JO XIJDI B  NN QIPUPHSBQIJD ëMN XBT NPWFE DPOUJOVPVTMZ BDSPTT BO JOUFOTJUZ
NPEVMBUFE $35 EJTQMBZ 	1MFXFT BOE )VCCBSE  
 ɨJT SFDPSEJOH POUP QIPUPHSBQIJD ëMN
IBE MJNJUBUJPOT GPS GVSUIFS RVBOUJUBUJWF BOBMZTJT CFDBVTF POMZ FJHIU MFWFMT PG HSFZ TDBMF DPVME CF
SFDPHOJTFE PO UIF ëMN ɨJT NFBOT UIBU BMUIPVHI UIF JOQVU EZOBNJD SBOHF DPVME CF  E# UIF
OVNCFS PG RVBOUJ[BUJPO MFWFMT PCUBJOBCMF GSPN UIF ëMN 	FJHIU JO UIJT DBTF
 QSPWJEFE B QPXFS
SFTPMVUJPO OP CFUUFS UIBO  E# 	%PXEFTXFMM BOE &WBOT 


 3BEBS TPVOEJOH
4JODF UIF CFHJOOJOH PG UIF T JODSFBTFT JO LFZ UFDIOPMPHJFT IBWF JODSFBTFE UIF DBQBC
JMJUJFT PG 3&4 TZTUFN 3FDPSEJOH UFDIOPMPHZ NPWFE BXBZ GSPN UIF BOBMPHVF TZTUFNT VTFE JO
UIF T BOE T UP EJHJUBM EBUB BDRVJTJUJPO TJHOBM QSPDFTTJOH BOE SFDPSEJOH ɨF QBS
UJDVMBS CFOFëU PG EJHJUBM TZTUFNT JT B WBTU JODSFBTF JO EZOBNJD SBOHF BOE BO JODSFBTF JO UIF
OVNCFS PG RVBOUJ[BUJPO MFWFMT 	(PHJOFOJ FU BM 
 "OPUIFS CSFBLUISPVHI UIBU IBT HSFBUMZ
CFOFëUUFE 3&4 XBT UIF EFWFMPQNFOU PG DPIFSFOU 3&4 TZTUFNT UIBU BMMPXFE CPUI UIF BNQ
MJUVEF BOE QIBTF PG B SFDFJWFE TJHOBM UP CF NFBTVSFE ɨF EFWFMPQNFOU PG DPIFSFOU 3&4
TZTUFNT BMMPXFE 4ZOUIFUJD "QFSUVSF 3BEBS 	4"3
 UFDIOJRVFT UP CF BQQMJFE UP 3&4 EBUB ɨJT
XBT ëSTU BDIJFWFE CZ B UFBN PG SFTFBSDIFST GSPN #"4 XIP VTFE B GPSN PG 4"3 UFDIOJRVFT UP
QSPEVDF UXPEJNFOTJPOBM NBQT PG FDIP TUSFOHUIT PG UIF HSPVOEJOH MJOF PG BO "OUBSDUJD 1FO
JOTVMB HMBDJFS 	(PHJOFOJ FU BM 
 ɨF ëSTU 3&4 TZTUFN EFTJHOFE DPNQMFUFMZ XJUI TPMJE
TUBUF FMFDUSPOJDT XBT UIF $PIFSFOU "OUBSDUJD 3BEBS %FQUI 4PVOEFS 	$"3%4
 ɨF $"3%4
TZTUFN XBT EFWFMPQFE BOE ëFME UFTUFE CZ SFTFBSDIFST BU UIF 6OJWFSTJUZ PG ,BOTBT BOE VTFE QVMTF
DPNQSFTTJPO UP SFEVDF QFBL QPXFS USBOTNJU SFRVJSFNFOUT 	(PHJOFOJ FU BM 

4PNF PG UIF MBSHFTU UFDIOPMPHJDBM CSFBLUISPVHIT JO SFDFOU ZFBST IBWF CFFO JO UIF ëFME PG
OBWJHBUJPO ɨFTF IBWF HSFBUMZ CFOFëUFE UIF BQQMJDBUJPO PG 3&4 BT SBEBS EBUB JOUFSQSFUBUJPO
BOE QPTU QSPDFTTJOH 	TVDI BT 4"3 UFDIOJRVFT
 SFRVJSF BO BDDVSBUF LOPXMFEHF PG UIF QSFDJTF
QPTJUJPO PG TPVOEJOH MPDBUJPOT 	1MFXFT BOE )VCCBSE  
 ɨF QPTJUJPOBM JOGPSNBUJPO GPS
UIF ëSTU UFTUT PG 3&4 SFMJFE PO UIF PCTFSWBUJPOT GSPN QJMPUT BOE 3&4 TZTUFN PQFSBUPST ɨFTF
AEFBE SFDLPOJOH UFDIOJRVFT XFSF GBS GSPN BDDVSBUF XJUI NBSHJOT PG FSSPS BT MBSHF BT  LNo
 LN RVJUF DPNNPOMZ SFDPSEFE 	5VSDIFUUJ FU BM 
 'PS UIF ëSTU UXP 413*/4'56%
NJTTJPOT OBWJHBUJPOBM EBUB XBT SFDPSEFE BMPOH XJUI 3&4 EBUB UZQJDBMMZ UIF BJSDSBGU IFBEJOH
	WJB B HBMWBOPNFUFS
 BJS UFNQFSBUVSF TUBUJD QSFTTVSF BOE BJSTQFFE 	(PHJOFOJ FU BM 

%VSJOH UIF ëSTU UXP NJTTJPOT 413* QFSTPOOFM USJFE UP SFEVDF UIF MBSHF QPTJUJPOBM FSSPST CZ
VTJOH USJNFUSPHPO QIPUPHSBQIZ SFTVMUJOH JO B SFEVDUJPO PG UIF OBWJHBUJPO NBSHJOT PG FSSPS
UP  LN 	5VSDIFUUJ FU BM 
 ɨF JOTUBMMBUJPO 	JO 
 PG UXP -JUUPO -5/ JOFSUJBM
HVJEBODF EFWJDFT PO UIF $' VTFE JO UIF 413*/4'56% NJTTJPOT GVSUIFS SFEVDFE UIF
NBYJNVN OBWJHBUJPOBM QPTJUJPOJOH NBSHJO PG FSSPS UP BSPVOE  LN XJUI B UZQJDBM FSSPS NBS
HJO PG CFUXFFO  LN BOE  LN 	5VSDIFUUJ FU BM 
 ɨF -5/T XFSF BMTP VTFE UP BOOPUBUF
UIF 3&4 EBUB XJUI QPTJUJPO JOGPSNBUJPO BJEJOH JOUFSQSFUBUJPO 	(PHJOFOJ FU BM 
 #Z UIF
MBUF T OFX OBWJHBUJPOBM UFDIOJRVFT TVDI BT -03"/ BOE TBUFMMJUF OBWJHBUJPO XFSF TUBSUJOH
UP CF VTFE PêFSJOH BêPSEBCMF HMPCBM QPTJUJPOBM JOGPSNBUJPO UIBU DPVME CF VTFE CZ 3&4 TZTUFNT
	(PHJOFOJ FU BM 
 *O  B UBDUJDBM BJS OBWJHBUJPO TZTUFN MJOLFE UP B %PQQMFS OBWJHBUPS

 3BEBS TPVOEJOH
XBT VTFE BOE UIJT QSPWJEFE DPOUJOVPVT SFBEJOHT PG MBUJUVEF BOE MPOHJUVEF XJUI TVCLJMPNFUSF
BDDVSBDZ 	(PHJOFOJ FU BM 
 ɨF NPTU JNQPSUBOU SFDFOU OBWJHBUJPOBM CSFBLUISPVHI IBT
CFFO UIF EFWFMPQNFOU PG UIF (MPCBM 1PTJUJPOJOH 4ZTUFN 	(14
 %JêFSFOUJBM (14 	%(14

IBT SFEVDFE HMPCBM QPTJUJPOBM VODFSUBJOUJFT UP CFUXFFO  N BOE  N BOE BGUFS QPTU QSPDFTTJOH
UP XJUIJO ± DN 	(PHJOFOJ FU BM 
 *O UIF NPTU SFDFOU TVSWFZT %(14 EBUB JT DPMMFD
UFE BMPOH XJUI 3&4 EBUB BOE UIF IJHI MFWFM PG OBWJHBUJPOBM BDDVSBDZ 	± DN
 BMMPXT GPS UIF
BQQMJDBUJPO PG BEWBODFE QPTU QSPDFTTJOH UFDIOJRVFT TVDI BT JOJDF 4"3
 7KH3RODULPHWULF$LUERUQH6XUYH\,QVWUXPHQW
ɨF 1PMBSJNFUSJD "JSCPSOF 4VSWFZ *OTUSVNF/U 	1"4*/
 XBT EFWFMPQFE CZ #"4 UP QSPWJEF
3&4 NFBTVSFNFOUT PWFS UIF "OUBSDUJD JDF TIFFU *U JT B DPIFSFOU 3&4 TZTUFN XJUI B DFOUSF
GSFRVFODZ PG  .)[ BOE B CBOEXJEUI PG  .)[ HJWJOH JU BO JOJDF SFTPMVUJPO PG∼. N
ɨF 1"4*/ SBEBS BOUFOOBF BSF NPVOUFE CFMPX UIF XJOHT PG B %F )BWJMMBOE %)$ 5XJO
0UUFS B GPVSFMFNFOU USBOTNJU BOUFOOB BSSBZ PO UIF QPSU XJOH BOE BO JEFOUJDBM SFDFJWF BSSBZ
PO UIF TUBSCPBSE XJOH ɨF UPUBM QFBL USBOTNJU QPXFS JT  L8 	 L8 GSPN FBDI PG UIF GPVS
FMFNFOUT
 BOE UIF USBOTNJU BOE SFDFJWF BOUFOOB HBJO JT  E#J 	5BCMF 
 5XP EJêFSFOU
QVMTF UZQFT BSF OPSNBMMZ VTFE B .µT QVMTF PQUJNJTFE GPS JNBHJOH UIF OFBS TVSGBDF MBZFSJOH
BOE B µT DIJSQ UP TVDDFTTGVMMZ PCUBJO CFEFDIPFT UISPVHI JDF NPSF UIBO  N UIJDL ɨF
XJOH NPVOUJOH PG UIF USBOTNJU BOUFOOBF HJWFT UIF 1"4*/ TZTUFN BO BMPOHUSBDL CFBNXJEUI
PG θbx ≈ 50.8◦ 	4FD 
 BOE B DSPTTUSBDL CFBNXJEUI PG θby ≈ 15.7◦ 	4FD 

 7KH%('0$3 FRPSLODWLRQ
ɨF #&%."1 DPNQJMBUJPO 	-ZUIF BOE 7BVHIBO 
 CSPVHIU UPHFUIFS JO B TJOHMF EBUB
CBTF JDF UIJDLOFTT NFBTVSFNFOUT PG UIF "OUBSDUJD JDF TIFFU DPMMFDUFE EVSJOH UIF ëGUZ ZFBST
QSJPS UP  XJUI NVDI PG UIF EBUB DPNJOH GSPN UIF 413*/4'56% ìJHIUT PG UIF T
	4FD 
 ɨFTF JDF UIJDLOFTT EBUB DBNF GSPN B OVNCFS PG EJêFSFOU TPVSDFT PG UIF 
NJTTJPOT VTFE JO UIF DPNQJMBUJPO  DBNF GSPN "JSCPSOF 3&4  GSPN 0WFSTOPX 3&4 
GSPN 4FJTNJD SFìFDUJPO  GSPN (SBWJNFUSJD BOE  GSPN *DF DPSJOH 	'JH 
 ɨFTF EBUB
XFSF VTFE UP DPOTUSVDU B TFBNMFTT  LN EJHJUBM UPQPHSBQIJD NPEFM PG PWFS UIF XIPMF PG UIF
"OUBSDUJD DPOUJOFOU ɨF EJHJUBM NPEFMT VTFE UP QSPEVDF #&%."1 IBE B OPNJOBM TQBUJBM
SFTPMVUJPO PG  LN CVU TVDI B IJHI SFTPMVUJPO PG JDF UIJDLOFTT JT BDIJFWBCMF POMZ PWFS B GFX
QBSUT PG UIF JDF TIFFUT XIFSF UIF EBUB EFOTJUZ JT IJHI FOPVHI 	'JH 
 *O NBOZ BSFBT UIF

 3BEBS TPVOEJOH
'JHVSF  " NBQ TIPXJOH UIF DPWFSBHF PG #&%."1 JDF UIJDLOFTT EBUB TFUT
	-ZUIF BOE 7BVHIBO 

SFTPMVUJPO BêPSEFE CZ UIFTF PCTFSWBUJPOT HJWFT B TUSPOHMZ VOEFSTBNQMFE WJFX PG TVCHMBDJBM
UPQPHSBQIZ
ɨF VTF PG OVNFSJDBM NPEFMT UP QSFEJDU UIF GVUVSF TUBUF PG UIF JDF TIFFU SFRVJSFT HPPE
TVCHMBDJBM UPQPHSBQIZ PO XIJDI UP CBTF TVDI NPEFMT 	7BVHIBO FU BM 
 ɨF #&%."1
EBUB EFOTJUZ GSPN UIF "NVOETFO 4FB TFDUPS PG 8FTU "OUBSDUJDB JT QBSUJDVMBSMZ TQBSTF 	'JH 

BOE RVJUF VOTVJUBCMF GPS SFMJBCMF IJHI SFTPMVUJPO JDF TIFFU NPEFMMJOH 8JUI UIJT JO NJOE B
DBNQBJHO XBT EFWJTFE UP JNQSPWF UIF SFTPMVUJPO PG CFESPDL PCTFSWBUJPOT GPS UIJT GBTUDIBOHJOH
QBSU PG "OUBSDUJDB

 3BEBS TPVOEJOH
'JHVSF  " NBQ TIPXJOH UIF DPWFSBHF PG #&%."1 JDF UIJDLOFTT EBUB PWFS
UIF "NVOETFO 4FB TFDUPS PG 8FTU "OUBSDUJDB CMBDL MJOFT EFMJOFBUF HMBDJBM ESBJOBHF
CBTJOT PSBOHF EPUT BSF OVOBUBLT BOE UIF ZFMMPX MJOFT JOEJDBUF UIF MPDBUJPOT PG JDF
UIJDLOFTT EBUB 	-ZUIF BOE 7BVHIBO 

 7KH%%$6 UDGDUVRXQGLQJVXUYH\
%VSJOH UIF  BVTUSBM TVNNFS TFBTPO B DPMMBCPSBUJWF 6,64 ëFME DBNQBJHO QFS
GPSNFE B TZTUFNBUJD HFPQIZTJDBM TVSWFZ PG UIF XIPMF "NVOETFO TFB FNCBZNFOU ɨF DBN
QBJHO XBT QFSGPSNFE CZ UXP BJSDSBGU ëUUFE XJUI DPNQBSBCMF BJSCPSOF TVSWFZ TZTUFNT " UFBN
GSPN UIF 6OJWFSTJUZ PG 5FYBT TVSWFZFE UIF ɨXBJUFT 4NJUI BOE ,PIMFS HMBDJFS CBTJOT " UFBN
GSPN #"4 TVSWFZFE UIF 1JOF *TMBOE (MBDJFS CBTJO UIF #BTJO #BMBODF "TTFTTNFOU BOE 4ZO
UIFTJT 	##"4
 TVSWFZ 	'JH 
 #PUI TVSWFZT PQFSBUFE PVU PG UIF UFNQPSBSZ ëFME DBNQ 1/&
	¡′ 4 ¡′ 8
 BOE XFSF TVQQPSUFE CZ /4' GVFM EFQMPZNFOUT ɨF SFTVMUT GSPN UIF
1*( TVSWFZ XFSF EFTDSJCFE JO 	7BVHIBO FU BM 
 XJUI UIF SFTVMUT GPS ɨXBJUFT 4NJUI BOE
,PIMFS HMBDJFST EFTDSJCFE JO 	)PMU FU BM 

0WFS UIF DPVSTF PG UIF  TFBTPO B UPUBM PG ∼  LN PG BJSCPSOF TVSWFZ EBUB

 3BEBS TPVOEJOH
'JHVSF  ɨF ##"4 TVSWFZ CMBDL MJOFT EFMJOFBUF HMBDJBM ESBJOBHF CBTJOT PS
BOHF EPUT BSF OVOBUBLT BOE UIF ZFMMPX MJOFT JOEJDBUF UIF MPDBUJPO PG BJSCPSOF EBUB
DPMMFDUFE EVSJOH UIF  BVTUSBM TVNNFS TFBTPO CZ UIF #SJUJTI "OUBSDUJD
4VSWFZ 	#"4

XFSF DPMMFDUFE PWFS UIF 1*( CBTJO ɨF JDFTPVOEJOH SBEBS VTFE JO UIF TVSWFZ XBT UIF 1"4*/
TZTUFN EFWFMPQFE CZ #"4 ɨF "FSJBMT VTFE JO UIF 1"4*/ TZTUFN XFSF NPVOUFE PO B TLJ
FRVJQQFE %F )BWJMMBOE %)$ 5XJO 0UUFS BJSDSBGU XJUI UIF 1"4*/ TZTUFN IBSEXBSF IPVTFE
XJUIJO UIF NBJO GVTFMBHF "T XFMM BT UIF SBEBS TZTUFN UIF BJSDSBGU XBT FRVJQQFE XJUI XJOH
UJQ NBHOFUPNFUFST B SBEBS BMUJNFUFS BOE B HSBWJNFUFS .PTU ìJHIUT XFSF PQUJNJTFE GPS UIF
BDRVJTJUJPO PG HSBWJUZ EBUB BOE XFSF ìPXO JO B SFHVMBS  LN HSJE BU B DPOTUBOU FMFWBUJPO *O
BEEJUJPO UP UIFTF AHSBWJUZ ìJHIUT GPVS ìJHIUT XFSF ìPXO PWFS UIF NBJO USJCVUBSJFT BOE USVOL PG
1*( EVSJOH XIJDI HSBWJUZ EBUB XFSF OPU DPMMFDUFE 	'JH 
 ɨFTF XFSF ìPXO BU B DPOTUBOU
UFSSBJO DMFBSBODF PG∼ N UP PQUJNJTF UIF RVBMJUZ PG UIF SBEBS TPVOEJOH EBUB 	7BVHIBO FU BM

 *U JT PO EBUB GSPN UIF GPVS ìJHIUT PWFS UIF NBJO USJCVUBSJFT BOE USVOL PG 1*( UIBU UIJT
1I% UIFTJT JT CBTFE

 ɨF QVSQPTF PG UIJT TUVEZ
'JHVSF  ɨF GPVS ìJHIUT PG UIF ##"4 TVSWFZ PWFS UIF NBJO USVOL BOE USJC
VUBSJFT PG 1*( 	ZFMMPX MJOFT
 UIF CMBDL MJOFT EFMJOFBUF HMBDJBM ESBJOBHF CBTJOT BOE
UIF PSBOHF EPUT BSF OVOBUBLT
 7KHSXUSRVHRIWKLVVWXG\
"T XFMM BT QSPWJEJOH B NFBOT PG NFBTVSJOH UIF UIJDLOFTT PG JDF TIFFUT BOE HMBDJFST 	XIJDI XBT
UIF NBJO BJN PG UIF ##"4 TVSWFZ
 SBEBS TPVOEJOH UFDIOJRVFT DBO BMTP CF VTFE UP HBJO BO
VOEFSTUBOEJOH PG FOHMBDJBM GFBUVSFT TVDI BT TVSGBDFCPUUPN DSFWBTTFT BOE FOHMBDJBM MBZFSJOH
3BEBS TPVOEJOH TVSWFZT DBO FJUIFS CF QFSGPSNFE CZ TVSGBDF WFIJDMFT TVDI BT TLJEPPT PS
CZ BJSDSBGU 	BT JO UIF ##"4 TVSWFZ
 'PS TVSGBDF CBTFE SBEBS TPVOEJOH TVSWFZT SBEBS BOUFOOBF
BSF DPNNPOMZ UPXFE CFIJOE WFIJDMFT JO XIJDI DBTF UIF SBEBS BOUFOOBF BSF BDUVBMMZ JO QIZTJDBM
DPOUBDU XJUI UIF JDF TVSGBDF ɨFTF UPXFE SBEBS BOUFOOB BSSBZT DBO CF NVDI MPOHFS UIBO
UIF MFOHUI PG UIF WFIJDMF UIFSFCZ QSPEVDJOH TNBMM CFBNXJEUIT BOE QSPWJEJOH HPPE BMPOH
USBDL SFTPMVUJPO *O BJSCPSOF TVSWFZT BOUFOOBF BSF OPSNBMMZ NPVOUFE CFOFBUI UIF XJOHT PG
BO BJSDSBGU BOE BSF UIFSFGPSF TFQBSBUFE GSPN UIF JDF TVSGBDF CZ TFWFSBM IVOESFE NFUSFT ɨFSF
JT PG DPVSTF B QIZTJDBM MJNJU PO UIF TJ[F PG BO BOUFOOB ZPV NBZ NPVOU PO BO BJSDSBGU CFGPSF

 ɨF QVSQPTF PG UIJT TUVEZ
JUT BFSPEZOBNJD QSPëMF JT DPNQSPNJTFE ɨJT TFUT BO VQQFS MJNJU PO BOUFOOB TJ[F XIJDI JT JO
QSBDUJDBMMZ UFSNT B GSBDUJPO PG UIF MFOHUI PG BO BJSDSBGUT GVTFMBHF
"JSCPSOF TVSWFZT EP IBWF BO JNQPSUBOU BEWBOUBHF PWFS MBOE CBTFE TVSWFZT JO UIBU EVF
UP UIF IJHI TQFFE PG BJSDSBGU 	>  N T−
 IVOESFET PG LJMPNFUSFT PG EBUB DBO CF DPMMFDUFE
JO B TJOHMF ìJHIU MBTUJOH B GFX IPVST ɨFSF JT B QSPCMFN XJUI BJSCPSOF TVSWFZT DPNQBSFE UP
MBOE CBTFE TVSWFZT ɨF QSPCMFN JT UIBU FWFO BU UIF MPX BMUJUVEFT UIBU TVSWFZ BJSDSBGU UZQJDBMMZ
PQFSBUF 	<  N
 UIF TNBMM BOUFOOBF TJ[F QSPEVDFT XJEF USBOTNJUUFE CFBNXJEUIT ɨJT
NFBOT UIBU UIF ASBEBS GPPUQSJOU PO UIF JDF TVSGBDF DBO NFBTVSF NBOZ UFOT PG NFUSFT JO UIF
DSPTTUSBDL EJSFDUJPO BOE IVOESFET PG NFUSFT JO UIF BMPOHUSBDL EJSFDUJPO
ɨF MBSHF SBEBS GPPUQSJOU JT OPU B QBSUJDVMBS QSPCMFN JG UIF CFE BOE FOHMBDJBM MBZFST BSF ìBU
IPSJ[POUBM BOE UIF JDF TVSGBDF JT ìBU BOE MBDLJOH JO TVSGBDF JSSFHVMBSJUJFT BT JT UIF DBTF PWFS
NVDI PG UIF 1*( ESBJOBHF CBTJO *G TVSGBDF TMPQFT JODSFBTF PS TVSGBDFT CFDPNF SPVHI 	TVDI
BT JO BSFBT PG IFBWZ TVSGBDF DSFWBTTJOH
 UIFO SBEBS TJHOBM GSPN UIF TVSGBDF DBO JOUFSGFSF XJUI
TJHOBMT GSPN EFFQFS QBSUT PG UIF JDF TIFFU
4VDI HFPNFUSJFT FYJTU OFBS UIF HSPVOEJOH MJOF BOE PWFS NVDI PG UIF NBJO USVOL PG 1*(
XIFSF UIFSF BSF MBSHF 	CZ JDF TIFFU TUBOEBSET
 TVSGBDF TMPQFT BOE FYUFOTJWF TVSGBDF DSFWBTTJOH
ɨFTF TVSGBDF DSFWBTTFT SFìFDU UIF EPXOQSPQBHBUJOH SBEBS QVMTF BOE UIFJS FêFDUT BSF SFDPSEFE
JO SBEBS TPVOEJOH JNBHFSZ BT TVSGBDF DMVUUFS ɨFTF DMVUUFS TJHOBMT IBWF UIF BCJMJUZ UP TBUVSBUF
SBEBS TPVOEJOH JNBHFSZ EPXO UP EFQUIT PG PWFS  N PCMJUFSBUJOH TJHOBMT GSPN OFBSTVSGBDF
FOHMBDJBM MBZFST *O WFSZ IFBWJMZ DSFWBTTFE BSFBT DMVUUFS DBO FWFO PCTDVSF CFE SFìFDUJPOT GSPN
EFQUIT PG PWFS  N 	'JH 

4ZOUIFUJD BQFSUVSF UFDIOJRVFT DBO QSPWJEF B TPMVUJPO UP UIF TVSGBDF DMVUUFS QSPCMFN #Z
QPTUQSPDFTTJOH SBEBS TPVOEJOH EBUB VTJOH 4"3 UFDIOJRVFT UIF TBNF FêFDU DBO CF BDIJFWFE BT
ëUUJOH B MBSHF BOUFOOB UP UIF TVSWFZ BJSDSBGU OBNFMZ B EFDFBTF JO UIF BMPOHUSBDL CFBNXJEUI
ɨF SFTVMU JT FRVJWBMFOU UP UIF TISJOLJOH PG UIF SBEBS GPPUQSJOU JO UIF BMPOH USBDL EJNFOTJPO
SFTVMUJOH JO B SFEVDUJPO JO DMVUUFS TJHOBM BOE BO JODSFBTF JO BMPOHUSBDL SFTPMVUJPO
ɨF DFOUSBM QPJOU PG UIJT TUVEZ JT QSJNBSJMZ B QSPPG PG DPODFQU PG XIFUIFS JOJDF 4"3 UFDI
OJRVFT DBO CF TVDDFTTGVMMZ BQQMJFE UP SBEBS TPVOEJOH EBUB DPMMFDUFE JO UIF ##"4 TVSWFZ 0G
QBSUJDVMBS JOUFSFTU JT UIF BQQMJDBUJPO PG 4"3 UFDIOJRVFT UP UIF BSFBT PG IFBWZ TVSGBDF DSFWBTTJOH
BOE IJHI TVSGBDF TMPQFT GPVOE JO QSPYJNJUZ UP UIF 1*( HSPVOEJOH MJOF ɨF TVDDFTTGVM BQQMJDB
UJPO PG UIFTF UFDIOJRVFT TIPVME JNQSPWF UIF TJHOBMUPDMVUUFS SBUJP BOE BMMPX FOHMBDJBM MBZFSJOH
UP CF JNBHFE *U XJMM BMTP JNQSPWF UIF BMPOHUSBDL SFTPMVUJPO BMMPXJOH GPS UIF JNBHJOH PG TNBMM
TDBMF GFBUVSFT XJUIJO UIF JDF TIFFU

 ɨFTJT TUSVDUVSF
'JHVSF  4VSGBDF DMVUUFS PCTDVSJOH FOHMBDJBM TJHOBMT UP EFQUIT PG PWFS  N
CFMPX UIF JDF TVSGBDF
 7KHVLVVWUXFWXUH
ɨF CPEZ PG UIJT 1I% UIFTJT JT EJWJEFE JOUP TJY DIBQUFST *O BEEJUJPO UP UIF JOUSPEVDUJPO
	DIBQUFS 
 BOE TVNNBSZ BOE DPODMVTJPOT 	DIBQUFS 
 UIFSF BSF GPVS NBJO DIBQUFST PVUMJOJOH
UIF JOJDF 4"3 UFDIOJRVF
$IBQUFS  EFTDSJCFT SBEBS TPVOEJOH BT UIF JOUFSBDUJPO CFUXFFO SBEBS XBWFT BOE JDF CPUI
BU UIF TVSGBDF BOE BU EFQUI XJUIJO BO JDF NBTT $IBQUFS  EFTDSJCFT UIF UIFPSZ CFIJOE 4"3
UFDIOJRVFT BOE UIFJS BQQMJDBUJPO UP BO JEFBMJTFE JDF TIFFU $IBQUFS  EFTDSJCFT UIF DPSSFDUJPOT
OFDFTTBSZ UP BQQMZ 4"3 UFDIOJRVFT UP SFBM JDF TIFFUT BOE BMTP UIF NBJO TPVSDFT PG VODFSUBJOUZ
MJLFMZ UP CF FODPVOUFSFE JO EPJOH TP $IBQUFS  EFTDSJCFT UIF SFTVMUT PCUBJOFE GSPN 4"3
QSPDFTTJOH UIF ##"4 TVSWFZ EBUB DPMMFDUFE PWFS UIF NBJO USVOL PG 1*(

&KDSWHU
5DGDUVRXQGLQJ
 (OHFWULFDOSURSHUWLHVRILFH
"U 7)' 	 .)[
 GSFRVFODJFT XIJDI BSF UIF POFT VTFE FYUFOTJWFMZ GPS SBEBS TPVOEJOH
UIF FêFDU PG JNQPTJOH B UJNF WBSZJOH FMFDUSJD ëFME PO QPMZDSZTUBMMJOF JDF JT UP QPMBSJTF UIF
JOEJWJEVBM NPMFDVMFT PG XBUFS ɨJT JT BDIJFWFE CZ UIF EJTQMBDFNFOU PG FMFDUSPO DMPVET SFMBUJWF
UP UIFJS OVDMFJ BOE BMTP CZ TNBMM EJTUPSUJPOT 	WJCSBUJPOT SPUBUJPOT BOE USBOTMBUJPOT
 PG UIF
NPMFDVMFT UIFNTFMWFT 	1FUSFOLP BOE 8IJUXPSUI 
 ɨFTF SFTQPOTFT UP B DIBOHF JO ëFME
PDDVS WFSZ SBQJEMZ BOE VQ UP NJDSPXBWF GSFRVFODJFT UIFJS FêFDUT BSF JOEFQFOEFOU PG GSFRVFODZ
ɨF CFIBWJPVS EFTDSJCFE BCPWF JT UIBU PG B EJFMFDUSJD NBUFSJBM BOE HMBDJBM JDF JT PGUFO EF
TDSJCFE BT B MPXMPTT EJFMFDUSJD BMUIPVHI MPTT XJMM TUJMM PDDVS EVSJOH FMFDUSPNBHOFUJD XBWF
QSPQBHBUJPO 8IFO FMFDUSPNBHOFUJD XBWFT QSPQBHBUF JO B EJFMFDUSJD UIF QSPQBHBUJOH XBWF
BUUFOVBUFT BT JUT FOFSHZ JT EJTTJQBUFE BT IFBU FOFSHZ ɨF JSSFWFSTJCMF MPTT EVF UP EJTTJQBUJPO iε′′
JT SFQSFTFOUFE CZ UIF JNBHJOBSZ QBSU PG UIF DPNQMFY EJFMFDUSJD QFSNJUUJWJUZ 	#PHPSPETLZ FU BM


ε = ε′ − iε′′ 	

 (OHFWURPDJQHWLFZDYHVLQLFH
$POTJEFS UIF DBTF PG BO BUUFOVBUJOH QMBOF FMFDUSPNBHOFUJD XBWF PG BOHVMBS GSFRVFODZ ω BOE
BNQMJUVEF E0 USBWFMMJOH JO B EJFMFDUSJD NBUFSJBM *G UIJT XBWF USBWFMT XJUI WFMPDJUZ v JO UIF z
EJSFDUJPO 	JODSFBTJOH EFQUI
 UIFO UIF FMFDUSJD ëFME JNQPTFE PO UIF EJFMFDUSJD CZ UIF XBWF JT B

 &MFDUSPNBHOFUJD XBWFT JO JDF
GVODUJPO PG z BOE UJNF 	t
 ɨJT FMFDUSJD ëFME 	B GVODUJPO PG CPUI EFQUI BOE UJNF
 E(z, t) JT
HJWFO CZ
E(z, t) = E0 e(
−αz2 )e[iω(t−
z
v )] 	

XIFSF α JT UIF BCTPSQUJPO DPFïDJFOU 	VOJUT N−
 	1FUSFOLP BOE 8IJUXPSUI 
 ɨF JO
UFOTJUZ PG UIJT XBWF I(z) JT B GVODUJPO PG EFQUI I(z) BOE EFDBZT BT
I(z) = I0 e
(−αz) 	

ɨF XBWF NBZ BMTP CF EFëOFE CZ UIF FRVBUJPO
E(z, t) = E0 e[
iω(t−nzc )] 	

XJUI c CFJOH UIF GSFFTQBDF FMFDUSPNBHOFUJD XBWF TQFFE BOE n JT LOPXO BT UIF DPNQMFY SF
GSBDUJWF JOEFY n = n′ − in′′ &R  DBO UIFSFGPSF CF XSJUUFO BT
E(z, t) = E0 e
“
−ωn′′c z
”
e
h
iω
“
t−n′zc
”i
	

GSPN XIJDI JU GPMMPXT UIBU
v =
c
n′
	

*O B OPONBHOFUJD NFEJVN 	TVDI BT JDF
 UIF DPNQMFY SFMBUJWF NBHOFUJD QFSNFBCJMJUZ IBT B
WBMVF PG POF BOE TP UIF FMFDUSPNBHOFUJD XBWF TQFFE JT HJWFO CZ
v =
c
ε
1
2
	

DPNQBSJOH &R  UP UIF FYQSFTTJPO GPS WFMPDJUZ PCUBJOFE JO &R  BOE VTJOH UIF GBDU UIBU
UIF SFGSBDUJWF JOEFY JT EFëOFE BT UIF SBUJP PG cv JU GPMMPXT UIBU
n = ε
1
2 	

ɨJT FYQSFTTJPO JT WBMJE FWFO XIFO n BOE ε BSF DPNQMFY WBMVFT n = n′− in′′ BOE ε = ε′− iε′′
SFTQFDUJWFMZ 	4FD 
 "T B DPOTFRVFODF PG UIJT JU DBO CF TIPXO UIBU
ε′ = (n′)2 − (n′′)2 	


 ɨF WBSJBUJPO JO n′ BU 3&4 GSFRVFODJFT
BOE
ε′′ = 2n′n′′ 	

#Z DPNQBSJOH &R  BOE &R  BO FYQSFTTJPO GPS UIF BCTPSQUJPO DPFïDJFOU DBO CF EFSJWFE
α
2
=
ωn′′
c
	

XIJDI JO UFSNT PG UIF GSFFTQBDF 	WBDVVN
 XBWFMFOHUI 	λ0
 JT HJWFO CZ
α =
2ωn′′
c
=
4pin′′
λ0
	

ɨF QIZTJDBM JOUFSQSFUBUJPO PG n′′ JT UIBU XIFO B XBWF QSPQBHBUFT UISPVHI B EJTUBODF PG λ0 JUT
JOUFOTJUZ EFDSFBTFT CZ B GBDUPS PG e−4pin′′  ɨVT n′ DPOUSPMT UIF TQFFE PG B XBWF JO JDF 	v
 BOE
n′′ DPOUSPMT UIF BCTPSQUJPO DPFïDJFOU 	α

ɨF SFTVMUT TIPXO JO 'JH  BSF GSPN B DPNQJMBUJPO PG UIF DPNQMFY JOEFY PG SFGSBDUJPO PG
JDF *I BU B TUBOEBSEJTFE UFNQFSBUVSF PG − ¡$ 	8BSSFO BOE #SBOEU 
 'SPN 'JH  JU JT
FWJEFOU UIBU UIF WBMVFT PG CPUI n′ BOE n′′ WBSZ NBSLFEMZ BDSPTT UIF &. TQFDUSVN 7BSJBUJPOT
JO n′ BOE n′′ QSPWJEF UIF NFDIBOJTN UIBU DBVTFT JDF UP IBWF EJêFSFOU PQUJDBM QSPQFSUJFT BU
EJêFSFOU XBWFMFOHUIT
 7KHYDULDWLRQLQ n′ DW5(6 IUHTXHQFLHV
*O SBEBS TPVOEJOH TUVEJFT JU JT JNQPSUBOU UP BDDVSBUFMZ LOPX UIF WBMVF PG n′ BT JU EFUFSNJOFT UIF
WFMPDJUZ B SBEBS XBWF XJMM QSPQBHBUF UISPVHI BO JDF NBTT 	&R 
 ɨJT WFMPDJUZ EFUFSNJOFT
UIF UJNF UBLFO GPS B SBEBS QVMTF UP SFBDI B DFSUBJO JOUFSGBDF CVU BMTP JUT USBWFM QBUI UISPVHI
UIF JDF 	WJB UIF SFGSBDUJPO BOHMF
 ɨF WBMVF PG n′ HFOFSBMMZ WBSJFT BDSPTT UIF XIPMF PG UIF
FMFDUSPNBHOFUJD TQFDUSVN 	'JH 
 CVU UIFSF BSF UXP QMBUFBV SFHJPOT XJUI SFMBUJWFMZ DPOTUBOU
WBMVFT PG n′ 0OF PG UIFTF QMBUFBVT DPSSFTQPOET UP UIF WJTJCMF BOE OFBSVMUSBWJPMFU SFHJPO PG
UIF TQFDUSVN BOE UIF PUIFS UP UIF SBEJPNJDSPXBWF QBSU PG UIF TQFDUSVN 	'JH 

ɨF FMFDUSPNBHOFUJD XBWF GSFRVFODJFT UZQJDBMMZ VTFE JO SBEBS TPVOEJOH OPSNBMMZ PDDVQZ
UIF SFHJPO  .)[ .)[ UIJT QVUT UIFN UIFN XFMM XJUIJO UIF SBEJPOFBSNJDSPXBWF
QMBUFBV SFHJPO 0WFS UIJT GSFRVFODZ SBOHF UIF SFMBUJWF QFSNJUUJWJUZ ε′ UFOET UPXBSET B DPOTUBOU
MPXFS MJNJU PG ε∞ 'SPN 'JH  UIF WBMVF PG n′ UIBU DPSSFTQPOET UP ε∞ JT n′ = 1.786 GPS UIF

 ɨF WBSJBUJPO JO n′ BU 3&4 GSFRVFODJFT
'JHVSF  $PNQJMBUJPO PG UIF SFBM 	n′
 BOE JNBHJOBSZ 	n′′
 QBSUT PG UIF DPNQMFY
JOEFY PG SFGSBDUJPO PG JDF *I BU B TUBOEBSEJTFE UFNQFSBUVSF PG − ¡$ 	 ,
 VO
DFSUBJOUZ JT JOEJDBUFE CZ UIF TIBEJOH (SBQIT 	B
 BOE 	C
 BSF TIPXO JO NPSF EFUBJM
JO 'JH  BOE 'JH  SFTQFDUJWFMZ .PEJëFE GSPN 	8BSSFO BOE #SBOEU 

DBTF PG QVSF JDF *I BU B UFNQFSBUVSF PG − ¡$ 	 ,

 ([SHULPHQWDOPHDVXUHPHQWVRI n′
ɨF WFMPDJUZ PG FMFDUSPNBHOFUJD XBWFT JO TPMJE JDF GPS UIF GSFRVFODJFT UZQJDBMMZ VTFE JO SBEBS
TPVOEJOH IBT CFFO EFUFSNJOFE FYQFSJNFOUBMMZ JO B OVNCFS PG EJêFSFOU TUVEJFT 	5BCMF 

W 	NµT−
 n′ 4UVEZ
168.1± 0.5 1.785± 0.005 	)FNQFM FU BM 

169 1.78 	3PCJO B

168.17 1.784 	+PIBSJ BOE $IBSFUUF 

168.2 1.784 	8BJU 

167.7 1.789 	3PCJO C

5BCMF  &YQFSJNFOUBM SFTVMUT GPS EJêFSFOU TUVEJFT JOWFTUJHBUJOH UIF WFMPDJUZ PG
SBEBS XBWFT JO JDF
'SPN 5BCMF  UIF WBMVF PG n′ GPS TPMJE JDF JT UZQJDBMMZ n′ ≈ 1.78

 ɨF WBSJBUJPO JO n′ BU 3&4 GSFRVFODJFT
!"# # #! #!! #!!!
#"$%
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#"%!
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#"%'
#"%(
#!!! #!! #! # !"#
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'JHVSF  .PSF EFUBJMFE WJFX PG 'JH 	B
 3FBM QBSU PG UIF DPNQMFY JOEFY
PG SFGSBDUJPO 	n′
 JO UIF NJDSPXBWF BOE SBEJP XBWF TQFDUSBM SFHJPO GPS JDF *I BU B
TUBOEBSEJTFE UFNQFSBUVSF PG − ¡$ 	 ,
 .PEJëFE GSPN 	8BSSFO BOE #SBOEU


" SFMBUJPO GPS UIF UFNQFSBUVSF EFQFOEBODF PG ε′ 	BOE UIFSFGPSF n′
 GPS FMFDUSPNBHOFUJD
XBWFT JO UIF GSFRVFODZ SBOHF  .)[ UP  ()[ IBT CFFO EFUFSNJOFE GSPN FYQFSJNFOUT PO
QVSF QPMZDSZTUBMMJOF JDF 	MBCPSBUPSZHSPXO BOE OBUVSBMMZ PDDVSSJOH
 ɨJT SFMBUJPO JT HJWFO CZ
ε′ = (3.18± 0.01) + (8× 10−4T ) 	

XIFSF UFNQFSBUVSF JT JO ¡$ 	%PXEFTXFMM BOE &WBOT 
 " QMPU PG TIPXJOH WBMVFT EFSJWFE
GSPN &R  JT TIPXO JO 'JH  ɨF UZQJDBM JDF UFNQFSBUVSFT PO 1*( SBOHF GSPN BSPVOE
− ¡$ BU UIF JDF TVSGBDF UP BSPVOE− ¡$ BU UIF CFE ɨF NFBO SFMBUJWF QFSNJUUJWJUZ PWFS UIJT
UFNQFSBUVSF SBOHF JT ε′ ≈ 3.17 HJWJOH B SFGSBDUJWF JOEFY PG n′ ≈ 1.78
 )LHOGPHDVXUHPHQWVRI n′
*O BEEJUJPO UP UIF FYQFSJNFOUBMMZ EFSJWFE WBMVFT PG n′ 	4FD 
 UIFSF IBWF CFFO B OVNCFS PG
ëFME DBNQBJHOT XIFSF SBEBS XBWF WFMPDJUJFT IBWF CFFO NFBTVSFE 	5BCMF 
 ɨF NFBTVSFE

 ɨF WBSJBUJPO JO n′ BU 3&4 GSFRVFODJFT
'JHVSF  ɨF SFMBUJWF QFSNJUUJWJUZ 	ε′
 PG JDF JO 7)' CBOE 	 →  .)[

"EBQUFE GSPN 	%PXEFTXFMM BOE &WBOT 

WFMPDJUZ WBSJFT CFUXFFO MPDBUJPOT BOE UIFTF WBSJBUJPOT DBO CF BDDPVOUFE GPS CZ DPOTJEFSJOH
UIF FYQSFTTJPO GPS UIF WFMPDJUZ PG SBEBS XBWFT JO JDF XIJDI JT HJWFO CZ
v =
c{
ε′
2
[(
1 +
(
σ
2pifε′ε0
)2)
+ 1
]} 1
2
	

XIFSF σ JT UIF FMFDUSJDBM DPOEVDUJWJUZ f JT UIF GSFRVFODZ PG UIF SBEBS XBWF BOE ε0 JT UIF
QFSNJUUJWJUZ PG GSFF TQBDF 	ε0 = .× − ' N−
 'SPN &R  JU JT FWJEFOU UIBU SBEBS
XBWF WFMPDJUZ JT NBJOMZ B GVODUJPO PG UIF FMFDUSJDBM DPOEVDUJWJUZ BOE QFSNJUUJWJUZ PG B NBUFSJBM
BOE UP B MFTTFS FYUFOU UIF GSFRVFODZ PG B SBEBS XBWF 	1MFXFT BOE )VCCBSE  

ɨF DPOEVDUJWJUZ BOE QFSNJUUJWJUZ PG JDF WBSJFT CFUXFFO MPDBUJPOT SFTVMUJOH JO WBSJBUJPOT
JO UIF SBEBS XBWF WFMPDJUZ BOE UIVT UIF WBMVF PG n′ ɨF QFSNJUUJWJUZ JT BêFDUFE QSJNBSJMZ CZ
JDF EFOTJUZ WBSJBUJPOT XJUI MPXFS EFOTJUJFT JODSFBTJOH UIF WFMPDJUZ
" UZQJDBM ëFME NFBTVSFNFOU GPS B MPDBUJPO XIFSF UIF EFOTJUZ PG UIF XIPMF JDF DPMVNO
	JODMVEJOH UIF TVSGBDF MBZFST
 JT DMPTF UP UIBU PG TPMJE JDF JT 4LFMUPO *OMFU "OUBSDUJDB 	5BCMF 

)FSF TPMJE JDF JT PCTFSWFE FYUFOEJOH FTTFOUJBMMZ UP UIF TVSGBDF 	#PHPSPETLZ FU BM 
 ɨF

 ɨF WBSJBUJPO JO n′′ BU 3&4 GSFRVFODJFT
.FUIPE -PDBUJPO v 	NµT−
 n′
-PHHJOH XJUIJO ESJMM IPMFT %FWPO *TMBOE *DF $BQ . .
4PVOEJOH BEKBDFOU $BNQ $FOUVSZ (SFFOMBOE  .
UP ESJMM IPMFT $BNQ $FOUVSZ (SFFOMBOE . .
#ZSE "OUBSDUJDB  .
4FWFSOBZB ;FNMZB 3VTTJB  →  . → .
0CMJRVF SFìFDUJPO #BSOFT *DF DBQ $BOBEB . .
TPVOEJOH 5VUP &BTU (SFFOMBOE  →  . → .
4LFMUPO *OMFU "OUBSDUJDB . .
2VFFO .BVE -BOE "OBSDUJDB . .
%PNF $ "OUBSDUJDB  
3PPTFWFMU *TMBOE "OUBSDUJDB  
'JOCVM JDF TIFMG "OUBSDUJDB  
5BCMF  " TFMFDUJPO PG SBEBS XBWF WFMPDJUJFT BOE UIFJS DPSSFTQPOEJOH WBMVFT PG
n′ EFUFSNJOFE JO TJUV CZ EJêFSFOU NFUIPET .PEJëFE GSPN 	1MFXFT BOE )VCCBSE 

 BOE 	#PHPSPETLZ FU BM 

4LFMUPO *OMFU SBEBS XBWF WFMPDJUZ JT .±. NµT− HJWJOH B SFGSBDUJWF JOEFY PG n′ = 1.78
#BTFE PO CPUI FYQFSJNFOUBM BOE ëFME NFBTVSFNFOUT UIF CFTU DIPJDF PG n′ GPS TPMJE JDF
GPS UIF UFNQFSBUVSF SBOHFT BOE DPOEJUJPOT MJLFMZ UP CF FODPVOUFSFE JO 1*( JT n′ = 1.78 "T
n′′ BU SBEJP XBWFMFOHUIT JT TNBMM DPNQBSFE UP n′ UIFO UIF SFGSBDUJWF JOEFY DBO CF XSJUUFO BT
n = 1.78 XIJDI XJMM CF VTFE GPS DBMDVMBUJOH WFMPDJUJFT UISPVHIPVU UIF SFTU PG UIJT UIFTJT
 7KHYDULDWLRQLQ n′′ DW5(6 IUHTXHQFLHV
-PX WBMVFT PG n′′ BSF GPVOE JO CPUI UIF WJTJCMF BOE SBEJPNJDSPXBWF QBSUT PG UIF &. TQFDUSVN
BOE DPSSFTQPOE UP UIF QMBUFBV SFHJPOT JO n′ 	'JH 
 " NPSF EFUBJMFE WJFX PG UIF WBMVFT PG n′′
JO UIF SBEJPNJDSPXBWF TQFDUSBM CBOE JT TIPXO JO 'JH  XJUI n′′ WBMVFT BU 3&4 GSFRVFODJFT
UZQJDBMMZ CFJOH MFTT UIBO × −
ɨF WBMVF PG n′′ BêFDUT UIF BUUFOVBUJPO PG FMFDUSPNBHOFUJD XBWFT XJUIJO B NFEJVN BOE JUT
WBMVF DBO CF VTFE UP DBMDVMBUF UIF SBUF BU XIJDI B XBWF EFDBZT " RVBOUJUZ LOPXO BT UIF TLJO
EFQUI JT PGUFO VTFE XIJDI JT UIF EJTUBODF PWFS XIJDI UIF JOUFOTJUZ PG BO FMFDUSPNBHOFUJD XBWF
EFDBZT UP 1e 	∼
 PG JUT PSJHJOBM WBMVF ɨF TLJO EFQUI JT UIF SFDJQSPDBM PG UIF BCTPSQUJPO
DPFïDJFOU 	UIF JOWFSTF PG &R 
 BOE JT UIFSFGPSF HJWFO CZ
α−1 =
λ0
4pin′′
	


 ɨF WBSJBUJPO JO n′′ BU 3&4 GSFRVFODJFT
!"# # #! #!! #!!!
#!!! #!! #! # !"#
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'JHVSF  .PSF EFUBJMFE WJFX PG 'JH 	C
 *NBHJOBSZ QBSU PG UIF DPNQMFY JOEFY
PG SFGSBDUJPO 	n′
 JO UIF NJDSPXBWF BOE SBEJP XBWF TQFDUSBM SFHJPO GPS JDF *I BU B
TUBOEBSEJTFE UFNQFSBUVSF PG − ¡$ 	 ,
 .PEJëFE GSPN 	8BSSFO BOE #SBOEU


ɨF WBSJBUJPO JO UIF TLJO EFQUI BDSPTT UIF &. TQFDUSVN JT TIPXO JO 'JH  BOE JT QMPUUFE
VTJOH UIF WBMVFT PG n′′ GSPN 'JH  ɨF MBSHF TLJO EFQUIT GPVOE BU SBEJPNJDSPXBWF BOE
PQUJDBM GSFRVFODJFT 	'JH 
 JOEJDBUF UIBU JDF JT OFBSMZ DPNQMFUFMZ USBOTQBSFOU UP FMFDUSPNBH
OFUJD XBWFT BU UIFTF GSFRVFODJFT ɨFTF QBSUT PG UIF FMFDUSPNBHOFUJD TQFDUSVN UIBU IBWF IJHI
TLJO EFQUIT BSF LOPXO BT AXJOEPXT BOE DPSSFTQPOE UP MPX WBMVFT PG n′′ *O UIF JOGSBSFE BOE
VMUSBWJPMFU QBSUT PG UIF FMFDUSPNBHOFUJD TQFDUSVN UIF TLJO EFQUIT GPS JDF BSF HFOFSBMMZ NVDI
MFTT UIBO  NN SFOEFSJOH JU OFBSMZ PQBRVF UP XBWFT PG UIPTF GSFRVFODJFT
0GUFO JO SBEBS TPVOEJOH UIF NBJO DPODFSO JT BDDPVOUJOH GPS UIF MPTTFT JODVSSFE GPS B
TQFDJëD USBWFM QBUI UISPVHI UIF JDF *O UIJT DBTF B RVBOUJUZ DBMMFE UIF MPTT UBOHFOU JT PGUFO VTFE
BT B NFBTVSF PG UIF BUUFOVBUJOH QSPQFSUJFT PG B NBUFSJBM ɨF MPTT UBOHFOU JT EFëOFE BT UIF
UBOHFOU PG UIF EJFMFDUSJD MPTT BOHMF UBO δ BOE JT HJWFO CZ
UBO δ = ε
′′
ε′
=
n′′
n′
=
σ
2pifε0ε′
	

ɨF WBMVF PG UBO δ JT B GVODUJPO PG UIF GSFRVFODZ PG UIF FMFDUSPNBHOFUJD XBWF UFNQFSBUVSF

 ɨF WBSJBUJPO JO n′′ BU 3&4 GSFRVFODJFT
10 nm 100 nm 1 um 10 um 100 um 1 mm 1 cm 10 cm 1 m 100 m
1 nm
1 um
1 mm
1 m
1 km
Skin depth as a function of wavelength
Wavelength
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'JHVSF  4LJO EFQUI PG JDF *I BT B GVODUJPO PG XBWFMFOHUI BU B TUBOEBSEJTFE
UFNQFSBUVSF PG − ¡$ 	 ,
 DBMDVMBUFE VTJOH UIF WBMVFT PG n′ BOE n′′ TIPXO JO
'JH  	8BSSFO BOE #SBOEU 

	XIJDI FêFDUT UIF DPOEVDUJWJUZ
 BOE EFOTJUZ 	XIJDI FêFDUT UIF QFSNJUUJWJUZ
 PG JDF ɨF QPXFS
MPTT (Lice) EVF UP EJFMFDUSJD EJTQFSTJPO PG B XBWF QSPQBHBUJOH B EJTUBODF z JO BO JDF NBTT JT
HJWFO CZ
Lice = e
−2piz
“
UBO δ
λice
”
	

XIFSF λice JT UIF XBWFMFOHUI PG B SBEBS XBWF JO JDF
"OPUIFS XBZ PG FYQSFTTJOH BUUFOVBUJPO JT UIF BUUFOVBUJPO SBUF JO E# LN− ɨJT JT DBMDV
MBUFE GSPN UIF MPTT UBOHFOU VTJOH UIF GPMMPXJOH FYQSFTTJPO
E# LN− = 10 MPH10
[
e
−2pi×1000×
“
UBO δ
λice
”]
	

ɨF E# LN− NFUIPE PG EFTDSJCJOH SBEBS XBWF BUUFOVBUJPO IBT CFDPNF QBSUJDVMBSMZ QPQVMBS JO
UIF SFDFOU MJUFSBUVSF XJUI UIF MPTT UBOHFOU OPU OPSNBMMZ VTFE ɨF EFQUI BWFSBHFE BUUFOVBUJPO
SBUF JO E# LN− JT PGUFO VTFE BT JU QSPWJEFT BO FBTZ XBZ PG DPNQBSJOH UIF BUUFOVBUJOH QSPQFSUJFT
PG EJêFSFOU JDF TIFFUT BOE HMBDJFST BOE VOMJLF UIF MPTT UBOHFOU JU WBMVF JT JOEFQFOEFOU PG
XBWFMFOHUI 	BU 3&4 GSFRVFODJFT


 ɨF WBSJBUJPO JO n′′ BU 3&4 GSFRVFODJFT
 ([SHULPHQWDOPHDVXUHPHQWVRIDWWHQXDWLRQUDWH
ɨF BUUFOVBUJPO SBUFT GPS MBCPSBUPSZHSPXO JDF EFSJWFE GSPN QVSF XBUFS IBWF CFFO JOWFTUJHBUFE
CZ 	1BSFO BOE 3PCJO 
 BOE 	+PIBSJ BOE $IBSFUUF 
 	5BCMF 
 BOE BMUIPVHI UIF
BUUFOVBUJPO SBUFT EJêFS CFUXFFO TUVEJFT UIF SFTVMUT TIPX UIF TBNF HFOFSBM USFOE UIBU IJHIFS
UFNQFSBUVSF JDF IBT MBSHFS BUUFOVBUJPO SBUFT ɨJT JT B DPOTFRVFODF PG JDF DPOEVDUJWJUZ CFJOH
B GVODUJPO PG UFNQFSBUVSF XJUI JODSFBTFE UFNQFSBUVSFT MFBEJOH UP HSFBUFS DPOEVDUJWJUJFT BOE
UIVT MBSHFS BUUFOVBUJPO SBUFT
5FNQFSBUVSF 1VSF JDF BUUFOVBUJPO SBUF 1VSF JDF BUUFOVBUJPO SBUF
	1BSFO BOE 3PCJO 
 	+PIBSJ BOE $IBSFUUF 

	¡$
 	E# LN−
 	E# LN−

−1 39.1 61.2
−5 24.4 35.7
−10 14.2 22.8
−15  15.6
−20 5.33 11.5
−25  9.92
−30 1.93 
−40 0.63 
−50 0.17 
−60 0.06 
5BCMF  "UUFOVBUJPO SBUFT GPS MBCPSBUPSZ HSPXO QVSF JDF BT B GVODUJPO PG UFNQFS
BUVSF VTJOH WBMVFT GSPN 	1BSFO BOE 3PCJO 
 BOE 	+PIBSJ BOE $IBSFUUF 

ɨF BUUFOVBUJPO SBUFT GPS QPMBS JDF UBLFO GSPN EFFQ JDF DPSFT BOE UFTUFE JO UIF MBCPSBUPSZ
IBT CFFO JOWFTUJHBUFE CZ 	1BSFO BOE 3PCJO 
 BOE 	#PHPSPETLZ FU BM 
 	5BCMF 

ɨF SFTVMUT TIPXO JO5BCMF  BSF EFSJWFE GSPN *DFMBOEJD HMBDJFS JDF JDF GSPN "OUBSDUJDB 	-JUUMF
"NFSJDB
 	#PHPSPETLZ FU BM 
 BOE (SFFOMBOE JDF 	$BNQ DFOUVSZ BOE 4JUF 
 	1BSFO BOE
3PCJO 
 ɨF BUUFOVBUJPO SBUFT GPS UIF QPMBS JDF 	5BCMF 
 BSF IJHIFS UIBO GPS QVSF
JDF PG UIF TBNF UFNQFSBUVSF 	5BCMF 
 EVF QSJNBSJMZ UP UIF IJHIFS JNQVSJUZ MFWFMT GPVOE JO
QPMBS JDF "UUFOVBUJPO SBUFT JO JDF BSF UIFSFGPSF B TUSPOH GVODUJPO PG UFNQFSBUVSF CVU DBO BMTP
WBSZ EVF UP EJêFSFODFT JO UIF MFWFMT PG JNQVSJUJFT 	QSJNBSJMZ BDJE BOE TFB TBMU XJUIJO UIF DSZTUBM
TUSVDUVSF
 7BSJBUJPOT JO JNQVSJUZ MFWFMT BOE EFQUIBWFSBHFE UFNQFSBUVSFT UIFSFGPSF IBWF UIF
BCJMJUZ UP DBVTF BUUFOVBUJPO SBUFT UP WBSZ CFUXFFO JDF TIFFUT BOE DBO FWFO DBVTF WBSJBUJPOT
XJUIJO UIF TBNF JDF TIFFU

 ɨF WBSJBUJPO JO n′′ BU 3&4 GSFRVFODJFT
5FNQFSBUVSF 1PMBS JDF BUUFOVBUJPO SBUF 1PMBS JDF BUUFOVBUJPO SBUF
	1BSFO BOE 3PCJO 
 	#PHPSPETLZ FU BM 

	¡$
 	E# LN−
 	E# LN−

−1 52.1 85.0
−5 36.8 56.0
−10 26.6 42.5
−20 15.9 26.0
−30 10.2 16.4
−40 6.23 9.7
−50 3.97 5.8
−60 1.70 1.9
5BCMF  "UUFOVBUJPO SBUFT GPS QPMBS JDF TBNQMFT BT B GVODUJPO PG UFNQFSBUVSF
VTJOH WBMVFT GSPN 	1BSFO BOE 3PCJO 
 BOE 	#PHPSPETLZ FU BM 

 )LHOGPHDVXUHPHQWVRIDWWHQXDWLRQUDWH
ɨFSF IBWF CFFO B OVNCFS PG EJêFSFOU TUVEJFT PG UIF BUUFOVBUJOH DIBSBDUFSJTUJDT PG "OUBSDUJD
JDF 	#FOUMFZ FU BM 
 DBMDVMBUFE BO BUUFOVBUJPO SBUF PG . E# LN− GPS UIF TFDUJPO PG
UIF 3PTT *DF 4IFMG EJSFDUMZ JO GSPOU PG UIF ,BNC JDF TUSFBN 	*DF 4USFBN $
 8IJMF 	-BJSE
FU BM 
 DBMDVMBUFE B SBUF PG . ± . E# LN− PWFS UIF 8"*4 JDF %JWJEF 	.BD(SFHPS
FU BM 
 VTFE WBMVFT PG . E# LN− GPS UIF SBEBS EFSJWFE BUUFOVBUJPO SBUFT GPS 4JQMF
%PNF 8FTU "OUBSDUJDB 	.BD(SFHPS FU BM 
 NPEFMMFE UIF BUUFOVBUJPO SBUFT PWFS -BLF
7PTUPL BOE DBMDVMBUFE BO BUUFOVBUJPO SBUF PG . E# LN− 	1FUFST FU BM 
 VTFE NFBO
EJFMFDUSJD MPTTFT PG  E# LN− DBMDVMBUFE GPS UIF 8IJMMBOT *DF 4USFBN 	1FUFST FU BM 

DBMDVMBUFE MPTTFT PG UIF ,BNC *DF 4USFBN 	,*4
 UP CF .. E# LN− 	;JSJ[[PUUJ FU BM

 DBMDVMBUFE UIF BUUFOVBUJPO SBUF UP CF .±. E# LN− PWFS %PNF $ "OUBSDUJDB ɨF
BUUFOVBUJPO SBUFT GSPN UIFTF TUVEJFT BSF TVNNBSJTFE JO 5BCMF 
-PDBUJPO "UUFOVBUJPO SBUF 4PVSDF
	E# LN−

%PNF $ 7.2± 0.7 	;JSJ[[PUUJ FU BM 

-BLF 7PTUPL 7.6 	.BD(SFHPS FU BM 

8"*4 %JWJEF 13.5± 0.3 	-BJSE FU BM 

,BNC *DF 4USFBN 17± 2.5 	1FUFST FU BM 

3PTT *DF 4IFMG 	OFBS ,*4 HSPVOEJOH MJOF
 17.3 	#FOUMFZ FU BM 

8IJMMBOT *DF 4USFBN 21 	1FUFST FU BM 

4JQMF %PNF 25.9 	.BD(SFHPS FU BM 

5BCMF  %FQUI BWFSBHFE BUUFOVBUJPO SBUFT GPS WBSJPVT MPDBUJPOT JO "OUBSDUJDB

 3FìFDUJPO BOE USBOTNJTTJPO
'SPN 5BCMF  JU JT FWJEFOU UIBU JO HFOFSBM MPX EFQUI BWFSBHFE BUUFOVBUJPO SBUFT PDDVS
GPS EFFQ DPOUJOFOUBM JDF TVDI BT -BLF 7PTUPL BOE %PNF $ XIJMF IJHI BUUFOVBUJPO SBUFT BSF
SFDPSEFE GPS DPBTUBM JDF TUSFBNT BOE JDF TIFMWFT ɨJT EJTUSJCVUJPO DBO CF FYQMBJOFE CZ UIF
GBDU UIBU JDF GPSNFE GVSUIFS GSPN UIF DPBTU JT MJLFMZ UP DPOUBJO GFXFS TFBEFSJWFE DIFNJDBM
JNQVSJUJFT BOE IBWF B MPXFS EFQUI BWFSBHFE UFNQFSBUVSF
 5HÁHFWLRQDQGWUDQVPLVVLRQ
*O 4FD  B QMBOF XBWF XBT DPOTJEFSFE QSPQBHBUJOH JO B MPX MPTT EJFMFDUSJD NFEJVN ɨF
FMFDUSJD BOE NBHOFUJD ëFME WFDUPST PG TVDI B QMBOF XBWF XJMM BMXBZT MJF JO B QMBOF UIBU JT QFS
QFOEJDVMBS UP JUT QSPQBHBUJPO EJSFDUJPO 	6MBCZ FU BM 
 8IFO DPOTJEFSJOH SFìFDUJPO BOE
USBOTNJTTJPO BU JOUFSGBDFT UIF FMFDUSJD BOE NBHOFUJD ëFME WFDUPST DBO CF EFDPNQPTFE JOUP UXP
PSUIPHPOBM DPNQPOFOUT ɨFTF DPNQPOFOUT BSF EFëOFE SFMBUJWF UP UIF QMBOF PG JODJEFODF BOE
UIJT QMBOF JT EFëOFE BT UIF QMBOF DPOUBJOJOH UIF QSPQBHBUJPO WFDUPS PG UIF QMBOF XBWF BOE UIF
OPSNBM WFDUPS UP UIF JOUFSGBDF
$POTJEFS BO FMFDUSJDBM ëFME & WFDUPS JODJEFOU PO B JOUFSGBDF JG UIF & WFDUPS JT QFSQFOEJDVMBS
UP UIF QMBOF PG JODJEFODF JU JT TBJE UP CF QFSQFOEJDVMBSMZ QPMBSJTFE PS IPSJ[POUBMMZ QPMBSJTFE *G
UIF & WFDUPS JT QBSBMMFM UP UIF QMBOF PG JODJEFODF JU JT UFSNFE QBSBMMFM QPMBSJTFE PS WFSUJDBMMZ
QPMBSJTFE ɨF DBTF PG B IPSJ[POUBMMZ QPMBSJTFE XBWF JODJEFOU VQPO BO JOUFSGBDF JT TIPXO JO
'JH  ɨF HFPNFUSZ TIPXO JT B HPPE SFQSFTFOUBUJPO PG UIF BDUVBM SBEBS TPVOEJOH HFPNFUSZ
BT UIF XBWFT QSPEVDFE CZ UIF BOUFOOB PO UIF 1"4*/ TZTUFN BSF IPSJ[POUBMMZ QPMBSJTFE BDSPTT
USBDL
ɨF SFìFDUJPO DPFïDJFOU GPS UIF IPSJ[POUBMMZ QPMBSJTFE DBTF 	TVCTDSJQU⊥
 TIPXO JO 'JH 
JT HJWFO CZ
R⊥ =
η2 DPT θ1 − η1 DPT θ2
η2 DPT θ1 + η1 DPT θ2
	

XIFSF θ1 JT UIF JODJEFOU BOHMF θ2 JT UIF SFGSBDUJPO BOHMF BOE η JT UIF JOUSJOTJD JNQFEBODF PG
UIF NFEJVN XIJDI GPS B OPO NBHOFUJD NFEJVN (µ = 1) JT HJWFO CZ
η =
(µ
ε
) 1
2
=
(
1
ε
) 1
2
	


 3FìFDUJPO BOE USBOTNJTTJPO
'JHVSF  3FìFDUJPO BOE USBOTNJTTJPO PG B IPSJ[POUBMMZ QPMBSJTFE FMFDUSPNBH
OFUJD XBWF JODJEFOU PO B QMBOF JOUFSGBDF & JT UIF FMFDUSJD ëFME DPNQPOFOU BOE
) JT UIF NBHOFUJD ëFME DPNQPOFOU BOE UIF TVCTDSJQUT J U BOE S EFOPUF JODJEFOU
USBOTNJUUFE BOE SFìFDUFE SFTQFDUJWFMZ
UIF DPSSFTQPOEJOH USBOTNJTTJPO DPFïDJFOU JT HJWFO CZ
T⊥ =
2η2 DPT θ1
η2 DPT θ1 + η1 DPT θ2
	

ɨF SFìFDUJPO DPFïDJFOU 	&R 
 BOE USBOTNJTTJPO DPFïDJFOU 	&R 
 BSF GPS UIF DBTF PG
& ëFMET CVU UIFTF FYQSFTTJPOT BSF BMTP SFRVJSFE JO UFSNT PG QPXFS 	6MBCZ FU BM 
 'PS B
IPSJ[POUBMMZ QPMBSJTFE XBWF UIF SFìFDUJPO DPFïDJFOU JO UFSNT GPS QPXFS JT LOPXO BT UIF QPXFS
SFìFDUJPO DPFïDJFOU PS SFîFDUJWJUZ BOE JT HJWFO CZ
Γ⊥ =
3F
(
|R⊥E0|2 DPT θ1
η1
)
3F
(
|E0|2 DPT θ1
η1
) = |R⊥|2 	

XIFSF E0 JT B DPOTUBOU BOE Re() DPSSFTQPOET UP UIF SFBM QBSU PG B DPNQMFY FYQSFTTJPO ɨF
USBOTNJTTJPO DPFïDJFOU JO UFSNT PG QPXFS USBOTNJUUFE JT LOPXO BT UIF USBOTNJTTJWJUZ BOE JT

 3FìFDUJPO BOE USBOTNJTTJPO
EFëOFE BT
Υ⊥ =
3F
(
|T⊥E0|2 DPT θ2
η2
)
3F
(
|E0|2 DPT θ1
η1
) = 3F
(
DPT θ2
η2
)
3F
(
DPT θ1
η1
) |T⊥|2 	

CFDBVTF PG UIF DPOTFSWBUJPO PG FOFSHZ UIF ëFME DPNQPOFOUT TBUJTGZ
1 +R⊥ = T⊥ 	

BOE UIF QPXFS DPNQPOFOUT TBUJTGZ
Γ⊥ +Υ⊥ = 1 	

ɨF FMFDUSJDBM QSPQFSUJFT PG B OVNCFS PG EJêFSFOU TVCHMBDJBM JOUFSGBDFT JT UBCVMBUFE JO
5BCMF  UIF TVCTDSJQU JO |R˜23|2 JOEJDBUFT UIBU UIF JOUFSGBDF JT CFUXFFO NFEJVN 2 	JDF
 BOE
4VCHMBDJBM NBUFSJBM #3r UBO δ2 |R˜23|2 ∠R˜23
	E#
 	¡

4FBXBUFS 77 11.3 −1 175
(SPVOEXBUFS 	HX
 80 1.4 −2 172
'SFTIXBUFS 80 0.002 −3 180
6OGSP[FO UJMM 	40 HX
 18 0.82 −6 164
6OGSP[FO CFESPDL 	15 HX
 6.6 0.41 −13 155
'SP[FO UJMM 	40 HX JDF
 2.8 0.035 −30 13
'SP[FO CFESPDL 	15 HX JDF
 2.7 0.022 −28 6
.BSJOF JDF 3.43 0.05 −33 151
5BCMF  %JFMFDUSJD 1FSNJUUJWJUZ (ε3r, UBO δ3) TNPPUI JOUFSGBDF QPXFS SFìFDUJPO
DPFïDJFOU |R˜23|2 BOE SFìFDUFE ëFME QIBTF TIJGU ∠R˜23 GPS QPTTJCMF TVCHMBDJBM NB
UFSJBMT 	1FUFST FU BM 

NFEJVN 3 	UIF TVCHMBDJBM NBUFSJBM
 *O5BCMF  UIF QFSNJUUJWJUZ PG HMBDJBM JDF OFBS UIF TVCHMB
DJBM JOUFSGBDF XBT BTTVNFE UP CF ,3r = 3.17 BOE UBO δ2 = 0.0062 	1FUFST FU BM 
 ɨF
NJYUVSFT CFUXFFO HSPVOEXBUFS 	GSP[FO BOE VOGSP[FO
 BOE UJMM BSF GPVOE VTJOH -PPZFOHBT NJY
JOH GPSNVMB VTJOH TBOE ,3r = 2.6 BOE UBO δ2 = 0.015 ɨF QFSNJUUJWJUZ GPS HSPVOEXBUFS JDF
XBT UBLFO BT ,3r = 3.17 XJUI B MPTT UBOHFOU PG UBO δ2 = 0.062

 4DBUUFSJOH
 6FDWWHULQJ
ɨF TDBUUFSJOH PG FMFDUSPNBHOFUJD XBWFT GSPN SPVHI TVSGBDFT JT FYBNJOFE CZ 	#FDLNBOO BOE
4QJ[[JDIJOP 
 *O UIF QSFTFOU DPOUFYU PG SBEBS TPVOEJOH UIF QBSUJDVMBS JOUFSFTU JT IPX HMB
DJBM JOUFSGBDFT JOUFSBDU XJUI EPXOQSPQBHBUJOH FMFDUSPNBHOFUJD XBWFT BOE IPX NVDI FOFSHZ
XJMM CF SFDFJWFE CBDL GSPN UIFN $POTJEFS BO FMFDUSPNBHOFUJD XBWF UIBU JT JODJEFOU PO B QMBOF
JOUFSGBDF TVDI BT UIF BJSJDF JOUFSGBDF BU UIF TVSGBDF PG BO JDF TIFFU UIF SFìFDUFE FMFDUSPNBHOFUJD
ëFME JT EFQFOEBOU PO UIF XBWFMFOHUI PG UIF FMFDUSPNBHOFUJD XBWF UIF BOHMF PG JODJEFODF BOE
UIF FMFDUSJDBM QSPQFSUJFT 	QFSNJUUJWJUZ QFSNFBCJMJUZ BOE DPOEVDUJWJUZ
 PG UIF BEKPJOJOH NFEJB
(MBDJBM JOUFSGBDFT BSF WFSZ SBSFMZ QMBOBS BOE BSF VTVBMMZ JSSFHVMBS XJUI QFSJPEJD 	TBTUSVHJ
ëFMET PO UIF TVSGBDF
 PS SBOEPN 	DIBPUJD DSFWBTTF ëFMET
 WBSJBUJPOT GSPN TPNF NFBO QMBOF
ɨF SPVHIOFTT PG B TVSGBDF BMTP IBT B MBSHF FêFDU PO UIF CBDLTDBUUFSFE FOFSHZ JO GBDU UIF TVSGBDF
SPVHIOFTT NPEJëFT UIF TDBUUFSFE ëFME GBS NPSF UIBO JUT FMFDUSJDBM QSPQFSUJFT "O FMFDUSPNBH
OFUJD XBWF JODJEFOU PO B TNPPUI QMBOBS TVSGBDF 	PG TVïDJFOUMZ MBSHF EJNFOTJPOT
 XJMM VOEFSHP
TQFDVMBS SFìFDUJPO JO B TJOHMF EJSFDUJPO UIBU JT EFTDSJCFE CZ UIF 'SFTOFM SFìFDUJPO MBXT PVU
MJOFE JO 4FD  " SPVHI TVSGBDF XJMM TDBUUFS BO JODJEFOU XBWF JOUP WBSJPVT EJSFDUJPOT XJUI
TPNF EJSFDUJPOT SFDFJWJOH NPSF FOFSHZ UIBO PUIFST ɨJT PCTFSWBUJPO DBO CF VTFE UP EFëOF
XIFUIFS B TVSGBDF DBO CF DPOTJEFSFE SPVHI PS TNPPUI " SPVHI TVSGBDF JT UIVT EFëOFE BT B
TVSGBDF UIBU XJMM TDBUUFS UIF FOFSHZ PG BO JODJEFOU QMBOF XBWF JOUP EJêFSFOU EJSFDUJPOT XIFSFBT
B TNPPUI TVSGBDF JT B TVSGBDF UIBU SFìFDUT TQFDVMBSZ 6TJOH UIJT EFëOJUJPO UIF TBNF TVSGBDF NBZ
CF DPOTJEFSFE SPVHI GPS POF XBWFMFOHUI CVU NBZ CF TNPPUI GPS PUIFS XBWFMFOHUIT BOE FWFO
GPS UIF TBNF XBWFMFOHUI NBZ CF SPVHI PS TNPPUI EFQFOEJOH PO BOHMF PG JODJEFODF 	#FDL
NBOO BOE 4QJ[[JDIJOP 
 " TNPPUI TVSGBDF DBO UIVT CF DPOTJEFSFE BT B MJNJUJOH DBTF PG
B SPVHI POF XJUI UIF MJNJU EFQFOEJOH PO UIF BOHMF PG JODJEFODF BOE XBWFMFOHUI PG JODJEFOU
FMFDUSPNBHOFUJD XBWFT
 6FDWWHULQJFRHIÀFLHQWV
5P QBSBNFUFSJTF UIF FêFDU UIBU TDBUUFSJOH IBT PO UIF SFDFJWFE QPXFS UIF CJTUBUJD TDBUUFSJOH DPFG
íDJFOU ς0 JT JOUSPEVDFE XIJDI JT HJWFO CZ
ς0(θs,φs; θ,φ) =
4piR2|Es|2
A|Ei|2 	

XIFSF

 4DBUUFSJOH
	θ,φ
  JODJEFOU BOHMFT
	θs,φs
  TDBUUFSFE BOHMFT
Ei  JODJEFOU FMFDUSJD ëFME
Es  TDBUUFSFE FMFDUSJD ëFME
R  SBOHF UP UBSHFU
A  JMMVNJOBUFE BSFB
ɨF SFMBUJPOTIJQ HJWFO JO &R  EFëOFT ς0 BT UIF SBUJP CFUXFFO UIF UPUBM QPXFS TDBUUFSFE CZ
BO FRVJWBMFOU JTPUSPQJD TDBUUFSFS 	4piR2|Es|2
 JO UIF EJSFDUJPO 	θs,φs
 UP UIF JODJEFOU QPXFS
EFOTJUZ JO UIF EJSFDUJPO 	θ,φ
 NVMUJQMJFE CZ UIF JMMVNJOBUFE BSFB 	A|Ei|2
 	6MBCZ FU BM 

*O UIF DPOUFYU PG SBEBS TPVOEJOH CZ BJSDSBGU UIF EJTUBODF CFUXFFO UIF USBOTNJU BOE SFDFJWF
BOUFOOBT BSF TNBMM DPNQBSFE UP UIF TDBUUFSFS SBOHF TP UIF SBEBS TZTUFN JT DPOTJEFSFE UP CF
NPOPTUBUJD 8IFO VTJOH B NPOPTUBUJD SBEBS UIF USBOTNJUUFS BOE SFDFJWFS DBO CF UIPVHI PG BT
DPJODJEFOU 'PS UIJT HFPNFUSZ UIF CBDLTDBUUFSJOH DPFïDJFOU ς0(θ) JT VTFE XIJDI JT B TQFDJBM DBTF
PG ς0(θs,φs; θ,φ) GPS UIF EJSFDUJPOT EFëOFE CZ θs = θ BOE φs = φ+pi BOE DPSSFTQPOEJOH UP
JEFOUJDBM JODJEFOU BOE TDBUUFSFE EJSFDUJPO CVU XJUI B SFWFSTBM JO EJSFDUJPO 	6MBCZ FU BM 

 7KHDQJXODUGHSHQGDQFHRIVXUIDFHVFDWWHULQJ
"O BJSCPSOF SBEBS TZTUFN UIBU IBT B DPJODJEFOU USBOTNJUUFS BOE SFDFJWFS DBO CF DPOTJEFSFE BT
NPOPTUBUJD BOE BT TVDI SFDFJWFT POMZ UIF CBDLTDBUUFSFE DPNQPOFOU PG UIF TDBUUFSFE FOFSHZ
	6MBCZ FU BM 
 " NPOPTUBUJD SBEBS XPVME JO UIFPSZ SFDFJWF OP FOFSHZ GSPN B TQFDVMBS
SFìFDUJOH TVSGBDF FYDFQU BU OPSNBM JODJEFODF 	OBEJS
 "U BMM PUIFS BOHMFT UIF JODJEFOU FOFSHZ
XJMM CF SFìFDUFE BXBZ BU BO BOHMF FRVBM UP UIF BOHMF PG JODJEFODF ɨF SFMBUJPOTIJQ CFUXFFO
TVSGBDF SPVHIOFTT BOE TVSGBDF TDBUUFSJOH JT JMMVTUSBUFE JO 'JH 
6SHFXODUVXUIDFH 'PS UIF DBTF PG B TQFDVMBS TVSGBDF UIF SFìFDUFE XBWF JT FOUJSFMZ DPIFSFOU
XJUI θ = θs BOE UIF BOHVMBS SBEJBUJPO QBUUFSO PG UIF SFìFDUFE XBWF SFTFNCMJOH B EFMUB GVODUJPO
DFOUSFE PO UIF TQFDVMBS EJSFDUJPO BT TIPXO JO 'JH 	B


 4DBUUFSJOH
6OLJKWO\URXJKVXUIDFH 'PS UIF TMJHIUMZ SPVHI TVSGBDF TIPXO JO 'JH 	C
 UIFSF BSF OPX
UXP DPNQPOFOUT UP UIF BOHVMBS SBEJBUJPO B SFìFDUFE BOE B TDBUUFSFE DPNQPOFOU ɨF SFìFDUFE
DPNQPOFOU 	DPIFSFOU TDBUUFSFE DPNQPOFOU
 JT PG MPXFS NBHOJUVEF UIBO GPS UIF TQFDVMBS DBTF
TIPXO JO 'JH 	B
 CVU BT CFGPSF JT EJSFDUFE JO UIF TQFDVMBS EJSFDUJPO ɨF TDBUUFSFE DPNQPO
FOU 	EJêVTFOPODPIFSFOU DPNQPOFOU
 JT TNBMMFS JO NBHOJUVEF UIBO UIF SFìFDUFE DPNQPOFOU
BOE DPOTJTUT PG QPXFS TDBUUFSFE JO BMM EJSFDUJPOT
9HU\URXJKVXUIDFH 'PS TVSGBDFT UIBU BSF WFSZ SPVHI TVDI BT UIBU TIPXO JO 'JH 	D

UIF SBEJBUJPO QBUUFSO DPOTJTUT PG POMZ EJêVTF TDBUUFSJOH ɨF MJNJUJOH DBTF PG B WFSZ SPVHI
TVSGBDF JT B QFSGFDUMZ SPVHI TVSGBDF UIFTF BSF LOPXO BT -BNCFSUJBO TVSGBDFT GPS XIJDI UIF CJTUBUJD
TDBUUFSJOH DPFïDJFOU JT QSPQPSUJPOBM UP DPT θ DPT θs BOE UIF CBDLTDBUUFSJOH DPFïDJFOU HPFT BT
DPT2 θ XIFSF θ BOE θs BSF UIF JODJEFOU BOE TDBUUFSFE BOHMFT SFTQFDUJWFMZ
'PS SBEBS TPVOEJOH GSPN BO BJSCPSOF QMBUGPSN JODSFBTJOH TVSGBDF SPVHIOFTT NFBOT UIBU
UIF TDBUUFSJOH BNQMJUVEF JO UIF TQFDVMBS EJSFDUJPO EFDSFBTFT XIJMF CBDLTDBUUFSJOH JODSFBTFT VQ
UP UIF MJNJUJOH DBTF PG UIF QFSGFDUMZ SPVHI -BNCFSUJBO TVSGBDF XIJDI TDBUUFST FRVBMMZ JO BMM
EJSFDUJPOT BT JT UIF DBTF GPS 'JH 	D

 5D\OHLJKFULWHULRQ
8IFO EFTJHOJOH SBEBS TPVOEJOH TVSWFZT PS FYBNJOJOH SFTVMUT JU JT JNQPSUBOU UP IBWF BO BQ
QSFDJBUJPO PG IPX DIBOHFT JO TVSGBDF DIBSBDUFSJTUJDT FêFDU UIF SFUVSO QPXFS 0G QBSUJDVMBS JO
UFSFTU BSF UIF WBMVFT PG USBOTNJUUFE XBWFMFOHUI TVSGBDF SPVHIOFTT BOE BOHMFT PG JODJEFODF UIBU
EFUFSNJOF XIFUIFS B TVSGBDF JT TQFDVMBSMZ SFìFDUJWF 	TNPPUI
 PS EJêVTFMZ TDBUUFSJOH 	SPVHI

3BZMFJHI EFWFMPQFE B NVDI VTFE SFMBUJPO UIBU QSPWJEFT B XBZ PG GSBNJOH UIF SPVHIOFTT
QSPCMFN 	#FDLNBOO BOE 4QJ[[JDIJOP 
 $POTJEFS UIF DBTF PG UXP SBZT 	1 BOE 2
 JODJEFOU
PO B TVSGBDF PG IFJHIU h BU B HSB[JOH BOHMF PG γ UP UIF TVSGBDF 	'JH 
 ɨF QBUI EJêFSFODF
CFUXFFO UIF UXP SBZT JT
∆r = 2h TJO γ 	

BOE IFODF UIF QIBTF EJêFSFODF JT
∆φ =
2pi
λ
∆r =
4pih
λ
TJO γ 	

XIFSF λ JT UIF FMFDUSPNBHOFUJD XBWF XBWFMFOHUI *G UIF QIBTF EJêFSFODF CFUXFFO UIF UXP SBZT

 4DBUUFSJOH
'JHVSF  3FMBUJWF DPOUSJCVUJPOT PG UIF DPIFSFOU BOE EJêVTF TDBUUFSJOH DPNQPO
FOUT GPS EJêFSFOU TVSGBDF TDBUUFSJOH DPOEJUJPOT 	B
 TQFDVMBS 	C
 TMJHIUMZ SPVHI 	D

WFSZ SPVHI "EBQUFE GSPN 	6MBCZ FU BM 

JT TNBMM UIFO UIF SBZT XJMM BMNPTU CF JO QIBTF BT UIFZ BSF JO UIF DBTF PG B QFSGFDUMZ TNPPUI
TVSGBDF *G UIF QIBTF EJêFSFODF JODSFBTFT UIFO UIF UXP XBWFT XJMM JODSFBTJOHMZ JOUFSGFSF VOUJM
UIFZ CFDPNF JO QIBTF PQQPTJUJPO (∆φ = pi) BOE XJMM DBODFM 8IFO UIJT PDDVST UIFSF XJMM
CF OP FOFSHZ ìPX JO UIBU QBSUJDVMBS EJSFDUJPO BOE UIF FOFSHZ XJMM CF SFEJTUSJCVUFE JOUP PUIFS
EJSFDUJPOT 5XP FOE NFNCFST DBO OPX CF EFëOFE XIFO ∆φ = pi UIF TVSGBDF TDBUUFST BOE
JT DPOTJEFSFE SPVHI XIFSFBT GPS ∆φ = 0 JU SFìFDUT TQFDVMBSZ BOE DBO CF DPOTJEFSFE TNPPUI
ɨF EJWJEJOH MJOF CFUXFFO XIBU JT DPOTJEFSFE B SPVHI TVSGBDF BOE XIBU DBO CF DPOTJEFSFE B
TNPPUI TVSGBDF JT UP TPNF FYUFOU B NBUUFS PG DIPJDF 0GUFO B WBMVF IBMG XBZ CFUXFFO UIF UXP
FOE NFNCFST JT VTFE ∆φ = pi2  4VCTUJUVUJPO PG UIJT WBMVF JOUP &R  HJWFT UIF SFMBUJPO
LOPXO BT UIF 3BZMFJHI DSJUFSJPO BOE UIBU B TVSGBDF DBO CF DPOTJEFSFE TNPPUI JG
h <
λ
8 TJO γ 	

0UIFS WBMVFT PG ∆φ OBNFMZ pi4 BOE
pi
8 BSF BMTP VTFE SFQMBDJOH UIF GBDUPS PG 8 JO UIF BCPWF
FRVBUJPO CZ 16 PS 32 IPXFWFS UIF EJWJEJOH MJOF JT TUJMM NPSF B NBUUFS PG DPOWFOUJPO UIBO

 4DBUUFSJOH
'JHVSF  *MMVTUSBUJPO PG UIF 3BZMFJHI DSJUFSJPO "EBQUFE GSPN 	#FDLNBOO BOE
4QJ[[JDIJOP 

QIZTJDT " TBGFS XBZ PG FYQSFTTJOH UIF JEFB PG UIF 3BZMFJHI DSJUFSJPO JT UP VTF UIF SJHIU TJEF PG
&R  HJWFO CZ
4pih
λ
TJO γ 	

BT B NFBTVSF PG UIF FêFDUJWF SPVHIOFTT PG B TVSGBDF 'SPN UIJT FYQSFTTJPO B TVSGBDF XJMM UFOE
UP CF FêFDUJWFMZ TNPPUI POMZ VOEFS UXP DPOEJUJPOT
h
λ
→ 0 PS γ → 0 	

 6WDWLVWLFDOPRGHOVRIURXJKVXUIDFHV
ɨF DPNQMFYJUZ PG OBUVSBM TVSGBDFT TVDI BT HMBDJBM JOUFSGBDFT NFBOT UIBU BO FYBDU TPMVUJPO
PG UIFJS TDBUUFSJOH ëFME JT OPU QPTTJCMF *OTUFBE TVDI TVSGBDFT BSF EFTDSJCFE CZ UIFJS TUBUJTU
JDBM QSPQFSUJFT ɨF UXP QBSBNFUFST DPNNPOMZ VTFE UP TUBUJTUJDBMMZ EFTDSJCF B TVSGBDF BSF UIF
TUBOEBSE EFWJBUJPO PG TVSGBDF IFJHIU 	σ
 BOE UIF TVSGBDF DPSSFMBUJPO MFOHUI 	l
 ɨFTF QBSBNFU
FST EFTDSJCF UIF TUBUJTUJDBM WBSJBUJPO PG UIF SBOEPN DPNQPOFOU PG TVSGBDF IFJHIU SFMBUJWF UP B
QSFTDSJCFE SFGFSFODF TVSGBDF ɨF SFGFSFODF TVSGBDF NBZ CF B MPX GSFRVFODZ QFSJPEJD QBUUFSO

 4DBUUFSJOH
VQPO XIJDI IJHI GSFRVFODZ SBOEPN WBSJBUJPOT BSF TVQFSJNQPTFE PS NBZ CF UIF NFBO TVSGBDF
JG POMZ SBOEPN WBSJBUJPOT FYJTU 	6MBCZ FU BM 

 6WDQGDUGGHYLDWLRQRIVXUIDFHKHLJKW
$POTJEFS B TVSGBDF JO UIF YZ QMBOF UIBU IBT B IFJHIU BCPWF UIF YZ QMBOF BU B QPJOU (x, y) HJWFO
CZ z(x, y) *G B TUBUJTUJDBMMZ TJHOJëDBOU TFDUJPO PG UIF TVSGBDF JT DIPTFO IBWJOH EJNFOTJPOT Lx
BOE Ly DFOUFSFE PO UIF PSJHJO UIF NFBO IFJHIU PG UIJT TVSGBDF JT HJWFO CZ
z =
∫ Lx
2
−Lx
2
∫ Ly
2
−Ly
2
z(x, y)ExEy 	

BOE UIF TFDPOE NPNFOU JT
z2 =
∫ Lx
2
−Lx
2
∫ Ly
2
−Ly
2
z2(x, y)ExEy 	

ɨF TUBOEBSE EFWJBUJPO PG TVSGBDF IFJHIU 	σ
 JT UIFO EFëOFE BT
σ =
(
z2 − z2
) 1
2 	

*G z(x, y) JT TUBUJTUJDBMMZ JOEFQFOEFOU PG B[JNVUI BOHMF JO UIF YZ QMBOF UIFO UIF QSPCMFN DBO
CF USFBUFE BT B POFEJNFOTJPO POF 	6MBCZ FU BM 

'PS UIF EJTDSFUF POFEJNFOTJPOBM DBTF UIF TUBOEBSE EFWJBUJPO σ JT HJWFO CZ UIF FYQSFTTJPO
σ =
[
1
N − 1
(
N∑
i=1
(zi)
2 −N(z)2
)] 1
2
	

XIFSF
z =
1
N
N∑
i=1
(zi) 	

XJUI N CFJOH UIF OVNCFS PG TBNQMFT

 4DBUUFSJOH
 6XUIDFHFRUUHODWLRQOHQJWK
'PS B POFEJNFOTJPOBM TVSGBDF QSPëMF z(x) UIF OPSNBMJTFE BVUPDPSSFMBUJPO GVODUJPO JT EFëOFE
BT
ρ(x′) =
∫ Lx
2
−Lx2
z(x)z(x+ x′)Ex∫ Lx
2
−Lx2
z2(x)Ex
	

BOE QSPWJEFT B XBZT PG NFBTVSJOH UIF TJNJMBSJUZ CFUXFFO UIF IFJHIU PG B TVSGBDF z BU B QPJOU x
BOE UIF IFJHIU BU B QPJOU x′ XIJDI JT TFQBSBUFE GSPN x 	6MBCZ FU BM 
 ɨF EJTDSFUF GPSN
PG UIF OPSNBMJTFE BVUPDPSSFMBUJPO GVODUJPO JT HJWFO CZ
ρ(x′) =
∑N+1−j
i=1 zizj+i−1∑N
i=1 z
2
i
	

GPS B TQBUJBM EJTQMBDFNFOU EFëOFE CZ x′ = (j − 1)∆x BOE j JT UBLFO BT BO JOUFHFS ≥ 1 ɨF
TVSGBDF DPSSFMBUJPO MFOHUI l JT VTVBMMZ EFëOFE BT UIF EJTQMBDFNFOU x′ GPS XIJDI ρ(x′) JT FRVBM
UP 1e 
ρ(l) =
1
e
	

ɨF DPSSFMBUJPO MFOHUI JT VTFE CFDBVTF JU QSPWJEFT B NFUIPE PG FTUJNBUJOH UIF TUBUJTUJDBM JO
EFQFOEFODF PG UXP QPJOUT PO UIF TVSGBDF *G UXP QPJOUT PO UIF TVSGBDF BSF TFQBSBUFE CZ B
EJTUBODF UIBU JT HSFBUFS UIBO l UIFO UIFJS TVSGBDF IFJHIUT DBO CF DPOTJEFSFE 	BQQSPYJNBUFMZ

TUBUJTUJDBMMZ JOEFQFOEFOU PG FBDI PUIFS 'PS B TVSGBDF UIBU JT QFSGFDUMZ TNPPUI 	TQFDVMBS
 UIF
DPSSFMBUJPO DPFïDJFOU JT FWFSZXIFSF FRVBM UP POF ɨJT JT EVF UP UIF GBDU UIBU FBDI QPJOU PG
UIF TVSGBDF JT DPSSFMBUFE XJUI FWFSZ PUIFS QPJOU 'PS UIJT TQFDJBM DBTF UIF TVSGBDF DPSSFMBUJPO
MFOHUI JT JOëOJUFMZ MPOH 	l =∞

 &RPSDULVRQZLWKDQWHQQDWKHRU\
ɨF FêFDU UIBU UIF TUBOEBSE EFWJBUJPO PG TVSGBDF IFJHIU BOE TVSGBDF DPSSFMBUJPO MFOHUI IBWF
PO UIF TDBUUFSJOH QBUUFSO DBO CF VOEFSTUPPE CZ VTJOH BOUFOOB UIFPSZ 	6MBCZ FU BM 

4DBUUFSJOH GSPN B TVSGBDF JT SFSBEJBUJPO GSPN BO BSFB BOE TP UIF TDBUUFSJOH TVSGBDF NBZ CF
DPOTJEFSFE BT B UZQF PG BOUFOOB *O UIJT BOBMPHZ UIF TVSGBDF DPSSFMBUJPO MFOHUI UBLFT UIF GPSN PG
UIF BOUFOOB MFOHUI -BSHFS TVSGBDF DPSSFMBUJPO MFOHUIT JOEJDBUF B TNPPUIFS TVSGBDF BOE B NPSF
EJSFDUJPOBM SFSBEJBUJPO ëFME 	TDBUUFSJOH QBUUFSO
 "O BOUFOOB JT B DPIFSFOU EFWJDF TP UIF FêFDU

 4DBUUFSJOH
PG JODSFBTJOH UIF TUBOEBSE EFWJBUJPO PG TVSGBDF IFJHIU JT UIF TBNF BT JOUSPEVDJOH SBOEPN QIBTF
EJêFSFODFT CFUXFFO EJêFSFOU BOUFOOB FMFNFOUT ɨF FêFDU PG UIJT JT UIBU SPVHIFS TVSGBDFT NFBO
MBSHFS TVSGBDFIFJHIU TUBOEBSE EFWJBUJPOT QSPEVDJOH B NPSF JTPUSPQJD SFSBEJBUJPO QBUUFSO ɨF
SNT TVSGBDF TMPQF 	SNTslope
 JT PGUFO VTFE BT NFBTVSF PG UIF EFHSFF PG SPVHIOFTT PG B SBOEPN
TVSGBDF BOE JT QSPQPSUJPOBM UP UIF SBUJP PG UIF TVSGBDF DPSSFMBUJPO MFOHUI UP UIF TVSGBDFIFJHIU
TUBOEBSE EFWJBUJPO 	SNTslope = lσ 
 "T UIF SNT TMPQF WBMVF JODSFBTFT TVSGBDFT HFU JODSFBTJOHMZ
SPVHI BOE UIF TDBUUFSJOH QBUUFSO NPSF JTPUSPQJD
/VNFSJDBM DBMDVMBUJPOT 	#FDLNBOO BOE 4QJ[[JDIJOP 
 IBWF TIPXO UIBU GPS lσ = 20
UIF TDBUUFSJOH QBUUFSO IBT JUT NBYJNVN θs JO UIF TQFDVMBS EJSFDUJPO IPXFWFS UIJT NBYJNVN
JT B MPCF SBUIFS UIBO UIF TIBSQ QPJOU PG B EFMUB GVODUJPO *G UIF SNT TMPQF WBMVF JT EFDSFBTFE
UP lσ = 10 UIF NBYJNVN WBMVF XJMM SFDFEF JOUP UIF EJêVTF TDBUUFSJOH EJBHSBN BOE XIFO
EFDSFBTFE TUJMM GVSUIFS UIF BOHVMBS QPTJUJPO PG UIF NBYJNVN XJMM TIJGU UFOEJOH UPXBSET θs = 0
	QFSQFOEJDVMBS UIF UIF TVSGBDF
 DPSSFTQPOEJOH UP UIF -BNCFSJBO TVSGBDF CFIBWJPVS JMMVTUSBUFE
JO 'JH 
 7KHTXDQWLWLYHIRUPRIWKH5D\OHLJKFULWHULRQ
'PS UIF DBTF PG B TVSGBDF XJUI SPVHIOFTT 	z
 UIBU GPMMPXT B OPSNBM EJTUSJCVUJPO
w(z) =
1
σ(2pi)
e
−z2
2σ2 	

UIF NFBO TRVBSF PG UIF TDBUUFSJOH DPFïDJFOU 〈|ς2|〉 GPS UIF DBTF PG TDBUUFSJOH JO UIF TQFDVMBS
EJSFDUJPO JT HJWFO CZ 〈|ς2|〉 = e−g 	

XIFSF g JT
g =
[
2pi
σ
λ
(DPT θ + DPT θs)
]2
	

BOE θ JT UIF BOHMF PG JODJEFODF θs JT UIF BOHMF PG SFìFDUJPO λ JT UIF XBWFMFOHUI BOE σ JT UIF
TUBOEBSE EFWJBUJPO PG TVSGBDF IFJHIU 	#FDLNBOO BOE 4QJ[[JDIJOP 
 $PNCJOJOH &R 
BOE &R  UIF NFBO TRVBSF PG UIF TDBUUFSJOH DPFïDJFOU JT HJWFO CZ
〈|ς2|〉 = e−( 4piσ DPT θλ )2 	

UIJT JT UIF RVBOUJUBUJWF GPSNVMBUJPO PG UIF 3BZMFJHI DSJUFSJPO

 4DBUUFSJOH
ɨF RVBMJUBUJWF GPSN PG UIF 3BZMFJHI DSJUFSJPO 	4FD 
 TQFDJëFT UIBU B TVSGBDF XJMM CF
IBWF BT B TQFDVMBS SFìFDUPS JG
h TJO γ
λ
→ 0 	

*O UIF OFX EFëOJUJPO σ JT UIF TUBOEBSE EFWJBUJPO PG UIF TVSGBDF IFJHIU XIJDI JT UIF SPPUNFBO
TRVBSF EFWJBUJPO GSPN UIF TVSGBDF NFBO MFWFM ɨVT σ JT SFHBSEFE BT CFJOH FRVJWBMFOU UP h BOE
TJODF TJO γ = DPT θ UIF 3BZMFJHI DSJUFSJPO JO UFSNT PG UIFTF OFX QBSBNFUFST CFDPNFT
σ <
λ
8 DPT θ 	

BOE GPS UIF MJNJUJOH DBTF JT
〈|ς2|〉→ 1 GPS σ DPT θ
λ
→ 0 	

 5RXJKJODFLDOLQWHUIDFHV
6TJOH UIF RVBOUJUJWF WFSTJPO PG UIF 3BZMFJHI DSJUFSJPO BO BUUFNQU DBO CF NBEF UP DIBSBDUFSJTF
GPS XIBU WBMVFT PG σ BU OPSNBM JODJEFODF 	θ1 = 0
 HMBDJBM JOUFSGBDFT NBZ CF DPOTJEFSFE TNPPUI
*O UIJT TUVEZ UIF SBEBS DBSSJFS GSFRVFODZ JT  .)[ UIFSFGPSF GPS BO BJSJDF JOUFSGBDF λ =  N
BOE n = 1 XIJMF GPS B TVCHMBDJBM 	JDFSPDL PS JDFXBUFS
 JOUFSGBDF n2 ≈ . N 6TJOH
&R  GPS BO BJSJDF JOUFSGBDF
σ <
2
8 DPT(0) 	

σ < . N 	

BOE GPS B TVCHMBDJBM JOUFSGBDF
σ <
2
1.78× 8 DPT(0) 	

σ < . N 	

ɨFSFGPSF B TVSGBDF IFJHIU TUBOEBSE EFWJBUJPO PG MFTT UIBO . N BU UIF JDF TVSGBDF BOE . N
BU B TVCHMBDJBM JOUFSGBDF BSF SFRVJSFE GPS TQFDVMBS SFìFDUJPO UP PDDVS
*O BSFBT PG IFBWZ DSFWBTTJOH TVDI BT UIBU TIPXO JO 'JH  UIFSF BSF UXP FêFDUT PO UIF

 4DBUUFSJOH
CBDLTDBUUFSFE QPXFS ɨF ëSTU JT UIBU SPVHI TVSGBDFT TVDI BT DSFWBTTF ëFMET IBWF MBSHF WBMVFT
'JHVSF  )FBWZ DSFWBTTJOH PO 1JOF *TMBOE (MBDJFS 	QIPUP "JEBO 0)BSF #"4

PG σ BOE GSPN &R  UIJT MFBET UP B SFEVDUJPO JO TDBUUFSJOH DPFïDJFOU BOE B EFDSFBTF JO UIF
SFUVSO QPXFS ɨF TFDPOE FêFDU JT UIBU BT B TVSGBDF HFUT QSPHSFTTJWFMZ SPVHIFS UIF SBEJBUJPO
QBUUFSO UFOET UPXBSET UIBU PG B -BNCFSUJBO TVSGBDF TIPXO JO 'JH 	D
 XIFSF UIF SFUVSO
QPXFS JT FOUJSFMZ EJêVTF BOE XJUI B TDBUUFSJOH QBUUFSO UIBU JT PSJFOUBUFE QFSQFOEJDVMBS UP UIF
TVSGBDF JO B XJEF DFOUSBM MPCF 〈|ς2|〉 = DPT2 θ 	

ɨF BOHVMBS EFQFOEBODF PG CBDLTDBUUFSJOH DPFïDJFOU XJUI JODSFBTJOH MFWFMT PG TVSGBDF SPVHI
OFTT JT TIPXO JO 'JH  "T UIF TVSGBDF HFUT SPVHIFS UIF TDBUUFSJOH QBUUFSO MPTFT JUT EFQFOE
BODF PO UIF JODJEFOU XBWF BOHMF BOE UIVT TP EPFT UIF CBDLTDBUUFSJOH DPFïDJFOU 3BEBS FDIPT
GSPN SPVHI TVSGBDFT DBO UIFSFGPSF CF EFUFDUFE BU MBSHF BOHMFT Pê OBEJS BOE DBO NBTL UIF TJHOBM
GSPN FOHMBDJBM MBZFSJOH BOE CFE JOUFSGBDFT

 4DBUUFSJOH
'JHVSF  #BDLTDBUUFSJOH DPFïDJFOU BT B GVODUJPO PG BOHMF PG JODJEFODF GPS TVS
GBDFT XJUI WBSZJOH MFWFMT PG TVSGBDF SPVHIOFTT "EBQUFE GSPN 	6MBCZ FU BM 

 6XUIDFHFOXWWHU
*O SBEBS UIFPSZ DMVUUFS JT UIF UFSN VTFE UP EFTDSJCF iVOXBOUFE FDIPFTw GSPN UIF OBUVSBM FOWJS
PONFOU ɨF JNQMJDBUJPO JT UIFTF VOXBOUFE FDIPT ADMVUUFS UIF SBEBS BOE NBLF UIF EFUFDUJPO
PG XBOUFE UBSHFUT EJïDVMU 	4LPMOJL 
 ɨFSF BSF UXP NBJO DMVUUFS UZQFT BTTPDJBUFE XJUI B
TVSGBDF %JTUSJCVUFE DMVUUFS PDDVQJFT B TQBUJBM FYUFOU UIBU JT NVDI MBSHFS UIBO B SBEBS SFTPMV
UJPO DFMM "O FYBNQMF PG EJTUSJCVUFE DMVUUFS XPVME CF UIF SPVHI TVSGBDF PG B DIBPUJD DSFWBTTFT
ëFME 	'JH 
 ɨFTF EJTUSJCVUFE DMVUUFS FDIPT BSF SBOEPN JO UIBU UIFZ BSF UIF TVN PG DPOUSJ
CVUJPOT GSPN NBOZ EJêFSFOU JOEJWJEVBM TDBUUFSJOH DPNQPOFOUT FBDI PG XIJDI IBWJOH SBOEPN
BNQMJUVEFT BOE QIBTFT 	.BIBG[B 
 "OPUIFS GPSN PG DMVUUFS JT AQPJOU PS EJTDSFUF DMVUUFS
FDIPT UIFTF BSF TNBMMFS UIBO UIF SFTPMVUJPO DFMM BOE QSPEVDF MBSHF CBDLTDBUUFS GPS UIFJS TJ[F
*O UIF DPOUFYU PG SBEBS TPVOEJOH TVDI EJTDSFUF DMVUUFS FDIPT PSJHJOBUF GSPN TVSGBDF DSFWBTTF
CPUUPNT PS CBTBM DSFWBTTF QFBLT BT XFMM BT GSPN WFSUJDBM CPVOEBSJFT TVDI BT JDF TIFMG GSPOUT
$MVUUFS JT PGUFO NFBTVSFE CZ B EJNFOTJPOMFTT RVBOUJUZ DBMMFE UIF DMVUUFS DSPTT TFDUJPO QFS VOJU
BSFB ς0 HJWFO CZ
ς0 =
ςc
Ac
	


 'JSO
XIFSF ςc JT UIF SBEBS DSPTT TFDUJPO PG UIF DMVUUFS XJUIJO BO BSFB Ac 	.BIBG[B 
 ɨF
DMVUUFS DSPTT TFDUJPO QFS VOJU BSFB JT BOPUIFS OBNF GPS UIF TDBUUFSJOH DPFïDJFOU $MVUUFS FDIPT
BTTPDJBUFE XJUI UIF TVSGBDF BSF UIF VOEFTJSFE FDIP QSFWFOUJOH UIF EFUFDUJPO PG UIF EFTJSFE
FDIPT GSPN FOHMBDJBM MBZFST BOE UIF HMBDJBM CFE JOUFSGBDF ɨF TVSGBDF SPVHIOFTT EFUFSNJOFT UIF
BOHVMBS SBOHF XJUIJO XIJDI DMVUUFS FDIPT DBO QSFWFOU UIF EFUFDUJPO PG EFTJSFE FDIPT 	'JH 

ɨF TVSGBDF SPVHIOFTT SFMBUJPOT DBO UIFSFGPSF CF VTFE BT B NFBTVSF PG TVSGBDF DMVUUFS XJUI
QFSGFDUMZ SPVHI 	-BNCFSUJBO
 TVSGBDFT QSPEVDJOH UIF HSFBUFTU MFWFM PG TVSGBDF DMVUUFS PWFS UIF
XJEFTU BOHVMBS SBOHF ɨF MFWFM PG DMVUUFS SFDFJWFE JT UIVT QSPQPSUJPOBM UP UIF TJ[F PG UIF
SFTPMVUJPO DFMM BOE UIF MFWFM PG TVSGBDF SPVHIOFTT
 )LUQ
6Q UP OPX UIF BTTVNQUJPO IBT CFFO UIBU UIF JDF JOUP XIJDI UIF SBEBS QVMTF JT QSPQBHBUJOH JT
BO JTPUSPQJD BOE IPNPHFOFPVT NFEJVN XJUI B VOJGPSN SFGSBDUJWF JOEFY PG n2 = 1.78 3FBM
HMBDJBM JDF JT OFJUIFS JTPUSPQJD OPS IPNPHFOFPVT BOE UIF SFGSBDUJWF JOEFY WBSJFT XJUIJO UIF JDF
NBTT ɨJT FêFDU JT FTQFDJBMMZ QSPOPVODFE JO UIF VQQFS IVOESFE NFUSFT PG BO JDF NBTT XIFSF
EFOTJUZ WBSJFT BT B GVODUJPO PG EFQUI ɨF USBOTJUJPO SFHJPO CFUXFFO GSFTIMZ GBMMFO TOPX XJUI B
UZQJDBM EFOTJUZ PG  LH N− 	BMUIPVHI OFBSTVSGBDF MBZFST PO 1*( NJHIU CF CFUXFFO 
 LH N−
 BOE HMBDJBM JDF XJUI B EFOTJUZ PG  LH N− 	5BCMF 
 JT LOPXO BT 'JSO
.BUFSJBM 5ZQJDBM EFOTJUZ
	LH N−

/FX TOPX 	KVTU BGUFS GBMMJOH JO DBMN BJS
  → 
%BNQ OFX TOPX  → 
4FUUMFE TOPX  → 
%FQUI IPBS  → 
8JOE QBDLFE TOPX  → 
'JSO  → 
(MBDJFS JDF  → 
5BCMF  5ZQJDBM EFOTJUJFT PG JDF BU WBSJPVT TUBHFT PG DPNQBDUJPO "EBQUFE GSPN
	1BUFSTPO 


 'JSO
 )LUQGHQVLÀFDWLRQSURFHVVHV
ɨF EFOTJëDBUJPO QSPDFTT PG TOPX JOUP JDF CFHJOT XJUI UIF EFQPTJUJPO PG TOPXìBLFT POUP UIF
TVSGBDF 'SFTIMZ GBMMFO TOPXìBLFT UZQJDBMMZ IBWF DPNQMFY TIBQFT CVU UIFTF OFXMZGBMMFO ìBLFT
BSF HSBEVBMMZ USBOTGPSNFE UP TVCSPVOEFE QBSUJDMFT BGUFS IJUUJOH UIF TVSGBDF PS CFJOH CMPXO
BSPVOE BGUFS GBMMJOH 	1BUFSTPO 
 "GUFS TFUUMJOH UIFTF TVCSPVOEFE HSBJOT SFBSSBOHF UIFN
TFMWFT JOUP B NPSF UJHIUMZ QBDLFE BSSBOHFNFOU BU UIJT TUBHF UIFSF JT MJUUMF DIBOHF UP UIF TJ[F
PS TIBQF PG UIF JOEJWJEVBM HSBJOT 	#PHPSPETLZ FU BM 
 ɨF NBYJNVN EFOTJUZ BUUBJOBCMF
CZ QBDLJOH PG UIF SPVOEFE HSBJOT QFBLT BU BSPVOE  LH N− 'VSUIFS EFOTJëDBUJPO SFRVJSFT
NPEJëDBUJPO UP UIF HSBJOT UIFNTFMWFT BOE PDDVST CZ UIF QSPDFTT PG TJOUFSJOH 4JOUFSJOH JT UIF
QSPDFTT MFBEJOH UP UIF GPSNBUJPO PG CPOET CFUXFFO BO BHHSFHBUF PG TFQBSBUF QBSUJDMFT BOE UIF
QSPDFTT CZ XIJDI JOEJWJEVBM QBSUJDMFT JODSFBTF JO TJ[F ɨF TJOUFSJOH QSPDFTT DBVTFT UIF TQBDF
CFUXFFO UIF QBSUJDMFT UP CF SFEVDFE BOE UIF CVML EFOTJUZ PG UIF BHHSFHBUF UP JODSFBTF 	1BUFS
TPO 
 4JOUFSJOH JO JDF PDDVST CZ WBQPVS QIBTF NBTTUSBOTGFS CFUXFFO JOEJWJEVBM HSBJOT
CZ NFBOT PG NPMFDVMBS EJêVTJPO BOE TVCMJNBUJPOEFQPTJUJPO BTXFMM BT UISPVHI UIF QMBTUJD EF
GPSNBUJPO PG JOEJWJEVBM HSBJOT ɨF JODSFBTF JO ëSO EFOTJUZ MFBET UP B EFDSFBTF JO QPSPTJUZ
SFTVMUJOH JO B SFEVDUJPO JO UIF TVCMJNBUJPOEFQPTJUJPO QSPDFTT ɨF MPBE BOE UIF DPOUBDU BSFB
CFUXFFO HSBJOT DPOUJOVFT UP JODSFBTF DBVTJOH SFDSZTUBMMJTBUJPO BOE EFGPSNBUJPO UP CFDPNF UIF
EPNJOBOU HSBJO BMUFSJOH QSPDFTTFT ɨF EFOTJëDBUJPO DPOUJOVFT VOUJM UIF DPOUBDU BSFB CFUXFFO
HSBJOT SFBDIFT JU NBYJNVN BU B CVML JDF EFOTJUZ PG BSPVOE  LH N− XJUI BMM UIF SFNBJOJOH
BJS CFJOH GPVOE JO UIJO DIBOOFMT BMPOH HSBJO CPVOEBSZ JOUFSTFDUJPOT 	1BUFSTPO 
 'VSUIFS
EFOTJëDBUJPO PDDVST NPTUMZ EVF UP JDF EFGPSNBUJPO BGUFS UIJT QPJOU "U BO JDF EFOTJUZ PG BSPVOE
 LH N− UIF QFSNFBCJMJUZ PG UIF ëSO IBT CFFO SFEVDFE UP [FSP BOE UIF BJS TQBDFT CFUXFFO
UIF HSBJOT IBWF CFFO DMPTFE Pê XIBU JT MFGU PG UIF SFNBJOJOH BJS 	BSPVOE 10 CZ WPMVNF
 JT
DPOUBJOFE XJUIJO JTPMBUFE BJS CVCCMFT ɨF ëSO IBT OPX CFFO USBOTGPSNFE JOUP TPMJE HMBDJBM
JDF XJUI B EFOTJUZ WFSZ TJNJMBS UP UIBU PG TJOHMF DSZTUBM JDF 	#PHPSPETLZ FU BM 
 'VSUIFS
EFOTJëDBUJPO CZ CVML DPNQSFTTJPO CZ UIF PWFSMZJOH JDF MFBET UP B GVSUIFS EFDSFBTF JO QPSF TJ[F
XJUI EFQUI VOUJM UIF QSFTTVSFT SFBDI B WBMVF PG BSPVOE  ./ N− XIFSFVQPO UIF HBT JO UIF
CVCCMFT JT ESJWFO JOUP UIF JDF MBUUJDF BT DMBUISBUF IZESBUFT BOE UIF CVCCMFT EJTBQQFBS
 )LUQGHQVLW\SURÀOHV
ɨF EFQUI UP TPMJE JDF WBSJFT HSFBUMZ GSPN QMBDF UP QMBDF 	5BCMF 
 CVU JO HFOFSBM UIF HSFBUFS
UIF TOPXGBMM SBUF BOE UIF DPMEFS UIF UFNQFSBUVSF UIF HSFBUFS UIF EFQUI UP TPMJE JDF "O FNQJSJDBM

 'JSO
4UBUJPO -PDBUJPO 5FNQ BU  N "DDVNVMBUJPO SBUF %FQUI
	-BU -PO
 	¡$
 	LHN B−
 	N

4 .¡ 4 .¡ & −19 130 38
3PJ #BVEPVJO .¡ 4 .¡ & −15 380 46
-JUUMF "NFSJDB .¡ 4 .¡ 8 −24 220 51
#SZE ¡ 4 ¡ 8 −28 140 64
.BVEIFJN .¡ 4 .¡ 8 −17 370 67
4JQMF .¡ 4 .¡ 8 −24 500 70
7PTUPL .¡ 4 .¡ & −57 22 95
%PNF $ .¡ 4 .¡ & −54 36 100
4PVUI 1PMF ¡ 4 −51 70 115
5BCMF  'JSO QSPQFSUJFT GPS EJêFSFOU TJUFT BSPVOE "OUBSDUJDB "EBQUFE GSPN
	1BUFSTPO 

EFQUIEFOTJUZ SFMBUJPO 	1BUFSTPO 
 DBO CF VTFE UP DPOTUSBJO UIF EFOTJUZ JODSFBTF XJUI
EFQUI
ρ = ρi −
[
(ρi − ρs) e−Cz
]
	

XIFSF ρ JT UIF EFOTJUZ BU EFQUI z ρi JT UIF EFOTJUZ PG JDF  LH N− ρs JT UIF EFOTJUZ PG
TVSGBDF TOPX XIJDI JT UBLFO UP CF  LH N− BOE C JT B DPOTUBOU PCUBJOFE CZ MFBTUTRVBSFE
ëUUJOH UP BDUVBM EBUB GPS B TQFDJëD TJUF *G UIF BTTVNQUJPO JT NBEF UIBU UIF ëSO MBZFS BU 1*(
IBT TJNJMBS QSPQFSUJFT UP UIBU PG #SZE 4UBUJPO 	¡ 4 ¡ 8
 IBWJOH EFQUI PG  N BOE B
DPOTUBOU WBMVF PG C = 0.0275 UIFO UIF SFTVMUJOH EFOTJUZ QSPëMF JT QMPUUFE JO 'JH  *O UIJT
DBTF UIF ëSO EFOTJUZ WBSJFT GSPN  LH N− BU UIF TVSGBDF UP  LH N− BU  N EFQUI
 7KHHIIHFWRIÀUQGHQVLW\RQSHUPLWWLYLW\
ɨF SFMBUJPOTIJQ CFUXFFO QFSNJUUJWJUZ BOE EFOTJUZ PG JTPUSPQJD ëSO JT DIBSBDUFSJTFE CZ UIF
-PPZFOHB FRVBUJPO HJWFO CZ
(
ε′f
) 1
3 − 1 = V
[
(ε′i)
1
3 − 1
]
	

XIFSF V JT UIF SBUJP PG EFOTJUZ PG ëSO ρf UP UIBU PG JDF ρi
(
V = ρfρi
)
XJUI ε′f BOE ε′i CFJOH UIF
SFBM QBSUT PG UIF EJFMFDUSJD DPOTUBOU GPS ëSO BOE JDF SFTQFDUJWFMZ 	#PHPSPETLZ FU BM 
 ɨF

 'JSO
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'JHVSF  'JSO EFOTJUZ WBSJBUJPO XJUI EFQUI GSPN UIF FNQJSJDBM SFMBUJPO &R 
VTJOH ëSO QBSBNFUFST GSPN #ZSE TUBUJPO 	¡ 4 ¡ 8
 'JSO EFOTJUZ WBSJFT GSPN
 LH N− BU UIF TVSGBDF UP  LH N− BU B EFQUI PG  N
-PPZFOHB FRVBUJPO JO UFSNT PG ε′f JT HJWFO CZ
ε′f =
(
V
[
(ε′i)
1
3 − 1
]
+ 1
)3
	

*G UIF ëSO JT DPOTJEFSFE UP CF B TFSJFT PG MBZFST SBUIFS UIBO JTPUSPQJD 	BT BTTVNFE CZ UIF -PPZFOHB
FRVBUJPO
 UIFO8JFOFST &RVBUJPO BT BQQMJFE UP ëSO NBZ CF VTFE XIJDI JT HJWFO CZ
εf − 1
εf + u
= V
(
εi − 1
εi + u
)
	

UIF RVBOUJUZ u JT BO FNQJSJDBMMZ EFSJWFE QBSBNFUFS LOPXO BT UIF 'PSN[BIM PS GPSNOVNCFS
UIBU EFTDSJCFT UIF HFPNFUSZ PG UIF ëSO ɨF GPSNOVNCFS WBSJFT GSPN u = 2 GPS TQIFSFT PG JDF
SBOEPNMZ EJTUSJCVUFE JO BJS UP u =∞ GPS JTPMBUFE MBZFST QBSBMMFM UP UIF FMFDUSPNBHOFUJD ëFME
FYQFSJNFOUBM SFTVMUT PO ESZ OBUVSBM TOPX IBWF ZJFMEFE B GPSNOVNCFS PG u ≈ 5 8JFOFST

 'JSO
FRVBUJPO JO UFSNT PG ε′f JT HJWFO CZ
ε′f =
V u (ε′i − 1) + ε′i + u
V (1− ε′i) + ε′i + u
	

BOE CPUI &R  BOE &R  BHSFF XFMM XJUI FYQFSJNFOUBM SFTVMUT QSFTFOUFE JO 	#PHPSPETLZ
FU BM 

 5D\SDWKGHYLDWLRQWKURXJKWKHÀUQOD\HU
ɨF DFOUSBM BTTVNQUJPO UISPVHIPVU UIJT TUVEZ 	BT SFHBSET 4"3 QSPDFTTJOH
 IBT CFFO UIBU BO JDF
TIFFU DBO CF UIPVHIU PG BT B IPNPHFOPVT EJFMFDUSJD NFEJVN BOE JO HFOFSBM UIJT JT B SFBTPOBCMF
BTTVNQUJPO 'SPN 4FD  JO BDUVBMJUZ QPMBS JDF TIFFUT BSF DPNQSJTFE PG UIF BDDVNVMBUJPO
PG BOOVBM TOPX MBZFST UIBU BSF TMPXMZ CFJOH DPNQSFTTFE UP TPMJE JDF XJUI JODSFBTJOH EFQUI
ɨJT NFBOT UIBU JO UIF VQQFS  N PS TP PG BO JDF TIFFU UIFSF JT B HSBEVBM JODSFBTF JO EFOTJUZ
XJUI EFQUI ɨJT EFOTJUZ HSBEJFOU DBVTFT B DPSSFTQPOEJOH QFSNJUUJWJUZ HSBEJFOU 	4FD 

BOE NFBOT FBDI MBZFS IBT B TMJHIUMZ EJêFSFOU SFGSBDUJWF JOEFY 	#PHPSPETLZ FU BM 

$POTJEFS UIF SFGSBDUJPO PG B SBZ JOJUJBMMZ PCMJRVF UP UIF JDF TVSGBDF DBVTFE CZ B TFRVFODF
IPSJ[POUBM ëSO MBZFST PG UIJDLOFTT zn BOE SFGSBDUJWF JOEFY nn *G UIF BTTVNQUJPO JT NBEF UIBU
UIF SFGSBDUJWF JOEFY JODSFBTFT XJUI EFQUI BOE IBT UIF GPSN nn−1 < nn < nn+1 UIFO BU
UIF JOUFSGBDF CFUXFFO BOZ UXP MBZFST UIF EPXOQSPQBHBUJOH SBZ CFOET TMJHIUMZ NPSF UPXBSET
UIF WFSUJDBM ɨJT JODSFBTFT UIF USBWFM QBUI SFMBUJWF UP B SBZ QSPQBHBUJOH UISPVHI B TPMJE JDF
MBZFS UIF TBNF UIJDLOFTT BT UIF ëSO MBZFS ɨF FYQPOFOUJBM ëSO MBZFS DBO CF DIBSBDUFSJTFE CZ
EFQUI BWFSBHJOH UIF ëSO EFOTJUZ QSPëMF BOE VTJOH UIF GPSNVMBT JO 4FD  UP DBMDVMBUF UIF
SFTVMUJOH EFQUI BWFSBHFE SFGSBDUJWF JOEFY 'PS UIF #ZSE EFOTJUZ QSPëMF TIPXO JO 'JH  UIF
EFQUI BWFSBHFE EFOTJUZ WBMVF JT  LH N− 6TJOH 8JFOFST FRVBUJPO 	&R 
 XJUI B GPSN
OVNCFS PG u = 5 UIF EFQUI BWFSBHFE QFSNJUUJWJUZ DBO CF DBMDVMBUFE GPS UIJT  N UIJDL ëSO
MBZFS VTJOH
ε′f =
[(
650
917
)× 5× (3.17− 1)]+ 3.17 + 5[(
650
917
)× (1− 3.17)]+ 3.17 + 5 	

= 1.53 	

UIF EFQUI BWFSBHFE QFSNJUUJWJUZ JT ε′f = 1.53 BOE UIF DPSSFTQPOEJOH SFGSBDUJWF JOEFY JT nf =
1.24

 *OUFSOBM MBZFST
 ,QWHUQDOOD\HUV
*OUFSOBM MBZFSJOH JT B GFBUVSF PGUFO TFFO JO SBEBS TPVOEJOH TVSWFZT PWFS JDF TIFFUT BOE HMBDJFST
-BZFST BSF PCTFSWFE JO UIF SBEBS USBDF EVF UP UIF WBSJBUJPO PG SFìFDUJPO DPFïDJFOUT XJUI EFQUI
ɨF TPVSDF PG UIF WBSJBUJPO JO UIF SFìFDUJPO DPFïDJFOU JT EVF UP DIBOHFT JO UIF QFSNJUUJWJUZ PG
JDF CFUXFFO BEKBDFOU JDF MBZFST ɨF GPSNBUJPO PG UIFTFT MBZFST JT UIPVHIU UP PDDVS NBJOMZ BU
UIF TVSGBDF EVF UP TOPX EFQPTJUFE PO UIF JDF TIFFU IBWJOH UJNF WBSZJOH QIZTJDBM BOE DIFNJDBM
QSPQFSUJFT ɨBU JT B EFQPTJUFE TOPX MBZFS NBZ CF QIZTJDBMMZ NPEJëFE CZ DIBOHFT JO UFN
QFSBUVSF BOE XJOE TQFFE XIJDI FêFDUT UIF EFOTJUZ PG UIF TOPX BOE DIFNJDBMMZ NPEJëFE CZ
UIF BEEJUJPO QBSUJDVMBUF NBUUFS 	JNQVSJUJFT
 EFSJWFE GSPN WPMDBOJD FSVQUJPOT TFB TBMU BOE BU
NPTQIFSJD BDJET TVDI BT OJUSJD BDJE 	)/03
 TVMQIVSJD BDJE 	)2404
 BOE IZESPDIMPSJD BDJE
	)$-
 " QBSUJDVMBS MBZFS PG TOPX NBZ CF XJEFTQSFBE JO BSFBM FYUFOU CVU UIJO SFMBUJWF UP UIF
UIJDLOFTT PG UIF VOEFSMJOH JDF TIFFU TP DBO CF UIPVHI PG BT CFJOH EFQPTJUFE JOTUBOUMZ "T B
SFTVMU PG UIJT JOUFSOBM MBZFST BSF PGUFO UBLFO UP CF JTPDISPO TVSGBDFT BOE USBDFE GPS NBOZ LJMP
NFUSFT *OUFSOBM MBZFST BSF PGUFO VTFE GPS QMPUUJOH ìPX MJOFT XJUIJO UIF JDF BOE GPS TUVEZJOH
WBSJBUJPOT PG ìPX XJUI UJNF
 7KHRULJLQRIOD\HUUHÁHFWLRQV
3FìFDUJPOT GSPN MBZFST XJUIJO BO JDF NBTT BSF DBVTFE XIFSF UIFSF JT B TUFQDIBOHF JO UIF DPN
QMFY EJFMFDUSJD QFSNJUUJWJUZ 1BTU TUVEJFT PG MBZFS HFOFSBUJPO NFDIBOJTNT BOE B UXPGSFRVFODZ
FYQFSJNFOU BSF EFTDSJCFE JO 	'VKJUB FU BM 
 ɨF NBJO SFTVMUT BSF TVNNBSJTFE IFSF ɨFSF
BSF UISFF NFDIBOJTNT UIBU BSF UIPVHIU UP CF SFTQPOTJCMF GPS DIBOHFT UP UIF DPNQMFY QFSNJU
UJWJUZ UIFTF BSF EFOTJUZ BDJEJUZ BOE DSZTUBMPSJFOUBUJPO GBCSJD "O JDF TIFFU DBO CF EJWJEFE
JOUP GPVS EFQUI [POFT CBTFE VQPO UIF EPNJOBOU SFìFDUJPO NFDIBOJTN UIF %FOTJUZ [POF 	%

$POEVDUJWJUZ [POF 	$
 DSZTUBMPSJFOUBUJPO 'BCSJD [POF 	'
 BOE B /PFDIP [POF 	/

 'HQVLW\]RQH'
ɨF MBZFS SFìFDUJPOT GSPN UIF UPQ TFWFSBM IVOESFE NFUSFT PG JDF EPXO UP BSPVOE  N
BSF UIPVHIU UP CF DBVTFE CZ EFOTJUZ WBSJBUJPOT %FOTJUZ WBSJBUJPOT DBO CF BUUSJCVUFE UP GBDUPST
TVDI BT DIBOHFT JO UIF DIBSBDUFSJTUJDT PG UIF EFQPTJUFE TOPX UIF GPSNBUJPO PG EFQUI IPBS
BOE QSFDJQJUBUJPO IJBUVTFT ɨFTF EFOTJUZ DIBOHFT DBO CF MBSHF FOPVHI UP QSPEVDF TUSPOH SF
ìFDUJPOT *O UIF ëSO MBZFS JDF PWFSCVSEFO QSFTTVSF JODSFBTFT XJUI EFQUI BOE FWFOUVBMMZ UIF BJS

 *OUFSOBM MBZFST
TQBDFT UIBU TVSSPVOE JDF HSBJOT BSF DMPTFE Pê MFBWJOH MBZFST PG JTPMBUFE BJS CVCCMFT 	4FD 

)PXFWFS BT FBDI MBZFS IBT TMJHIUMZ EJêFSFOU GPSNBUJPO DIBSBDUFSJTUJD UIF CVCCMF OVNCFS BOE
EFOTJUZ EJêFST CFUXFFO MBZFST 6OEFS WFSZ IJHI JDF PWFSCVSEFO QSFTTVSFT GPVOE BU EFQUIT PG
CFMPX BSPVOE  N CPUI UIF OVNCFS BOE EFOTJUZ PG BJS CVCCMFT EFDSFBTF BT UIF CVCCMFT
VOEFSHP B QIBTF USBOTJUJPO UP CFDPNF DMBUISBUF IZESBUF DSZTUBMT ɨF GPSNBUJPO PG UIF DMBUI
SBUF IZESBUF DSZTUBMT DBVTFT UIF JDF NBTT UP BTTVNF VOJGPSN EFOTJUZ SFTVMUJOH JO BOZ JOJUJBM
EFOTJUZ WBSJBUJPOT CFUXFFO MBZFST CFJOH MPTU ɨF EFQUI UP UIJT USBOTJUJPO [POF JT B GVODUJPO
PG UIF QIZTJDBM DPOEJUJPOT BU B QBSUJDVMBS TJUF TVDI BT UIF BDDVNVMBUJPO SBUF UFNQFSBUVSF BOE
PWFSCVSEFO QSFTTVSF
 &RQGXFWLYLW\]RQH&
ɨF  N USBOTJUJPO [POF JT UIF CPVOEBSZ CFUXFFO [POFT % BOE $ JU NBSLT UIF NBY
JNVN EFQUI BU XIJDI EFOTJUZ WBSJBUJPOT EVF UP UIF FYJTUFODF PG BJS CVCCMFT JT UIF EPNJOBOU
SFìFDUJPO NFDIBOJTN -BCPSBUPSZ NFBTVSFNFOUT BU CPUI NJDSPXBWF BOE MPXFS GSFRVFODJFT
IBWF TIPXO BO JODSFBTF JO DPOEVDUJWJUZ GPS JDF DPOUBJOJOH TUSPOH BDJET *G UIF BDJEJUZ DPODFO
USBUJPO JT IJHI FOPVHI UIFO UIF SFTVMUJOH DPOEVDUJWJUZ JODSFBTF DBO DBVTF EFUFDUBCMF SFìFDUJPOT
$IBOHFT JO BDJEJUZ PCTFSWFE JO JDF DPSFT UBLFO GSPN JDF TIFFUT IBWF CFFO MJOLFE UP WPMDBOJD
FSVQUJPOT JO BSFBT GBS BXBZ GSPN UIF QPMBS SFHJPOT *U IBT CFFO PCTFSWFE UIBU B WPMDBOJD FSVQ
UJPO DBO JODSFBTF UIF MFWFM PG BDJEJUZ JO UIF QPMBS SFHJPO QSFDJQJUBUJPO GPS POF PS NPSF ZFBST
BGUFS BO FSVQUJPO &SVQUJPOT OFBS UP BO JDF TIFFU DBO BMTP DBVTF MBZFST PG FOSJDIFE BDJEJUZ CZ
UIF EJSFDU FNQMBDFNFOU PG BDJEJUZ POUP BO JDF TVSGBDF JO UIF GPSN PG B UFQISB MBZFS TVDI B MBZFS
XBT EFTDSJCFE CZ 	$PSS BOE 7BVHIBO 
 ɨF BDJEJUZ MFWFMT XJUIJO TVDI B UFQISB MBZFS DBO
CF MBSHF FOPVHI UP NBLF JU UIF EPNJOBOU SFìFDUJOH MBZFS XJUIJO UIF JDF NBTT BOE DBVTF B
SFìFDUJPO TUSPOHFS UIBO BOZ EFOTJUZ SFMBUFE SFìFDUJPOT *U NVTU CF OPUFE UIBU DPOEVDUJWJUZ
WBSJBUJPOT BMTP FYJTU JO [POF % CVU UIF EPNJOBODF PG EFOTJUZ WBSJBUJPOT JT TVDI UIBU UIF DPO
USJCVUJPO GSPN UIF DPOEVDUJWJUZ NFDIBOJTN JT PCTDVSFE FYDFQU GPS MBSHF BDJEJUZ ATQJLFT TVDI
BT UFQISB MBZFST
 FU\VWDORULHQWDWLRQIDEULF]RQH)
%BUB GSPN UIF %PNF 'VKJ JDF DPSF TIPX UIBU TUSPOH DPOEVDUJWJUZ QFBLT HFOFSBMMZ EP OPU BQQFBS
CFMPX BSPVOE  N ɨJT PCTFSWBUJPOT IBT CFFO BUUSJCVUFE UP UIF UIJOOJOH PG BOOVBM MBZFST
UIF EJêVTJPO PG UIF JNQVSJUZ JPOT SFTQPOTJCMF GPS MBZFS SFìFDUJPOT BOE B NVUJOH FêFDU DBVTFE

 *OUFSOBM MBZFST
CZ DBUJPOT EFSJWFE GSPN BMLBMJ EVTU 	5BZMPS FU BM 
 "U UIFTF EFQUIT 	BOE HSFBUFS
 XJUIJO
UIF JDF UIF QSPQPTFE NFDIBOJTN JT DIBOHFT UP UIF JDF GBCSJD JUTFMG 4PNF MBZFST DPOUBJO B
MBSHFS BNPVOU PG JDF DSZTUBMT XJUI DSZTUBM BYFT 	DBYJT
 PSJFOUBUFE BSPVOE WFSUJDBM 4VDI MBZFST
IBWF TUSPOH FOPVHI QFSNJUUJWJUZ WBSJBUJPOT 	SFMBUJWF UP BEKBDFOU MBZFST
 UP QSPEVDF EFUFDUBCMF
SFìFDUJPOT ɨF EPNJOBOU IZQPUIFTJT JT UIBU DIBOHFT JO JDF GBCSJD CFUXFFO MBZFST JT EVF UP FBDI
MBZFS IBWJOH B EJêFSFOU EFGPSNBUJPOBM IJTUPSZ 4JODF BEKBDFOU MBZFST BSF VOEFS UIF TBNF TUSFTT
SFHJNF UIF PCTFSWFE GBCSJD EJêFSFODFT BSJTF BT B DPOTFRVFODF PG TUSBJO SBUF WBSJBUJPO CFUXFFO
MBZFST ɨFTF TUSBJO SBUF WBSJBUJPOT BSF MJOLFE UP UIF WJTDPTJUZ XIJDI SFMBUFT UIF TUSBJO SBUF UP
UIF BQQMJFE TIFBS TUSFTT ɨF JOJUJBM WJTDPTJUZ PG B MBZFS CFJOH EFUFSNJOFE CZ UIF DIMPSJUF BOE
TVMQIBUF JPO DPOUFOU PG UIF TOPX GSPN XIJDI UIF MBZFS JT GPSNFE -BZFST XJUI MPXFS WJTDPTJUJFT
XJMM NPSF FBTJMZ EFGPSN BOE PODF EFGPSNFE UIFTF MBZFST FêFDUJWFMZ CFDPNF TPGUFS MFBEJOH UP
GVSUIFS EFGPSNBUJPO ɨFSFGPSF TNBMM JOJUJBM EJêFSFODFT JO JPO DPOUFOU DBO MFBE UP TJHOJëDBOU
DIBOHFT JO DSZTUBM GBCSJD BOE UIVT QFSNJUUJWJUZ CFUXFFO MBZFST FTQFDJBMMZ JO BSFBT PG IJHI TIFBS
TUSFTT ɨVT B TIFBS TUSFTT TZTUFN XJMM IBWF UIF FêFDU PG QSFTFSWJOH UIF BOJTPUSPQJD JDF TUSVDUVSF
EVSJOH GVSUIFS EFGPSNBUJPO VOMFTT UIF TUSFTT TZTUFN ESBNBUJDBMMZ DIBOHFT
 1RHFKR]RQH1
ɨF OPFDIP [POF JT B SFHJPO GSPN XIJDI OP SFìFDUJPOT BSF PCTFSWFE JU JT VTVBMMZ TFWFSBM
IVOESFE NFUSFT UIJDL BOE XIFO TVDI B SFHJPO PDDVST JU JT BMXBZT GPVOE CFMPX [POF ' ɨF
USBOTJUJPO CFUXFFO [POF ' BOE [POF / JT OPSNBMMZ RVJUF BCSVQU BOE JT UIPVHI UP NBSL UIF
CPVOEBSZ CFUXFFO UIF VQQFS SFHJPOT 	%$'
 XIFSF TIFBS JT DPOUSPMMFE JOUFSOBMMZ CZ NFBO
TVSGBDF TMPQF BOE UIF SFHJPO XJUIJO XIJDI TIFBS JT DPOUSPMMFE CZ CFESPDL TVSGBDFT *O UIF VQQFS
SFHJPOT JDF DBO SFMFBTF TUSFTT CZ TMJQQJOH BMPOH MBZFS JTPDISPOT CFDBVTF UIFTF BSF GBWPVSBCMZ
BMJHOFE GPS UIJT UP PDDVS )PXFWFS PODF UIF MBZFS HFPNFUSZ TUBSUT UP CF EFUFSNJOFE CZ UIF
JSSFHVMBS CFESPDL UPQPHSBQIZ UIFO UIF MBZFST BSF OP MPOHFS GBWPVSBCMF PSJFOUBUFE GPS UIJT TUSFTT
SFMFBTF UP PDDVS SFTVMUJOH JO UIF GBVMUJOH GPMEJOH BOE NJYJOH PG MBZFST )JHIMZ EJTUVSCFE
MBZFST EP OPU QSPEVDF DPIFSFOU SFìFDUJPOT BOE BT B SFTVMU BSF OPU EFUFDUFE CZ SBEBS TPVOEJOH
ɨF / SFHJPO JT UIPVHIU UP CF DPNQPTFE PG TUBHOBOU PS TMPXMZ NPWJOH JDF XJUI B IJHI TIFBS
[POF EJSFDUMZ BCPWF JU *O XIJDI DBTF UIF TIFBS TUSFTT BDUVBMMZ EFDSFBTFT UPXBSET UIF CFE CFMPX
UIF MBZFS PG IJHI TIFBS XIJDI JT OPSNBMMZ MPDBUFE BU B EFQUI PG BSPVOE UXP UIJSET PG BO JDF
UIJDLOFTT *O UIF OPFDIP [POF UIF IJHIFS UFNQFSBUVSFT BOE MPXFS TIFBS TUSFTTFT DBO DBVTF BO
BOOFBMJOH QSPDFTT UIBU DBO GVSUIFS EJTSVQU UIF BMSFBEZ EJTUPSUFE JDF GBCSJD BOE EFTUSPZ UIF FDIP
QSPEVDJOH NFDIBOJTN SFTVMUJOH JO GFX JG BOZ FDIPT

 *OUFSOBM MBZFST
 7KHGHWHFWLRQRILQWHUQDOOD\HUV
ɨF BNQMJUVEF SFìFDUJPO DPFïDJFOU GPS BO JOUFSOBM MBZFS UIBU JT MFTT UIBO POF XBWFMFOHUI
UIJDL DBO CF DBMDVMBUFE GSPN UIF QPXFS SFìFDUJPO DPFïDJFOUT 	1BSFO BOE 3PCJO 
 HJWJOH
R(l) =
1
2
TJO
(
2pil
λice
)
∆ UBO δ GPS l < λice
4
	

XIFSF l JT UIF MBZFS UIJDLOFTT λice JT UIF XBWFMFOHUI BOE∆ UBO δ JT UIF EJêFSFODF JO MPTT UBOHFOU
CFUXFFO UIF MBZFS BOE UIF BEKBDFOU JDF 	)FNQFM FU BM 
 " EPXOQSPQBHBUJOH SBEBS QVMTF
XJMM CF SFìFDUFE GSPN CPUI UIF UPQ BOE CPUUPN JOUFSGBDF PG B UIJO MBZFS ɨJT NFBOT UIBU UIF
BNQMJUVEF SFìFDUJPO DPFïDJFOU NVTU CF TVQFSJNQPTFE CZ B DPTJOF UFSN HJWJOH
ER(l) = ER1 + ER2 DPT
(
4pil
λice
)
	

XJUI UIF EFëOJUJPOT
ER1 = E0R1 	

ER1 = E0T1 	

ER2 = ET1R2 = E0T1R2 = −E0
(
R21 +R1
)
	

XIFSFR1 JT UIF BNQMJUVEF SFìFDUJPO DPFïDJFOU BU UIF MBZFS VQQFS JOUFSGBDF R2 = −R1 JT UIF
BNQMJUVEF SFìFDUJPO DPFïDJFOU BU UIF MBZFS MPXFS JOUFSGBDF T1 = 1 + R1 JT UIF USBOTNJTTJPO
DPFïDJFOU GPS UIF MBZFS VQQFS JOUFSGBDF BOE E0 JT UIF JOJUJBM XBWF BNQMJUVEF 	)FNQFM FU BM

 $POTJEFS UIF DBTF PG B WPMDBOJD BFSPTPM MBZFS UIBU IBT B UZQJDBM QPXFS SFìFDUJPO DPFG
ëDJFOU PG − E# 	.JMMBS 
 'SPN &R  JU JT FWJEFOU UIBU UIF BNQMJUVEF SFìFDUJPO
DPFïDJFOU JT B GVODUJPO PG CPUI UIF MBZFS UIJDLOFTT BOE JOJDF SBEBS XBWFMFOHUI ɨF 1"4*/
TZTUFN IBT B DBSSJFS GSFRVFODZ PG  .)[ 	4FD 
 SFTVMUJOH JO BO JOJDF XBWFMFOHUI PG
λice = . N 	VTJOH n = 1.78 4FD 
 ɨF BNQMJUVEF SFìFDUJPO DPFïDJFOU DBO CF DBM
DVMBUFE GPS B SBOHF PG WBMVFT PG MBZFS UIJDLOFTTFT 	'JH 
 'SPN 'JH  JU JT PCTFSWFE
UIBU UIF NBYJNVN SFìFDUJPO DPFïDJFOUT SFTVMU GSPN MBZFST UIBU BSF l ≈  DN 	BOE ∼ DN

UIJDL 8JUI UIF SFìFDUJPO DPFïDJFOU EFDSFBTJOH UP [FSP GPS MBZFST UIBU BSF l ≈  DN 	BOE
∼ DN
 UIJDL EVF UP UIF EFTUSVDUJWF JOUFSGFSFODF GSPN UIF CPUUPN PG UIF MBZFS $IBOHFT
JO MBZFS UIJDLOFTT UIBU DBO PDDVS JO BSFBT PG IJHI TUSBJO DBO UIVT DBVTF DIBOHFT JO SFGFDUJPO

 *OUFSOBM MBZFST
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'JHVSF  3FMBUJPO CFUXFFO SFìFDUJPO DPFïDJFOU BOE MBZFS UIJDLOFTT GPS UIF
DBTF PG B TJOF XBWF QVMTF 	CMBDL MJOF
 ɨF SFìFDUJPO DPFïDJFOU TIPXO JT GPS B
TUFQ DIBOHF JO QPXFS SFìFDUJPO DPFïDJFOU PG − E# ɨF SFE MJOF TIPXT UIF
SFìFDUJPO DPFïDJFOU PG B IBMG DPOUJOVVN XJUI OP TQFDUSBM TJHOBM "EBQUFE GSPN
	)FNQFM FU BM 

DPFïDJFOUT EVF UP MBZFS UIJOOJOH BOE UIJDLFOJOH
*O BEEJUJPO B MBZFS JNBHFE CZ B EPXOQSPQBHBUJOH SBEBS QVMTF JT BDUVBMMZ UIF DPOWPMVUJPO
CFUXFFO UIF QVMTF BOE BOZ OVNCFS PG QIZTJDBM MBZFST PG WBSZJOH UIJDLOFTTFT XJUIJO UIF QVMTF
FOWFMPQF " SFUVSO FDIP UIFSFGPSF NBZ IBWF UIF BQQFBSBODF B TJOHMF TUSPOH MBZFS CVU NBZ
BDUVBMMZ CF DBVTFE CZ UIF SFìFDUJPO GSPN NVMUJQMF XFBL MBZFST ɨJT FêFDU JT BQQBSFOU JG UXP
SBEBS XBWFT PG EJêFSFOU GSFRVFODJFT BSF VTFE UP TPVOE UIF TBNF BSFB 	'VKJUB FU BM 

$BSF NVTU CF UBLFO XIFO JOUFSQSFUJOH MBZFST JNBHFE CZ SBEBS TPVOEJOH CVU EFTQJUF UIF
DIBMMFOHFT JO JOUFSQSFUBUJPO NVDI VTFGVM JOGPSNBUJPO DBO CF PCUBJOFE GSPN UIF BOBMZTJT PG
JOUFSOBM MBZFSJOH -BZFS USBDJOH DBO CF VTFGVM GPS VOEFSTUBOEJOH HMBDJBM ìPX SFHJNFT TVDI BT
UIF USBKFDUPSZ JDF UBLFT BT JU ìPXT PWFS TVCHMBDJBM UPQPHSBQIZ BOE DIBOHFT JO UIF SFìFDUJPO
DPFïDJFOU NBZ CF VTFE UP JOGFS UIF TUSFTT SFHJNF BU B QBSUJDVMBS QPJOU *G UIF SBEBS TPVOEJOH
TZTUFN JT DBMJCSBUFE BOE UIF BUUFOVBUJPO SBUF JT LOPXO 	PS DBO CF BDDVSBUFMZ FTUJNBUFE
 UIFO
QPXFS SFìFDUJPO TUVEJFT DBO QSPWJEFE VTFGVM HMBDJPMPHJDBM JOGPSNBUJPO 	'VKJUB FU BM 


 ɨF USBOTNJU BOE SFDFJWF XBWFGPSNT
 7KHWUDQVPLWDQGUHFHLYHZDYHIRUPV
ɨF DIPJDF PG DBSSJFS GSFRVFODZ BOE XBWFGPSN GPS B TQFDJëD TVSWFZ JT EFUFSNJOFE CZ JOJDF
XBWF QSPQBHBUJPO DIBSBDUFSJTUJDT TVDI BT UIF BUUFOVBUJPO SBUF BU UIBU GSFRVFODZ BOE BMTP CZ
SBEBS TZTUFN QMBUGPSN MJNJUBUJPOT TVDI BT BOUFOOB TJ[F SFTUSJDUJPOT 	#PHPSPETLZ FU BM 

ɨF DBSSJFS GSFRVFODZ OFFET UP PQUJNJTFE UP PCUBJO UIF SFRVJSFE QPXFS BU UIF SFDFJWFS *G UIF
DBSSJFS GSFRVFODZ JT EFDSFBTFE BOEPS UIF QPXFS JODSFBTFE UIFO UIFSF JT BO JODSFBTF JO BDIJFWBCMF
TPVOEJOH EFQUI )PXFWFS B EFDSFBTF JO GSFRVFODZ MFBET UP B DPBSTFS WFSUJDBM SFTPMVUJPO BOE
BMTP SFRVJSFT B MBSHFS BOUFOOB XIJDI NBZ QSPWF EJïDVMU UP NPVOU PO UIF QMBUGPSN
ɨF QVMTF EVSBUJPO 	BOE UIVT CBOEXJEUI
 EFUFSNJOFT UIF SBOHF SFTPMVUJPO Sr PG B SBEBS
TZTUFN BOE JT HJWFO CZ
Sr =
cτ
2
	

XIFSF τ JT UIF QVMTF MFOHUI JO UJNF 	UIF FOWFMPQF XJEUI
 BOE c JT UIF TQFFE PG MJHIU JO B WBDVVN
'PS UIF DBTF PG SBEBS TPVOEJOH JO JDF &R  JT NPEJëFE UP CFDPNF
Sr =
cτ
2nice
	

XIFSF nice JT UIF SFGSBDUJWF JOEFY PG JDF ɨVT JG UIF EFTJSFE UIJDLOFTT SFTPMVUJPO JT  N UIF
EVSBUJPO PG UIF QVMTF VTFE GPS SBEBS TPVOEJOH TIPVME OPU FYDFFE .µT 1VMTF DPNQSFTTJPO
UFDIOJRVFT BSF BMTP DPNNPOMZ VTFE JO XIJDI B MPX FOFSHZ ADIJSQ TJHOBM DBO CF USBOTNJUUFE
BOE UIF SFUVSO TJHOBM QSPDFTTFE UP BDIJFWF EFFQ EFQUI QFOFUSBUJPO BOE ëOF WFSUJDBM SFTPMVUJPO
 7UDQVPLWWHGDQGUHFHLYHGZDYHIRUPV
ɨF USBOTNJUUFE XBWFGPSN VTFE CZ SBEBS TZTUFNT BSF 	OBSSPXCBOE TJHOBMT
 PG UIF GPSN
x(t) = a(t) DPT [2pif0t+ φ(t)] 	

XIFSF a(t) JT UIF BNQMJUVEF NPEVMBUJPO 	7
 φ(t) JT UIF QIBTF NPEVMBUJPO 	SBE
 BOE f0 JT UIF
DBSSJFS GSFRVFODZ 	)[
 	4LPMOJL 
 ɨF DIPJDF PG DBSSJFS GSFRVFODZ JT EFQFOEBOU VQPO
SBEBS TZTUFN BQQMJDBUJPO 'PS UIF DBTF PG SBEBS TPVOEJOH UIF NBJO GBDUPS UIBU EFUFSNJOFT UIF
DIPJDF PG DBSSJFS GSFRVFODZ JT UIF CBMBODF CFUXFFO EFQUI QFOFUSBUJPO BOE SBOHF SFTPMVUJPO
ɨF DBSSJFS GSFRVFODZ JT NPEVMBUFE CZ BNQMJUVEF BOE QIBTF NPEVMBUJPO GVODUJPOT UIBU BSF
TMPXMZ WBSZJOH SFMBUJWF UP UIF QFSJPE PG UIF DBSSJFS
(
1
f0
)
 ɨF GVODUJPO x(t) DBO CF FYQSFTTFE

 1VMTF DPNQSFTTJPO
CZ UIF DPNQMFY FYQSFTTJPO
x(t) = 3F
[
u(t)ei2pif0(t)
]
	

XIFSF u(t) JT UIF DPNQMFY FOWFMPQF 	UIF NPEVMBUJOH GVODUJPO PG x(t)
 HJWFO CZ
u(t) = a(t)eiφ(t) 	

ɨF UJNF EFMBZ 	td
 PG B SFDFJWFE XBWFGPSN JT B GVODUJPO PG TDBUUFSFS SBOHF HJWFO CZ
td =
2R
c
	

XIFSF R JT UIF SBOHF UP TDBUUFSFS BOE c JT UIF TQFFE PG MJHIU ɨF SBEBS FDIP TJHOBM SFUVSOFE
GSPN B QPJOU TDBUUFSFS JT HJWFO 	4LPMOJL 
 CZ
xr(t) = Ara(t− td) DPT [2pif0(t− td) + φ(t− td) + φr] 	

XIFSF Ar JT B EJNFOTJPOMFTT BNQMJUVEF TDBMF GBDUPS BOE φr JT UIF QIBTF DIBOHF EVF UP UIF
TDBUUFSFS ɨF DPNQMFY SFDFJWFE TJHOBM sr JT UIFSFGPSF HJWFO CZ
sr(t) = Aru(t− td)ei2pif0(t−td)eiφr 	

XIFSF u(t− td) JT UIF DPNQMFY FOWFMPQF &R  EFMBZFE JO UJNF CZ td BOE UIF DBSSJFS QIBTF
TIJGU JT HJWFO CZ
θc = 2pif0(t− td) 	

 3XOVHFRPSUHVVLRQ
6TJOH B TIPSU QVMTF BMMPXT GPS IJHI SBOHF SFTPMVUJPO XIJDI JT B EFTJSBCMF QSPQFSUZ GPS B SBEBS
TZTUFN UP IBWF CVU UIF SBOHF SFTPMVUJPO PG B TIPSU QVMTFT DPNFT BU B OVNCFS PG DPTUT ɨF
CBOEXJEUI SFRVJSFE GPS UIF HFOFSBUJPO PG TIPSU EVSBUJPO QVMTFT JT MBSHF UIJT JT CFDBVTF UIF
TQFDUSBM CBOEXJEUI PG B QVMTF JT JOWFSTFMZ QSPQPSUJPOBM UP JUT XJEUI 3BEBS TZTUFNT UIBU BD
DPNNPEBUF MBSHF CBOEXJEUIT UFOE UP CF IBWF IJHI MFWFMT PG TZTUFN DPNQMFYJUZ SFRVJSF NPSF
JOWPMWFE TJHOBM QSPDFTTJOH BOE IBWF BO JODSFBTFE SJTL PG JOUFSGFSFODF GSPN PUIFS QBSUT PG UIF
FMFDUSPNBHOFUJD TQFDUSVN 3FDFJWFS TZTUFNT EFTJHOFE GPS XJEF CBOEXJEUIT BMTP UFOE UP IBWF

 1VMTF DPNQSFTTJPO
MFTT EZOBNJD SBOHF UIBO OBSSPXFS CBOEXJEUIT BT UIF OPJTF QPXFS PG B SFDFJWFS TZTUFN JT QSP
QPSUJPOBM UP UIF CBOEXJEUI
" NBKPS QSPCMFN JO VTJOH TIPSU QVMTFT JT UIBU IJHI QFBL QPXFST BSF SFRVJSFE GPS TIPSU
EVSBUJPO QVMTFT JG UIF QVMTFT BSF UP IBWF MBSHF QVMTF FOFSHJFT BOE UIVT CF BCMF UP BDIJFWF MPOH
SBOHFT ɨFSF BSF PGUFO TZTUFN DPOTUSBJOUT UIBU MJNJU UIF BNPVOU PG QPXFS UIBU DBO CF EFMJWFSFE
UP UIF USBOTNJUUFS PWFS B TIPSU UJNF JOUFSWBM XJUIPVU WPMUBHF CSFBLEPXO PDDVSSJOH 	4LPMOJL


" TIPSU QVMTF SFRVJSFT B XJEF TQFDUSBM CBOEXJEUI CVU B MPOH QVMTF DBO BDIJFWF UIF TBNF
CBOEXJEUI JG JU JT NPEVMBUFE JO GSFRVFODZ 	PS QIBTF
 ɨJT NPEVMBUFE MPOH QVMTF XJUI CBOE
XJEUI B JT DPNQSFTTFE CZ UIF SBEBS SFDFJWFS NBUDIFE ëMUFS UP B XJEUI FRVBM UP 1B  UIJT QSPDFTT
JT LOPXO BT QVMTF DPNQSFTTJPO 1VMTF DPNQSFTTJPO BMMPXT B MPOH QVMTF PG XJEUI T UP PCUBJO UIF
TBNF SBOHF SFTPMVUJPO BT B TIPSU QVMTF CZ NPEVMBUJPO PG UIF MPOH QVMTF UP BDIJFWF B CBOEXJEUI
B , 1T  BOE UIF NPEVMBUFE MPOH QVMTF JT UIFO NBUDIFE ëMUFSFE UP PCUBJO B QVMTF XJEUI PG
τ ≈ 1B  ɨF HSFBU TUSFOHUI PG QVMTF DPNQSFTTJPO BT B UFDIOJRVF JT UP PCUBJO UIF SBOHF SFTPM
VUJPO PG UIF TIPSU QVMTF CVU XJUI UIF FOFSHZ PG UIF MPOH QVMTF XJUIPVU UIF IJHI QFBL QPXFS
MFWFMT OFFEFE CZ B IJHI FOFSHZ TIPSU EVSBUJPO QVMTF
ɨF QVMTF DPNQSFTTJPO SBUJP JT EFëOFE BT UIF SBUJP PG MPOH QVMTF XJEUI T UP DPNQSFTTFE
QVMTF XJEUI τ  ɨF DPNQSFTTFE QVMTF XJEUI τ BOE CBOEXJEUI B BSF SFMBUFE CZ UIF FYQSFTTJPO
B ≈ 1τ JU UIFSFGPSF GPMMPXT UIBU UIF QVMTF DPNQSFTTJPO SBUJP
(
T
τ
)
DBO CF FYQSFTTFE BQQSPYJN
BUFMZ BT BT  *O NBOZ DBTFT UIF SFDFJWFE MJOFBS GSFRVFODZ NPEVMBUFE XBWFGPSN JT XJOEPXFE
BOE BNQMJUVEF XFJHIUJOH JT BQQMJFE EVSJOH NBUDI ëMUFSJOH UP SFEVDF UIF MFWFM PG UIF TJEFMPCFT
ɨJT BNQMJUVEF XFJHIUJOH 	XJOEPXJOH
 IBT UIF FêFDU PG TMJHIUMZ JODSFBTJOH UIF DPNQSFTTFE
QVMTF XJEUI BOE UIJT DBVTFT UIF QVMTF DPNQSFTTJPO SBUJP BT EFëOFE CZ BT UP CF B MJUUMF MBS
HFS UIBO Tτ  8JUI UIJT JO NJOE JU JT CFUUFS UP EFëOF UIF QVMTF DPNQSFTTJPO SBUJP CZ
T
τ 	UIF
SBUJP PG UIF QVMTF XJEUIT CFGPSF BOE BGUFS QVMTF DPNQSFTTJPO
 SBUIFS UIBO UIF CBOEXJEUIUJNF
QSPEVDU BT  .PTU SBEBS TZTUFNT VTJOH QVMTF DPNQSFTTJPO IBWF QVMTF DPNQSFTTJPO SBUJPT SBO
HJOH CFUXFFO 10 BOE 105 BOE UIF 1"4*/ SBEBS TZTUFN IBT B WBMVF PG BT = 40
 /LQHDUIUHTXHQF\PRGXODWLRQSXOVHFRPSUHVVLRQ
ɨFSF BSF NBOZ EJêFSFOU QVMTF DPNQSFTTJPO TDIFNFT JO VTF CVU -JOFBS 'SFRVFODZ .PEVMBUJPO
	-'.
 JT QFSIBQT UIF NPTU XJEFMZ VTFE TDIFNF ɨF USBOTNJUUFE XBWFGPSN GPS B -'. TDIFNF
DPOTJTUT PG B SFDUBOHVMBS QVMTF PG DPOTUBOU BNQMJUVEF " BOE PG EVSBUJPO 5 ɨF GSFRVFODZ PG

 1VMTF DPNQSFTTJPO
UIF XBWFGPSN JODSFBTFT JO B MJOFBS NBOOFS GSPN f1 BU UIF TUBSU PG UIF QVMTF UP f2 BU UIF FOE PG
UIF QVMTF ɨJT UZQF PG GSFRVFODZ NPEVMBUFE XBWFGPSN JT LOPXO BT B DIJSQ ɨF BDUVBM -'.
DIJSQ XBWFGPSN JT B CBOEQBTT TJHOBM HJWFO 	4LPMOJL 
 CZ
x(t) = SFDU
(
t
T
)
DPT
(
2pif0t+ piαt
2
)
	

XIFSF T JT UIF QVMTFXJEUI f0 JT UIF DBSSJFS GSFRVFODZ XJUI UIF SFDUBOHVMBS GVODUJPO EFëOFE
BT
SFDU(x) =
1, |x| < 120, |x| > 12 	

BOE UIF -'. TMPQF HJWFO CZ α = ±BT  ɨF ± UFSN HJWFT TMPQF EJSFDUJPO B QPTJUJWF -'. TMPQF
JT UFSNFE BO VQDIJSQ BOE B OFHBUJWF -'. TMPQF JT UFSNFE B EPXODIJSQ BMUIPVHI UIFSF JT OP
QSBDUJDBM EJêFSFODF CFUXFFO UIFN BT GBS BT QVMTF DPNQSFTTJPO JT DPODFSOFE ɨF BNQMJUVEF
NPEVMBUJPO PG UIF TJHOBM x(t) JT BDIJFWFE CZ UIF SFDU GVODUJPO BOE HJWFO CZ
a(t) = A× SFDU
(
t
T
)
	

UIF QIBTF NPEVMBUJPO PG x(t) JT B RVBESBUJD GVODUJPO PG UJNF
φ(t) = piαt2 	

UIF JOTUBOUBOFPVT GSFRVFODZ EFWJBUJPO 	fi
 GSPN UIF DBSSJFS GSFRVFODZ 	f0
 JT LOPX BT UIF
GSFRVFODZ NPEVMBUJPO BOE JT FYQSFTTFE JO UFSNT PG UIF QIBTF NPEVMBUJPO CZ
fi(t) =
1
2pi
Eφ
Et 	

ɨF GSFRVFODZ NPEVMBUJPO GPS B -'. XBWFGPSN JT MJOFBS BOE IBT B TMPQF FRVBM UP α
fi(t) = αt = ±
(
B
T
)
t, |t| ≤ T
2
	


 1VMTF DPNQSFTTJPO
ɨF DPNQMFY FOWFMPQF PG UIF -'. XBWFGPSN JT FYQSFTTFE JO UFSNT PG UIF BNQMJUVEF BOE QIBTF
NPEVMBUJPO GVODUJPOT BOE JT HJWFO 	4LPMOJL 
 CZ
u(t) = A× SFDU
(
t
T
)
eipiαt
2 	

"O FYBNQMF PG B -'. CBOEQBTT TJHOBM XJUI B QVMTFXJEUI T = 4µs CBOEXJEUI f2 − f1 =
B =  .)[ BOE B CBOEXJEUIUJNF QSPEVDU FRVBM UP BT = 40 JT TIPXO JO 'JH  ɨF
-'. TMPQF JT BT = . .)[µT− ɨF JOTUBOUBOFPVT GSFRVFODZ PG UIF -'. XBWFGPSN GPS
UIF DBTF PG UIF 1"4*/ TZTUFN WBSJFT CFUXFFO  .)[ BOE  .)[ PWFS UIF QVMTF EVSBUJPO
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The phase modulation scheme for a LFM waveform
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'JHVSF  -'. CBOEQBTT TJHOBM XJUI QVMTFXJEUI T = µT CBOEXJEUI B =
 .)[ BOE B CBOEXJEUIUJNF QSPEVDU BT = 40
 6LGHOREHUHGXFWLRQ
"T NFOUJPOFE JO 4FD  UIF VTF PG QVMTF DPNQSFTTJPO IBT UIF EJTBEWBOUBHF UIBU UIF PVUQVU
PG UIF NBUDIFE ëMUFS IBT UJNF 	PS SBOHF
 TJEFMPCFT UIBU PDDVS XJUIJO UJNF JOUFSWBMT PG EVSBUJPO
T  CFGPSF BOE BGUFS UIF QFBL PG UIF DPNQSFTTFE QVMTF 	4LPMOJL 
 ɨFTF UJNFSBOHF TJEF

 1VMTF DPNQSFTTJPO
MPCFT DBO DPODFBM TJHOBMT GSPN TDBUUFSFST XIJDI XPVME PUIFSXJTF CF SFTPMWFE VTJOH B OBSSPX
VONPEVMBUFE QVMTF
5P OFHBUF UIF FêFDUT PG UIFTF TJEFMPCFT JO UIF DBTF PG B -'. XBWFGPSN UIF PVUQVU PG UIF
NBUDIFE ëMUFS JT NVMUJQMJFE CZ B XFJHIJOH GVODUJPO EFTDSJCFE CZ
xw(n) = x(n)w(n) 	

XIFSF
w(n) =
f(n), n = 0, 1, . . . , N − 10, PUIFSXJTF 	

XIFSF f(n) ≤ 1 ɨF ëOJUF TFRVFODF EFTDSJCFE CZ w(n) JT DBMMFE B XJOEPXJOH TFRVFODF PS
XJOEPX 	.BIBG[B 
 ɨF XJOEPXJOH TFRVFODF NVTU OPU BêFDU UIF QIBTF PG UIF XJO
EPXFE TJHOBM UP BDIJFWF UIJT XJOEPXT BSF EFTJHOFE UP CF TZNNFUSJDBM BCPVU UIFJS DFOUSBM
QPJOU
ɨF NPTU TJNQMF PG BMM XJOEPXT JT GPS UIF DBTF XIFO f(n) = 1 GPS n = 0, 1, . . . , N − 1
UIJT JT LOPX BT B SFDUBOHVMBS XJOEPX 3FDUBOHVMBS XJOEPXT IPXFWFS MFBE UP MBSHF TJEFMPCFT
XIJDI BSF B DPOTFRVFODF PG UIF (JCCT QIFOPNFOPO BOE NBOJGFTU UIFNTFMWFT BT BO PWFSTIPPU
BOE B SJQQMF CFGPSF BOE BGUFS B EJTDPOUJOVJUZ ɨFSF BSF NBOZ EJêFSFOU UZQFT PG XJOEPX XIJDI
POF DBO DIPPTF CVU UIFZ BMM XPSL PO UIF TBNF QSJODJQMF 4NBMMFS XFJHIUT BSF QMBDFE PO TBNQMFT
OFBS UIF FEHFT PG UIF XJOEPX MFBEJOH UP B SFEVDUJPO BU EJTDPOUJOVJUZ QPJOUT 	MPXFS TJEF MPCFT

ɨF SFEVDUJPO JO TJEF MPCFT IPXFWFS DPNFT BU UIF DPTU PG XJEFOJOH UIF NBJO MPCF BT XFMM BT
EFDSFBTJOH JUT QFBL ɨF DIPJDF PG XJOEPX JT UIVT EFQFOEBOU PO UIF USBEF Pê CFUXFFO UIF
NBJO MPCF XJEUI NBJO MPCF QFBL BOE UIF TJEF MPCF SFEVDUJPO CFIBWJPVS 	NBYJNVN TJEF MPCF
MFWFM BOE TJEF MPCF GBMMPê SBUF
 ɨFTF QBSBNFUFST BSF TVNNBSJTFE CFMPX
NBJO MPCF XJEUI UIF GSFRVFODZ QSFDJTJPO PG B ëMUFS
NBYJNVN TJEF MPCF MFWFM UIF OPJTF TVQQSFTTJPO BCJMJUZ 	UIF IFJHIU PG UBMMFTU TJEF MPCF HFO
FSBMMZ UIF ëSTU TJEF MPCF

TJEF MPCF GBMMPì SBUF IPX SBQJEMZ UIF TJEF MPCFT QFBLT GBMM Pê BXBZ GSPN UIF NBJO MPCF
'PS SBEBS TPVOEJOH OBSSPX DFOUSBM MPCFT BSF SFRVJSFE GPS ëOF SBOHF SFTPMVUJPO UP BMMPX JNBHJOH
PG BEKBDFOU MBZFST BOE BMTP B GBTU TJEFMPCF GBMMPê SBUF TP UIBU IJHI FOFSHZ GSPN TVSGBDF SFUVSOT

 1VMTF DPNQSFTTJPO
EP OPU JOUFSGFSF XJUI NVDI XFBLFS CBTBM SFUVSOT ɨF QVMTF DPNQSFTTJPO BMHPSJUIN VTFE JO
UIF 1"4*/ TZTUFN VTFT B ACMBDLNBO XJOEPX XIPTF XFJHIJOH DPFïDJFOUT BSF HJWFO CZ
w(n) = 0.42− 0.5 DPT
(
2pi
n
N
)
+ 0.08 DPT
(
4pi
n
N
)
, 0 ≤ n ≤ N 	

BOE IBT DIBSBDUFSJTUJDT HJWFO JO 5BCMF  'PS UIF 1"4*/ TZTUFN XJOEPXJOH JT OPU QFSGPSNFE
1BSBNFUFS 3FDUBOHVMBS 	OPOF
 #MBDLNBO
 E# NBJO MPCF XJEUI 	CJOT
 0.88 1.64
 E# NBJO MPCF XJEUI 	CJOT
 1.21 2.30
.BYJNVN TJEF MPCF MFWFM 	E#
 −13 −58
4JEF MPCF SPMMPê SBUF 	E#EFDBEF PG GSFRVFODZ
 20 60
1FBL SFEVDUJPO SFMBUJWF UP SFDUBOHVMBS 1 0.577
5BCMF  $PNQBSJTPO CFUXFFO 3FDUBOHVMBS BOE A#MBDLNBO XJOEPX QBSBNFUFST
CZ IBSEXBSF JU JT QFSGPSNFE CZ TPGUXBSF EVSJOH QPTUQSPDFTTJOH
 'LJLWDOSXOVHFRPSUHVVLRQ
*O UIF QBTU QVMTF DPNQSFTTJPO UFDIOJRVFT XFSF SPVUJOFMZ QFSGPSNFE CZ IBSEXBSF IPXFWFS
UPEBZ JU JT EJHJUBM QVMTF DPNQSFTTJPO UFDIOJRVFT UIBU BSF JODSFBTJOHMZ VTFE GPS UIF NBUDIFE
ëMUFSJOH PG SBEBS XBWFGPSNT 	4LPMOJL 
 'PS UIF 1"4*/ TZTUFN QVMTF DPNQSFTTJPO JT
QFSGPSNFE CZ TPGUXBSF CZ XBZ PG B ."5-"#¥ BMHPSJUIN
ɨFSF BSF UXP TJHOBM QSPDFTTJOH BQQSPBDIFT VTFE UP QFSGPSN UIF NBUDIFE ëMUFSJOH PG UIF
JOQVU -'. XBWFGPSN *O CPUI UIF GPMMPXJOH DBTFT UIF JOQVU TJHOBM JT B EJHJUBM DPNQMFY TJHOBM
QSPEVDFE GSPN BOBMPHVF IBSEXBSF FOWFMPQF EFUFDUJPO PS EJHJUBM EPXODPOWFSTJPO GPMMPXFE CZ
"OBMPHVFUP%JHJUBM DPOWFSTJPO 	"%
 JO CPUI UIF *OQIBTF 	*
 BOE 2VBESBUVSF 	2
 CBTFCBOE
DIBOOFMT 0OF BQQSPBDI JT UP QFSGPSN UIF NBUDIFE ëMUFSJOH UISPVHI UIF BQQMJDBUJPO PG B UJNF
EPNBJO DPOWPMVUJPO QSPDFTTPS TIPXO JO 'JH 	B
 *O UIJT DBTF EJTDSFUF UJNF DPOWPMVUJPO
JT BQQMJFE JO UIF UJNF EPNBJO UISPVHI UIF DPOWPMVUJPO PG UIF 	EJHJUBMMZ EPXO DPOWFSUFE

DPNQMFY FOWFMPQF JOQVU TFRVFODF XJUI UIF NBUDIFE ëMUFS JOQVU SFTQPOTF TFRVFODF 'PS UIF
1"4*/ TZTUFN UIF SFGFSFODF XBWFGPSN SFQMJDB 	UIF NBUDIFE ëMUFS JOQVU SFTQPOTF TFRVFODF

JT UIF DPNQMFY DIJSQ TJHOBM JOQVUUFE JOUP UIF "SCJUSBSZ 8BWFGPSN (FOFSBUPS 	"8(
 QSJPS UP
USBOTNJTTJPO
ɨF QSPCMFN XJUI UIJT UFDIOJRVF JT UIBU UJNF EPNBJO DPOWPMVUJPO JT DPNQVUBUJPOBMMZ JO
UFOTJWF BOE BT B SFTVMU GSFRVFODZ EPNBJO QSPDFTTJOH JT PGUFO VTFE UP JNQMFNFOU UIF DPOWPMV

 1VMTF DPNQSFTTJPO
'JHVSF  	B
 5JNFEPNBJO EJHJUBM QVMTF DPNQSFTTJPO QSPDFTTPS 	C
 GSFRVFODZ
EPNBJO EJHJUBM QVMTF DPNQSFTTJPO QSPDFTTPS "EBQUFE GSPN 	4LPMOJL 

UJPO TIPXO JO 'JH 	C
 'SFRVFODZ EPNBJO DPOWPMVUJPO DBO CF BQQMJFE BT B DPOTFRVFODF
PG UIF DPOWPMVUJPO UIFPSFN XIJDI JO UIF DPOUFYU PG EJHJUBM TJHOBM QSPDFTTJOH JT EFëOFE BT
ɨF %JTDSFUF 'PVSJFS 5SBOTGPSN 	%'5
 PG UIF UJNF DPOWPMVUJPO PG UXP TFRVFODFT
JT FRVBM UP UIF QSPEVDU PG UIF %'5 PG FBDI PG UIF TFRVFODFT
*GM SBOHF TBNQMFT BSF UP CF UIF PVUQVU PG UIF QSPDFTTJOH UIFO UIF %'5 MFOHUI LDFT OFFEFE
UP BDIJFWF BO BQFSJPEJD DPOWPMVUJPO JT HJWFO CZ
LDFT > M +Nref − 1 	

XIFSF Nref JT UIF OVNCFS PG TBNQMFT JO UIF SFGFSFODF GVODUJPO &YUSB TBNQMFT DBO CF BEEFE
CZ [FSP QBEEJOH UIF SFGFSFODF GVODUJPO UP UIF SFRVJSFE MFOHUI ɨJT QSPDFTTJOH IBT UIF FêFDU PG
DPNQSFTTJOH UIF TJHOBM UP B XJEUI 1B XIFSF B = f2 − f1 "T UIF QVMTF DPNQSFTTJPO ëMUFS JT B
NBUDIFE ëMUFS TP JUT PVUQVU FOWFMPQF 	OFHMFDUJOH UIF JOìVFODF PG OPJTF
 JT UIF BVUPDPSSFMBUJPO
GVODUJPO PG UIF JOQVU ɨF PVUQVU GPS B NBUDIFE ëMUFS JT QSPQPSUJPO UP TJOpiBtpiBt  BOE UIF QFBL
QPXFS PG UIF PVUQVU QVMTF JT JODSFBTFE CZBT ≈ Tτ 	UIF QVMTF DPNQSFTTJPO SBUJP
 BGUFS NBUDIFE
ëMUFSJOH

 ɨF 1"4*/ SBEBS TZTUFN
 7KH3$6,1 UDGDUV\VWHP
ɨF UFDIOJDBM JOGPSNBUJPO BCPVU UIF 1"4*/ JDFTPVOEJOH SBEBS TZTUFN JT EFTDSJCFE CZ 	)FMJFSF
FU BM 
 BOE JT TVNNBSJTFE IFSF
 7UDQVPLWWHU
ɨF 1"4*/ SBEBS BOUFOOBF BSF NPVOUFE CFMPX UIF XJOHT PG B %F )BWJMMBOE %)$ 5XJO
0UUFS B GPVSFMFNFOU USBOTNJU BOUFOOB BSSBZ PO UIF QPSU XJOH BOE BO JEFOUJDBM SFDFJWF BSSBZ
PO UIF TUBSCPBSE XJOH 	'JH 
 ɨF USBOTNJU BOE SFDFJWF BOUFOOB HBJO GSPN UIJT BOUFOOB
DPOëHVSBUJPO JT  E#J 	5BCMF 
 ɨF XBWFGPSNT VTFE JO UIF 1"4*/ TZTUFN XFSF QSPEVDFE
'JHVSF  #"4 5XJO 0UUFS BJSDSBGU XJUI 1"4*/ TZTUFN BOUFOOB FMFNFOUT JO
TUBMMFE VOEFS UIF XJOHT 	#"4

CZ B QIBTF TZODISPOJTFE "8( 	UP NBJOUBJO QIBTF DPIFSFODF CFUXFFO USBOTNJUUFE QVMTFT

VQDPOWFSUFE VTJOH B ×4 JOUFSQPMBUPS BNQMJUVEF DPSSFDUFE UIFO QBTTFE UP UIF %JHJUBMUP
"OBMPHVF $POWFSUFS 	%"$
 ɨF PVUQVU GSPN UIF %"$ UIFO VOEFSHPFT CBOEQBTT ëMUFSJOH 	UP
SFNPWF JNBHF DPNQPOFOUT
 BGUFS XIJDI UIF TJHOBM JT BNQMJëFE UIFO USBOTNJUUFE BU UIF DBSSJFS
GSFRVFODZ PG  .)[ 	'JH 
 ɨF XBWFGPSNT XFSF USBOTNJUUFE BU B 1VMTF 3FQFUJUJPO
'SFRVFODZ 	13'
 PG   )[ ɨF UXP UZQFT PG XBWFGPSNT UIBU XFSF VTFE JO UIF TVSWFZ IBE

 ɨF 1"4*/ SBEBS TZTUFN
EJêFSFOU QVSQPTFT " .µT VONPEVMBUFE QVMTF XBT QSPEVDFE BU B QFBL QPXFS PG ∼ 8
PQUJNJTFE GPS JNBHJOH UIF OFBSTVSGBDF MBZFSJOH ɨJT QVMTF XBT JOUFSMFBWFE XJUI B T MJOFBS
DIJSQ PG  .)[ CBOEXJEUI BOE QFBL QPXFS PG ∼ L8 "GUFS EJHJUBM QVMTF DPNQSFTTJPO BU
B CBOEXJEUIUJNF QSPEVDU PG  	BT = 40
 BO JNQSPWFNFOU PG  E# JT QPTTJCMF XIFO
VTJOH B CMBDLNBO XJOEPX (0.577 × 10 MPH 40 ≈ 10) ɨF VTF PG B DIJSQFE TJHOBM BOE QVMTF
DPNQSFTTJPO BMMPXT GPS UIF EFUFDUJPO PG CFE FDIPFT GSPN JDF NPSF UIBO  N UIJDL
3BEBS QBSBNFUFS $IBSBDUFSJTUJDTWBMVF
3BEBS DBSSJFS GSFRVFODZ  .)[
$IJSQ #BOEXJEUI  .)[
5SBOTNJUUFE QVMTF XJEUI 	UZQJDBM
 " µT DIJSQ GPMMPXFE CZ .µT VONPEVMBUFE QVMTF
13'   )[
.BYJNVN QFBL USBOTNJU QPXFS  L8 JOUP FBDI PG UIF 4 BOUFOOBF
$IJSQ QFBL USBOTNJU QPXFS ∼ L8
1VMTF QFBL USBOTNJU QPXFS ∼ 8
.BYJNVN USBOTNJU EVUZ DZDMF 10  BU GVMM QPXFS (×  L8)
"OUFOOBF 	CJTUBUJD
 8 GPMEFE EJQPMF FMFNFOUT
o 4 USBOTNJUUFST 	QPSU TJEF

o 4 SFDFJWFST 	TUBSCPBSE TJEF

"OUFOOB HBJO  E#J 	XJUI 4 FMFNFOUT

3FDFJWFS FêFDUJWF TBNQMJOH GSFRVFODZ  .)[
3FDFJWFS PVUQVU DIBOOFMT 6QQFS BOE MPXFS DIBOOFMT GPS * BOE 2
3FDFJWFS USBDF TUBDLJOH 25
3FDFJWFS ëMUFSJOH %JHJUBM XJUI SFKFDUJPO PG − E#D BU  .)[
5BCMF  $IBSBDUFSJTUJDT PG UIF 1"4*/ SBEBS TZTUFN JO UIF DPOëHVSBUJPO VTFE
CZ UIJT TUVEZ "EBQUFE GSPN 	)FMJFSF FU BM 

 5HFHLYHU
ɨF SFDFJWFS EFTJHO 	CBTFE PO TPGUXBSF SBEJP QSPEVDUT
 IBE B TBNQMJOH GSFRVFODZ  UJNFT
IJHIFS UIBO UIF /ZRVJTU GSFRVFODZ ɨF ëMUFSJOH EFNPEVMBUJPO BOE USBDF TUBDLJOH XFSF QFS
GPSNFE EJHJUBMMZ VTJOH B ëFMEQSPHSBNNBCMF HBUF BSSBZ 	'JH 
 ɨF PVUQVU PG UIJT QSP
DFTTJOH JT B DPNQMFY USBDF DPOUBJOJOH CPUI *OQIBTF 	*
 BOE 2VBESBUVSF 	2
 DIBOOFMT GPS FBDI
BOBMPHUPEJHJUBM DPOWFSUFS 	"%$
 ɨJT TUVEZ VTFT EBUB PCUBJOFE XIJMTU UIF BOUFOOBF XFSF JO
TJOHMFQPMBSJTBUJPO NPEF JO XIJDI UIF JOQVUT GSPN BMM GPVS SFDFJWF BOUFOOBF 	'JH 
 XFSF
DPNCJOFE UP GPSN POF BOBMPH DIBOOFM 	'JH 
 'PVSUFFOCJU "%$T XFSF VTFE UP BDRVJSF
UIF EBUB XJUI UIF JOTUBOUBOFPVT EZOBNJD SBOHF PG FBDI "%$ DPSSFTQPOEJOH UP  FêFDUJWF

 ɨF 1"4*/ SBEBS TZTUFN
CJUT 	 E#
 ɨF SFDFJWF FDIPFT JOUFSDFQUFE CZ UIF BOUFOOBF PDDVQZ B WFSZ XJEF EZOBNJD
SBOHF UP DPQF XJUI UIJT UIF JOQVU TJHOBM XBT TQMJU JOUP UXP DIBOOFMT XJUI FBDI DIBOOFM IBW
JOH B EJêFSFOU HBJO BQQMJFE UP JU ɨF VQQFS DIBOOFM SFDPSEFE TJHOBMT XJUI B TJHOBM TUSFOHUI PG
 E#N UP − E#N FYUSB BNQMJëDBUJPO JT BQQMJFE UP UIF MPXFS DIBOOFM BMMPXJOH JU UP SFDPSE
JOQVU TJHOBM TUSFOHUIT PG − E#N UP − E#N
 'DWDUHFRUGLQJ
ɨF EJïDVMUZ PG BSDIJWJOH QVU BO VQQFS MJNJU PO UIF BNPVOU PG EBUB UIBU XFSF SFDPSEFE EVSJOH
B ìJHIU ɨF EBUB XBT TUPSFE VTJOH DPNNFSDJBMMZ BWBJMBCMF IBSEESJWF BSSBZT 5XP GBTU MJOFBS
UBQFPQFO ESJWFT 	FBDI PG  (# DBQBDJUZ
 CBDLFE VQ UIF IBSEESJWF EBUB EVSJOH FBDI ìJHIU
BOE QSPWJEFE B SFNPWBCMF TUPSBHF TPMVUJPO ɨF NBKPS USBEFPê XBT CFUXFFO UIF BNPVOU PG
EBUB UIBU DPVME CF TUPSFE QFS ìJHIU BOE UIF TUBDLJOH SBUF BOE TBNQMJOH GSFRVFODZ CPUI PG XIJDI
EFUFSNJOF UIF EBUB SBUF 'PS B UZQJDBM ëWF IPVS ìJHIU UIF TVTUBJOFE EBUB SBUF VTJOH UIFTF ESJWFT
XBT . .#/T PS  (#/I ɨF FêFDUJWF EBUB SBUF XBT DPOUSPMMFE CZ UIF CMPDL TUBDLJOH
PG USBDFT JO TJOHMFQPMBSJTBUJPO NPEF 	VTFE JO UIJT TUVEZ
  DPOTFDVUJWF USBDFT XFSF TUBDLFE
	GPVS DIBOOFMT×  #TBNQMF×  .)[
/  . .# ɨF FêFDUJWF BMPOHUSBDL TBNQMJOH
GSFRVFODZ XBT  )[ HJWJOH BO BMPOHUSBDL TBNQMJOH JOUFSWBM PG . N BU B UZQJDBM BJSDSBGU
TQFFE PG  N T−
 1DYLJDWLRQLQIRUPDWLRQ
(MPCBM QPTJUJPOJOH TZTUFN 	(14
 OBWJHBUJPO JOGPSNBUJPO XBT DPMMFDUFE JO DPOKVODUJPO XJUI
XJUI UIF JDFTPVOEJOH EBUB ɨF 5XJO 0UUFS UIBU QFSGPSNFE UIF TVSWFZ VTFE B -FJDB 43
(14 XJUI "TIUFDI ; SFDFJWFST UP PCUBJO (14 TJHOBMT ɨFTF TJHOBMT XFSF VTFE UP FTUJNBUF
UIF BMUJUVEF BOE TQFFE PG UIF BJSDSBGU ɨF UFSSBJO DMFBSBODF XBT EFEVDFE CZ VTJOH B . ()[
POCPBSE SBEBS BMUJNFUFS UIJT IBE B TQPU TJ[F PG UIF PSEFS . N BU  N UFSSBJO DMFBSBODF ɨF
QPTJUJPO PG UIF BJSDSBGU XBT PCUBJOFE CZ QPTUQSPDFTTJOH (14 DPMMFDUFE EBUB UIBU XBT SFGFSFODFE
UP B MPDBM CBTF TUBUJPO HJWJOH B QPTJUJPOBM BDDVSBDZ PG BCPVU . N #PUI UIF (14 TZTUFN
BOE SBEBS BMUJNFUFS XFSF MPHHFE BU  )[ BOE UIF DPNCJOFE WFSUJDBM QPTJUJPOBM BDDVSBDZ PG UIF
BJSDSBGU SFMBUJWF UP UIF JDF TVSGBDF XBT EFUFSNJOFE GSPN DSPTTPWFS BOBMZTJT UP CF ±. N

 ɨF 1"4*/ SBEBS TZTUFN
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
 ɨF SBEBS SFTPMVUJPO DFMM
 7KHUDGDUUHVROXWLRQFHOO
ɨF SBEBS SFTPMVUJPO DFMM 	SBEBS GPPUQSJOU
 JT UIF JOTUBOUBOFPVTMZ JMMVNJOBUFE BSFB PG BO JO
UFSGBDF *NBHJOH SBEBS TZTUFNT BSF FJUIFS QVMTFMJNJUFE 	UIF JMMVNJOBUFE BSFB JT DPOTUSBJOFE
CZ UIF QVMTF XJEUI
 PS CFBNMJNJUFE 	UIF JMMVNJOBUFE BSFB JT DPOTUSBJOFE CZ UIF CFBN XJEUI
QSPEVDFE CZ UIF SBEBS BOUFOOB

 3XOVHOLPLWHGUDGDUIRRWSULQW
ɨF QVMTFMJNJUFE SBEBS GPPUQSJOU Dp = 2xp JT DBMDVMBUFE CZ DPOTJEFSJOH B QVMTF PG TQBUJBM
MFOHUI lp BOE BO BJSDSBGU B IFJHIU h BCPWF B TNPPUI IPSJ[POUBM TVSGBDF
h2 + x2p = (h+ lp)
2 	

= h2 + l2p + 2hlp 	

x2p = l
2
p + 2hlp 	

UIF UFSN l2p JT TNBMM DPNQBSFE UP UIF PUIFS UFSNT TP
x2p ≈ 2hlp 	

Dp ≈ 2× (2hlp) 12 	

ɨF TQBUJBM QVMTF MFOHUI JT HJWFO CZ lp = cτ TP
Dp ≈ 2× (2cτh) 12 	

'PS B TVCHMBDJBM JOUFSGBDF BU B EFQUI z CFMPX UIF TVSGBDF UIJT SFMBUJPO CFDPNFT
Dp ≈ 2×
[
2cτ
(
h+
z
n2
)] 1
2
	

 %HDPOLPLWHGUDGDUIRRWSULQW
5P DBMDVMBUF UIF CFBNMJNJUFE GPPUQSJOU CPUI UIF DSPTTUSBDL θy BOE BMPOHUSBDL θx CFBN
XJEUIT OFFE UP CF DBMDVMBUFE 0ODF UIFTF CFBNXJEUI IBWF CFFO GPVOE &R  	-FHBSTLZ

 ɨF SBEBS SFTPMVUJPO DFMM
FU BM 
 DBO CF VTFE UP DBMDVMBUF UIF CFBNMJNJUFE SBEBS GPPUQSJOU
Rb = 2h UBO
(
θy
2
)
+ 2z UBO
(
θy
2n2
)
	

 &URVVWUDFN
'PS UIF 1"4*/ TZTUFN UIF DSPTTUSBDL CFBNXJEUI JT DBMDVMBUFE CZ VTJOH UIF BOUFOOB FMFNFOU
TQBDJOH ɨF QPTJUJPO PG UIF GPVS 1"4*/ BOUFOOBT BMPOH UIF 5XJO 0UUFS BJSDSBGU XJOH IBWF
BO JOUFSBOUFOOB TQBDJOH PG . N ɨF IBMGQPXFS CFBNXJEUI PG B MJOFBS BSSBZ DPNQSJTFE
PG N BOUFOOB FMFNFOUT FRVBMMZ TQBDFE B EJTUBODF d BQBSU JT HJWFO CZ
θb ≈ 0.886λ
Nd DPT θ0
	

XIFSF θ0 JT UIF BOHMF GSPN CPSFTJHIU 	4LPMOJL 
 ɨF DSPTTUSBDL CFBNXJEUI PG UIF 1"4*/
TZTUFN JT UIFSFGPSF HJWFO CZ
θby ≈ 0.886λ
Nd
	

≈ 0.886× 2
4× 1.613 	

≈ . SBE 	

≈ .¡ 	

 $ORQJWUDFN
*O UIF BMPOHUSBDL EJSFDUJPO UIF BOUFOOBT CFIBWF BT QPJOU SBEJBUPST XJUI B DPOEVDUJWF QMBUF
CFIJOE UIFN 	UIF BJSDSBGU XJOH
 ɨF BMPOHUSBDL CFBNXJEUI JT UIFSFGPSF DPOTUSBJOFE CZ UIF
XJEUI PG UIF BJSDSBGU XJOH XIJDI JT BCPVU  N 	Nd = a =  N
 'PS UIJT HFPNFUSZ UIF
BMPOHUSBDL CFBNXJEUI JT HJWFO CZ
θbx ≈ 0.886λ
a
	

≈ 0.886× 2
2
	

≈ . SBE 	

≈ .¡ 	


 ɨF SBEBS FRVBUJPO
 5DGDUUHVROXWLRQYVGHSWK
$POTJEFS UIF DBTF PG BO BJSDSBGU ìZJOH  N BCPWF BO JDF TVSGBDF 	h =  N
 BOE USBOTNJU
UJOH B QVMTF IBWJOH B QVMTF XJEUI τ = 0.1 µT BOE n2 = 1.78 $PNQBSJOH UIF SFTVMUT PCUBJOFE
JO 4FD  BOE 4FD  TIPXT UIBU JO UIF DSPTTUSBDL EJSFDUJPO UIF SBEBS JT CFBNMJNJUFE
CVU JO UIF BMPOHUSBDL EJSFDUJPO JU JT CFBNMJNJUFE BU UIF TVSGBDF CVU CFDPNFT QVMTFMJNJUFE BU
EFQUI 	'JH 

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'JHVSF  1VMTFMJNJUFE BOE CFBNMJNJUFE SBEBS SFTPMVUJPO WT EFQUI
 7KHUDGDUHTXDWLRQ
3BEBS HMBDJPMPHZ JT PGUFO DPODFSOFE XJUI SBOHJOH BQQMJDBUJPOT TVDI BT EFUFDUJOH JDF UIJDLOFTT
BOE UIF EFQUI UP TVCHMBDJBM JOUFSGBDFT "OPUIFS BQQMJDBUJPO JT UP NFBTVSF UIF SFUVSO FDIP QPXFS
BOE VTF JU UP TPMWF UIF SBEBS FRVBUJPO BOE JO EPJOH TP JOGFS UIF QSPQFSUJFT PG UIF JOUFSGBDF

 ɨF SBEBS FRVBUJPO
 7KHVWDQGDUGIRUPRIWKHUDGDUHTXDWLRQ
*O JUT NPTU VTVBM GPSN UIF SBEBS FRVBUJPO 	4LPMOJL 
 DBO CF XSJUUFO BT
Pr =
PtGtGrλ21
(4pi)3R4
ςd 	

XIFSF
Pt  QFBL USBOTNJUUFE QPXFS
Gt  USBOTNJU BOUFOOB HBJO
Gr  SFDFJWF BOUFOOB HBJO
λ1  XBWFMFOHUI JO BJS
ςd  SBEBS TDBUUFSJOH DSPTTTFDUJPO PG B EJTDSFUF UBSHFU
R  SBOHF UP TDBUUFSFS
 7KHUDGDUVFDWWHULQJFURVVVHFWLRQ
ɨF EJTDSFUF SBEBS TDBUUFSJOH DSPTTTFDUJPO JT BO BNBMHBNBUJPO PG UISFF UFSNT EFTDSJCJOH UIF
TDBUUFSJOH DIBSBDUFSJTUJDT PG UIF UBSHFU
ςd = Ars(1− fa)Gts 	

UIFTF UFSNT DPOTJTU PG
Ars  FêFDUJWF BSFB PG UIF TDBUUFSFS 	EFQFOET PO IPX FêFDUJWF UIF TDBUUFSFS JT BT B SFDFJWJOH
BOUFOOB

fa  GSBDUJPO PG JODJEFOU FOFSHZ BCTPSCFE CZ UIF UBSHFU
Gts  UIF HBJO PG UIF TDBUUFSFS JO UIF EJSFDUJPO PG UIF SFDFJWFS
ɨF TDBUUFSJOH DSPTTTFDUJPO JT UIFSFGPSF B GVODUJPO PG UIF EJSFDUJPO PG UIF JODJEFOU XBWF UP
XBSET UIF SFDFJWFS BT XFMM BT UIF TDBUUFSFST QIZTJDBM TIBQF BOE EJFMFDUSJD QSPQFSUJFT ɨF EJTDSFUF
GPSN PG UIF TDBUUFSJOH DSPTTTFDUJPO HJWFO JO &R  OPSNBMMZ SFGFST UP UIF TDBUUFSJOH DSPTT

 ɨF SBEBS FRVBUJPO
TFDUJPO PG B QBSUJDVMBS UBSHFU UZQF TVDI BT BO BJSDSBGU 8IFO EFBMJOH XJUI SFNPUF TFOTJOH
BQQMJDBUJPOT IPXFWFS EJTDSFUF UBSHFUT BSF OPU UIF NBJO DPODFSO CVU SBUIFS UIF TDBUUFSJOH DIBS
BDUFSJTUJDT PG QBSUJDVMBS BSFBT UIFSFGPSF B NPEFM TVJUBCMF GPS BSFB TDBUUFSJOH JT NPSF BQQSPQSJBUF
	4FD 

 'LIIXVHO\VFDWWHULQJVXEJODFLDOLQWHUIDFHV
ɨF SBEBS FRVBUJPO VTFE JO BO BSFB TDBUUFSJOH DPOUFYU IBT UXP GPSNT POF GPS B EJêVTFMZ TDBUUFS
JOH JOUFSGBDF BOE POF GPS B SFìFDUJOH JOUFSGBDF " EJêVTFMZ TDBUUFSJOH JOUFSGBDF DBO CF RVBOUJ
ëFE CZ JUT TDBUUFSJOH DPFïDJFOU ɨF TDBUUFSJOH DPFïDJFOU JT UIF SBEBS TDBUUFSJOH DSPTTTFDUJPO
QFS VOJU BSFB PG TVSGBDF ɨF SBEBS FRVBUJPO GPS OFBSOBEJS CBDLTDBUUFSJOH GSPN B TVCHMBDJBM
JOUFSGBDF 	1FUFST FU BM 
 JT HJWFO CZ
Prs = Pt
[
λ21
(4pi)3
]
GtGrT 212L
2
ice
n22
(
h+ zn2
)4 ς23Ac 	

XIFSF
Prs  UIF JOTUBOUBOFPVT CBDLTDBUUFS QPXFS
T12  UIF BJSJDF QPXFS USBOTNJTTJPO DPFïDJFOU
n2  UIF JOEFY PG SFGSBDUJPO GPS JDF
h  BJSDSBGU IFJHIU
z  JDF UIJDLOFTT
Lice  UIF POF XBZ EJFMFDUSJD MPTT JO JDF
λ2  XBWFMFOHUI JO JDF
ς23  UIF TDBUUFSJOH DPFïDJFOU GPS UIF TVCHMBDJBM JOUFSGBDF 	CBDLTDBUUFSJOH JOUP UIF JDF

Ac  BSFB PG UIF SBEBS SFTPMVUJPO DFMM BU UIF CFE 	FJUIFS QVMTFMJNJUFE PS CFBNMJNJUFE

ɨF BCPWF FRVBUJPO UBLFT JOUP BDDPVOU SFGSBDUJPO JOUP BOE PVU PG UIF JDF 0WFS B SFTPMVUJPO DFMM
UIF BJSJDF USBOTNJTTJPO DPFïDJFOU TQSFBEJOH MPTT JDF MPTT BOE SFGSBDUJPO IBWF MJUUMF WBSJBUJPO
BOE DBO CF BTTVNFE DPOTUBOU *O BEEJUJPO UIF TDBUUFSJOH DPFïDJFOU ς23 JT HFOFSBMMZ BTTVNFE
DPOTUBOU PWFS UIF BSFB Ac

 3BEBS USBDF BSSBZ
 5HÁHFWLQJVXEJODFLDOLQWHUIDFHV
'PS UIF DBTF PG B SFìFDUJOH TVCHMBDJBM JOUFSGBDF UIF JOTUBOUBOFPVT QPXFS SFUVSO Prr 	1FUFST FU BM

 JT HJWFO CZ
Prr = Pt
[
λ21
(4pi)2
]
GtGrT 212L
2
ice[
2
(
h+ zn2
)]2 %|〈R˜23〉|2 	

XIFSF
|〈R˜23〉|2  TNPPUI JOUFSGBDF QPXFS SFìFDUJPO DPFïDJFOU
〈 〉  JOEJDBUFT TQBUJBM BWFSBHJOH PWFS UIF JNBHFE SFTPMVUJPO DFMM
%  TVSGBDF SPVHIOFTT DPFïDJFOU (% = −R23 × ς) GPS B IPSJ[POUBMMZ QPMBSJTFE JODJEFOU SBZ
	#FDLNBOO BOE 4QJ[[JDIJOP 
 	TFF 4FD 

ɨF NBJO EJêFSFODF CFUXFFO UIF SBEBS FRVBUJPOT GPS EJêVTFMZ TDBUUFSJOH TVCHMBDJBM JOUFS
GBDFT BOE SFìFDUJOH TVCHMBDJBM JOUFSGBDFT JT UIBU XIFO EFBMJOH XJUI SFìFDUJOH JOUFSGBDFT UIF
HFPNFUSZ FêFDUJWFMZ SFEVDFE UP UIF UXP EJNFOTJPOBM DBTF ɨJT NFBOT UIBU UIF HFPNFUSJD
TQSFBEJOH UFSN JT HJWFO BT 1r DPNQBSFE UP
1
r2 	GPS UIF UISFF EJNFOTJPOBM TQIFSJDBM XBWF DBTF

XIFSF r JT UIF SBOHF UP TDBUUFSFS
 5DGDUWUDFHDUUD\
.PTU PG UIF QMPUT JO UIJT UIFTJT UIBU TIPX BDUVBM SBEBS EBUB TVDI BT 'JH  VTF B EJTQMBZ
GPSNBU GPS TIPXJOH SBEBS QPXFS SFUVSO WFSTVT CPUI UJNF BOE QPTJUJPO UIJT JT DBMMFE UIF SBEBS
USBDF BSSBZ 	BMTP DBMMFE B [TDPQF PS 3BEBSHSBN
 BOE JT TIPXO JO 'JH  ɨF DPOWFOUJPO
JT GPS TJOHMF USBDFT UP CF QMPUUFE BT DPMVNOT XJUI UJNF JODSFBTJOH EPXOUSBDF &BDI USBDF JT
DPNQPTFE PG N EJTDSFUF SBOHF CJOT XJUI UIF UJNF EJêFSFODF DPSSFTQPOEJOH UP BEKBDFOU SBOHF
CJOT JO UIF USBDF CFJOH EFUFSNJOFE CZ UIF TBNQMJOH GSFRVFODZ PG UIF SBEBS TZTUFN 5SBDFT BSF
OPSNBMMZ QMPUUFE OFYU UP FBDI PUIFS UP GPSN UIF USBDF BSSBZ XJUI BEKBDFOU SBOHF CJOT JO UIF
IPSJ[POUBM EJSFDUJPO SFQSFTFOUJOH BO BMPOHUSBDL EJTUBODF EFUFSNJOFE CZ BJSDSBGU TQFFE BOE UIF
13' PG UIF SBEBS TZTUFN

 ɨF MJOL CVEHFU PG UIF SBEBS TZTUFN
'JHVSF  4DIFNBUJD TIPXJOH IPX B USBDF BSSBZ JT BSSBOHFE N SBOHF CJOT
DPNQSJTF FBDI USBDF BOE BEKBDFOU SBOHF CJOT JO B USBDF BSF TFQBSBUFE CZ B UJNF
EJêFSFODF PG 1fs XIFSF fs JT UIF TBNQMJOH GSFRVFODZ PG UIF SBEBS TZTUFN
 7KHOLQNEXGJHWRIWKHUDGDUV\VWHP
ɨF SBEBS MJOL CVEHFU BDDPVOUT GPS UIF MPTTFT JODVSSFE CZ B SBEBS QVMTF BT JU USBWFMT GSPN
USBOTNJUUFS UISPVHI UIF JDF BOE CBDL UP UIF SFDFJWFS *O UIF QSFWJPVT TFDUJPOT UIF UFSNT JO
UIF SBEBS FRVBUJPO IBWF CFFO DPOTUSBJOFE NFBOJOH UIBU &R  DBO OPX CF JOWFSUFE UP
DBMDVMBUF UIF POF XBZ EJFMFDUSJD MPTT JO JDF 	Lice
 ɨF POMZ UFSNT UIBU BSF OPU LOPXO 	PS
DBOOPU CF DBMDVMBUFE
 BSF UIF UFSNT % BOE |〈R˜23〉|2 5P QFSGPSN UIF JOWFSTJPO BOE DBMDVMBUF
Lice B TVCHMBDJBM JOUFSGBDF TVCKFDU OFFET UP CF DIPTFO TVCKFDU UP DFSUBJO DPOEJUJPOT *G UIF
SFìFDUJPO JT TQFDVMBS UIFO UIF TVSGBDF SPVHIOFTT DPFïDJFOU DBO CF UBLFO UP CF % ≈ 1 BOE
JG UIF JOUFSGBDF UZQF 	JDFGSFTIXBUFS PS JDFTBMUXBUFS
 JT LOPXO UIFO UIF SFìFDUJPO DPFïDJFOUT
HJWFO JO 5BCMF  DBO CF VTFE *U JT UIFSFGPSF OPX QPTTJCMF UP TPMWF GPS Lice VTJOH
Lice =
Pr
Pt
(4pi)2
λ21
[
2
(
h+ zn2
)]2
GtGrT 212
1
%|〈R˜23〉|2

1
2
	


 ɨF MJOL CVEHFU PG UIF SBEBS TZTUFN
GSPN XIJDI UIF MPTT UBOHFOU NBZ CF DBMDVMBUFE
UBO δ2 =
λ2 MO(Lice)
−2piz 	

4VJUBCMF TVCHMBDJBM JOUFSGBDFT GPS BUUFOVBUJPO SBUF DBMDVMBUJPOT BSF GPVOE CZ JOTQFDUJPO PG UIF
SBX EBUB BMPOH ìJHIU MJOFT XJUIJO UIF TUVEZ BSFB " TVJUBCMF JOUFSGBDF JT DIBSBDUFSJTFE BT CFJOH
IPSJ[POUBM 	SFMBUJWF UP UIF HFPJE
 TQFDVMBS SFìFDUJWF BOE PG LOPXO TVCHMBDJBM NBUFSJBM 	TBMU
XBUFS PS GSFTIXBUFS
 "T UIF MBZFST BSF IPSJ[POUBM TQFDVMBSZ SFìFDUJWF BOE JO BSFBT PG NJOJNVN
TVSGBDF DMVUUFS UIFSF JT OP OFFE UP 4"3 QSPDFTT UIF EBUB
 3,* LFHDWWHQXDWLRQUDWH
" TVJUBCMF BSFB GPS UIF BUUFOVBUJPO SBUF DBMDVMBUJPO XBT GPVOE BSPVOE  LN 4& PG UIF NJE
ìPX MJOF TFHNFOU PG UIF 1*( HSPVOEJOH MJOF ɨF JOUFSGBDF TIPXO JO 'JH  JT MPDBUFE BU
B EFQUI PG BSPVOE  N CFMPX UIF JDF TVSGBDF UIF TQFDVMBS SFìFDUJOH SFHJPO JT JOEJDBUFE
CZ UIF HSFZ CPY *U JT BTTVNFE UIBU UIF JOUFSGBDF JT JDFGSFTIXBUFS 	EVF UP JUT JOMBOE MPDBUJPO

XJUI B DPSSFTQPOEJOH QPXFS SFìFDUJPO DPFïDJFOU PG |R˜23|2 = − E# ɨF EFQUI BWFSBHFE
BUUFOVBUJPO SBUF GPS UIF SFHJPO CPVOEFE CZ UIF HSFZ CPY JO 'JH  JT TIPXO JO 'JH 
HJWJOH BO BWFSBHF WBMVF PG 13.6 ± . E# LN− 	UBO δ ≈ 0.00056
 ɨJT BHSFFT XFMM XJUI
8"*4 %JWJEF WBMVF PG 13.5± . E# LN− 	5BCMF 


 ɨF MJOL CVEHFU PG UIF SBEBS TZTUFN
'JHVSF  5SBDF BSSBZ TIPXJOH B TVCHMBDJBM JOUFSGBDF BSPVOE LN 4& PG UIF
NJE ìPX MJOF TFHNFOU PG UIF 1*( HSPVOEJOH MJOF ɨF TQFDVMBS SFìFDUJOH SFHJPO
JT JOEJDBUFE CZ UIF HSFZ CPY
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'JHVSF  %FQUI BWFSBHFE BUUFOVBUJPO SBUF 	E# LN−
 GPS UIF TQFDVMBS SFìFDU
JOH TVCHMBDJBM JOUFSGBDF CPVOEFE CZ UIF HSFZ CPY JO 'JH 

&KDSWHU
6\QWKHWLFDSHUWXUHWHFKQLTXHVIRU
LGHDOLVHGJHRPHWU\
 2SWLFDOSDWKOHQJWKDQGSKDVH
ɨF QIBTF PG B XBWF EFTDSJCFT B QBSUJDVMBS QPJOU JO UIF DZDMF PG B XBWFGPSN 8IFO DPNQBSJOH
UXP XBWFT UIF QIBTF TIJGUT CFUXFFO UIFN PS SFMBUJWF UP BO BSCJUSBSZ QPJOU DBO CF EFëOFE
$POTJEFS B TJOVTPJEBM XBWF PG BNQMJUVEF A BOE GSFRVFODZ f  TVDI B XBWF DBO CF EFTDSJCFE CZ
x(t) = A DPT (2pift+ φ) 	

XIFSF φ EFOPUFT UIF QIBTF TIJGU SFMBUJWF UP B USVF DPTJOF ɨF FTTFODF PG TZOUIFUJD BQFSUVSF
UFDIOJRVFT JT UP BDDPVOU GPS UIF QIBTF TIJGUT SFTVMUJOH GSPN WBSJBUJPOT JO UIF EJTUBODF CFUXFFO
EJTDSFFU TZOUIFUJD BQFSUVSF FMFNFOUT BOE B UBSHFU
5P VOEFSTUBOE IPX UIF QIBTF PG B QSPQBHBUJOH XBWF WBSJFT BT B GVODUJPO PG EJTUBODF UIF
PQUJDBM QBUI MFOHUI PG JUT USBWFM QBUI OFFET UP CF LOPXO 'SPN 	)FDIU 
 UIF USBWFM UJNF
PG B XBWF UISPVHI B TUSBUJëFE NBUFSJBM TVDI BT BO JDF TIFFU DPNQSJTJOH PGm MBZFST PG EJêFSJOH
JOEFYFT PG SFGSBDUJPO ni JT EFUFSNJOFE CZ UIF UJNF UBLFO GPS UIF XBWF UP USBWFM UISPVHI FBDI PG
UIF MBZFST JO UIF NBUFSJBM *G UXP QPJOUT BSF EFëOFE 4 	JO NFEJVN i = 1
 BOE 1 	JO NFEJVN
i = m
 UIFO UIF UJNF UBLFO GPS BO XBWF UP USBWFM GSPN 4 UP 1 JT HJWFO CZ
t =
s1
v1
+
s2
v2
+ · · ·+ sm
vm
	


 0QUJDBM QBUI MFOHUI BOE QIBTF
XIJDI DBO CF SFQSFTFOUFE CZ UIF TVNNBUJPO
t =
m∑
i=1
si
vi
	

ɨF UFSNT si BOE vi EFOPUF UIF QIZTJDBM QBUI MFOHUI BOE TQFFE SFTQFDUJWFMZ JO NFEJVN i 4JODF
UIF TQFFE PG B XBWF JO B NBUFSJBM JT B GVODUJPO PG UIF SFGSBDUJWF JOEFY JU GPMMPXT UIBU
t =
1
c
m∑
i=1
nisi 	

ɨJT TVNNBUJPO JT LOPXO BT UIF 0QUJDBM 1BUI -FOHUI 	01-
 XIJDI UIF SBZ USBWFSTFT
ɨF JNQPSUBOU QPJOU BCPVU UIF 01- JT UIBU JU JT UIF WBDVVNFRVJWBMFOU EJTUBODF CFUXFFO
UXP QPJOUT TFQBSBUFE CZ B EJTUBODF s JO B NFEJVN PG SFGSBDUJWF JOEFY n ɨF TBNF JT USVF JG
UIF SBZ USBWFSTFT NVMUJQMF MBZFST BOE BT UIF OVNCFS PG EJTDSFUF MBZFST UFOET UPXBSET JOëOJUZ BT
JT UIF DBTF JO BO JOIPNPHFOFPVT NFEJVN UIF TVNNBUJPO JT DIBOHFE GPS BO JOUFHSBM
01- =
∫ P
S
n(s)Es 	

ɨF 01- BOE QIZTJDBM QBUI MFOHUI DPSSFTQPOE UP UIF TBNF OVNCFS PG XBWFMFOHUIT BOE UIF
TBNF QIBTF DIBOHF
OPL
λ0
=
s
λ
	

XIFSF λ0 JT UIF XBWFMFOHUI JO B WBDVVN s JT UIF QIZTJDBM EJTUBODF JO B NFEJVN PG SFGSBDUJWF
JOEFY n BOE λ JT UIF DPSSFTQPOEJOH XBWFMFOHUI #Z DBMDVMBUJOH UIF 01- UIF QIBTF PG UIF
XBWF DBO CF PCUBJOFE JG UIF 01- JT EFOPUFE BT UIF TZNCPM Λ UIFO UIF JOTUBOUBOFPVT QIBTF φ
JT HJWFO CZ
φ = k0Λ 	

XIFSF k0 JT UIF WBDVVN XBWFOVNCFS
k0 =
2pi
λ0
	

.VDI PG BOUFOOB UIFPSZ JT SFMBUFE UP DPOUSPMMJOH UIF XBZ TJHOBMT XJUI EJêFSJOH QIBTFT BSF
DPNCJOFE UP QSPEVDFT BO PVUQVU QBSUJDVMBSMZ JO MJOFBS BSSBZ UIFPSZ PO XIJDI 4"3 JT CBTFE

 4ZOUIFTJTJOH BO BOUFOOB BQFSUVSF
 6\QWKHVLVLQJDQDQWHQQDDSHUWXUH
.PTU BOUFOOBT VTFE GPS DPNNVOJDBUJPOT SFBM BQFSUVSF SBEBS BOE PUIFS SBEBS UZQFT BSF EF
TJHOFE VTJOH UIF QBSBMMFM SBZ BTTVNQUJPO UIF SFDFJWFE SBZT BSF GSPN PCKFDUT TVïDJFOUMZ GBS
BXBZ UIBU UIF JODPNJOH XBWFT DBO CF DPOTJEFSFE BT QMBOBS BOE UIF SFDFJWFE SBZT BSF QBSBMMFM
UP FBDI PUIFS 4"3 JT EJêFSFOU JO UIBU CFDBVTF UIF BQFSUVSF JT MPOH JU PQFSBUFT XJUIJO UIF
OFBSëFME 	'SFTOFM [POF
 XIFSF UIF XBWF GSPOUT BSF OPU QMBOBS CVU TQIFSJDBM BOE SBZ QBUIT BSF
OPU QBSBMMFM UP FBDI PUIFS 	'JH 
 "T B SFTVMU XIFO XPSLJOH XJUI 4"3 QIBTF DPSSFDUJPOT
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'JHVSF ɨF SBZ QBUIT PG XBWFT PSJHJOBUJOH GSPN B TDBUUFSFS MPDBUFE JO UIF OFBS
ëFME 	HSFZ MJOFT
 UIF SFE MJOFT BSF UIF∆01- SFMBUJWF UP UIF DFOUSF PG UIF BQFSUVSF
UIF SFUVSO XBWFGSPOU JT BMTP TIPXO
NVTU CF BQQMJFE UP UIF JODPNJOH SBZT UP UBLF JOUP BDDPVOU UIF FYUSB01- 	∆Λ
 SFTVMUJOH GSPN
UIFJS OPOQBSBMMFM SBZ QBUIT 	UIF SFE MJOFT JO 'JH  SFQSFTFOU∆Λ
 ɨFTF BQQMJFE QIBTF DPS
SFDUJPOT IBWF UIF FêFDU PG GPDVTJOH UIF TZOUIFUJD BQFSUVSF UP B TQFDJëFE GPDVTJOH QPJOU JO UIF
OFBS ëFME
*O B SFBM BQFSUVSF SBEBS TZTUFN FBDI BOUFOOB FMFNFOU JT QIZTJDBMMZ DPOOFDUFE UP UIF SBEBS
QMBUGPSN IPXFWFS GPS B 4"3 TZTUFN FBDI PG JUT FMFNFOUT BSF QPTJUJPOT JO TQBDF XIJDI UIF
SBEBS QMBUGPSN IBT PDDVQJFE BU B QBSUJDVMBS UJNF "U FBDI PG UIF 4"3 FMFNFOUT B SBEBS QVMTF JT
USBOTNJUUFE BOE CPUI UIF NBHOJUVEF BOE QIBTF PG UIF SFDFJWFE TJHOBM JT SFDPSEFE 	TBNQMFE


 4ZOUIFTJTJOH BO BOUFOOB BQFSUVSF
'JHVSF  ɨF SFUVSO QIBTF SFMBUJWF UP UIF BQFSUVSF DFOUSF 	SFE MJOF
 GPS UIF HFP
NFUSZ TIPXO JO 'JH 
UIF FMFNFOUT PG B 4"3 BSF UIFSFGPSF LOPXO BT B TBNQMF MPDBUJPOT ɨF DPOEJUJPO UIBU NVTU CF
PCFZFE GPS UIF VTF PG 4"3 UFDIOJRVFT JT UIBU FBDI PG UIF 4"3 FMFNFOUT USBOTNJU XBWFGPSNT
IBWJOH UIF TBNF TUBSUJOH QIBTF *G UIJT DPOEJUJPO JT PCFZFE UIF SPVOE USJQ QIBTF TIJGU φ GPS B
XBWF USBWFMMJOH GSPN 4"3 FMFNFOU i UP UIF TDBUUFSFS 	BOE CBDL BHBJO
 JT HJWFO CZ
φi = 2k0Λi 	

XIFSF k0 JT UIF WBDVVN XBWFOVNCFS BOE Λi JT UIF 01- XIJDI GPS BO m MBZFSFE NFEJVN JT
EFëOFE BT
Λi =
M∑
j=1
njsij 	

XIFSF nj JT UIF SFGSBDUJWF JOEFY PG NFEJVN j BOE sij JT UIF QBUI MFOHUI PG XBWF i JO NFEJVN j
"GUFS BMM UIF UBSHFU QIBTFT IBWF CFFO SFDPSEFE o UIBU JT BGUFS BMM QPTJUJPOT 	4"3 FMFNFOUT
 JO UIF
TZOUIFUJD BQFSUVSF BSSBZ IBWF CFFO PDDVQJFE CZ UIF SBEBS o UIF DPOUFOUT PG UIF QIBTF SFDPSEFE
BU 4"3 FMFNFOU  UISPVHI UP n BSF QIBTF TIJGUFE CZ BO BNPVOU OFFEFE UP DPNQFOTBUF GPS UIF
EJêFSJOH 01-T Λ1 UP Λn UIVT GPDVTJOH UIF TZOUIFUJD BQFSUVSF ɨF 01- BTTPDJBUFE XJUI UIF

 4"3 UFDIOJRVFT BT BQQMJFE UP JDF
DFOUFS FMFNFOU JT EFëOFE BT Λ0 BOE BMM QIBTF DPSSFDUJPOT BSF NBEF SFMBUJWF UP Λ0 UIF QIBTF JT
UIVT NVMUJQMJFE CZ e−i2k0(Λn−Λ0) GPS FMFNFOUT n = 1, 2, 3, . . . , N  *U JT JNQPSUBOU UP OPUF UIBU
UIF QIBTF DPSSFDUJPOT BQQMZ POMZ UP POF TQFDJëD GPDVTJOH QPJOU *G UIF TZOUIFUJD BQFSUVSF JT UP
CF GPDVTFE BU BOPUIFS QPTJUJPO JO UIF OFBS ëFME 	'JH 
 UIFO EJêFSFOU QIBTF DPSSFDUJPOT OFFE
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'JHVSF ɨF SBZ QBUIT PG XBWFT PSJHJOBUJOH GSPN B TDBUUFSFS TIJGUFE IPSJ[POUBMMZ
SFMBUJWF UP UIF BQFSUVSF DFOUSF 	HSFZ MJOFT
 UIF SFE MJOFT BSF UIF ∆01- SFMBUJWF UP
UIF DFOUSF PG UIF BQFSUVSF UIF SFUVSO XBWFGSPOU JT BMTP TIPXO
UP CF DBMDVMBUFE BOE BQQMJFE 	'JH 
 *G UIF BQQMJFE QIBTF DPSSFDUJPOT BSF OPU BDDVSBUF UIFO
QIBTF TIJGUT 	SFTVMUJOH GSPN ∆Λ
 BOE DPSSFDUJPOT XJMM OPU NBUDI BOE UIF NBHOJUVEF PG UIF
ADPNQMFY TVN XJMM CF MFTT UIBON  *U UIFSFGPSF GPMMPXT UIBU BDDVSBUF OBWJHBUJPOBM JOGPSNBUJPO
OFFET UP CF DPMMFDUFE DPODVSSFOUMZ XJUI UIF SBEBS EBUB TP UIBU 01-T DBO CF DBMDVMBUFE QSFDJTFMZ
*G DPSSFDU QIBTF DPSSFDUJPOT BSF BQQMJFE UIFO 4"3 QSPDFTTFE EBUB DBO CF UIPVHIU PG BT B CFJOH
EFSJWFE GSPN B MJOFBS BSSBZ
 6$5 WHFKQLTXHVDVDSSOLHGWRLFH
ɨF ëSTU QBQFS JO UIF MJUFSBUVSF EFTDSJCJOH 4"3 QSPDFTTJOH PG SBEBS TPVOEJOH EBUB XBT 	-FHBSTLZ
FU BM 
 JO XIJDI B UFBN GSPN UIF 6OJWFSTJUZ PG ,BOTBT VTFE 4"3 UFDIOJRVFT UP QSPDFTT

 4"3 UFDIOJRVFT BT BQQMJFE UP JDF
'JHVSF  ɨF SFUVSO QIBTF SFMBUJWF UP UIF BQFSUVSF DFOUSF 	SFE MJOF
 GPS UIF HFP
NFUSZ TIPXO JO 'JH 
SBEBS TPVOEJOH EBUB DPMMFDUFE PWFS UIF (SFFOMBOE JDF TIFFU
"T XJUI PUIFS 4"3 BQQMJDBUJPOT UIF CBTJD QSFNJTF PG JOJDF 4"3 JT UP TJNVMBUF UIF 01-
PG SBZ QBUIT PSJHJOBUJOH GSPN UIF FMFNFOUT PG UIF TZOUIFUJD BQFSUVSF UP B TDBUUFSFS 	4FD 

CVU JO UIF DBTF PG JOJDF 4"3 UIJT TDBUUFSFS JT MPDBUFE XJUIJO BO JDF NBTT 	'JH 
 0ODF UIFTF
SBZ QBUI 01-T BSF LOPXO UIFO UIF DIBOHF JO 01- SFMBUJWF UP B TDBUUFSFS MPDBUFE BU TZOUIFUJD
BQFSUVSF CPSFTJHIU 	x = 0
 DBO CF DBMDVMBUFE ɨF QIBTF DPSSFDUJPOT BSF UIFO BQQMJFE UP BMM
UIF PUIFS FMFNFOUT PG UIF TZOUIFUJD BQFSUVSF DPSSFDUJOH GPS UIF ∆Λ SFMBUJWF JUT DFOUSF 0ODF
BQQMJFE UIFTF QIBTF DPSSFDUJPOT FêFDUJWFMZ DIBOHF UIF HFPNFUSZ TP UIBU JU SFTFNCMFT UIBU PG B
MJOFBS BSSBZ BOE DPSSFDUT GPS UIF GBDU UIBU UIF TZOUIFUJD BQFSUVSF PQFSBUFT JO UIF OFBSëFME [POF
6TJOH 4"3 UFDIOJRVFT JO JDF EPFT QSFTFOU TPNF VOJRVF DIBMMFOHFT XIFO DPNQBSFE UP
USBEJUJPOBM TVSGBDF JNBHJOH 4"3 BQQMJDBUJPOT *O BEEJUJPO UP DPSSFDUJPOT OFFEFE GPS UIF GBDU
UIBU PCTFSWBUJPOT BSF OPU NBEF PO BO JEFBM HSJE GVSUIFS DPSSFDUJPOT BSF SFRVJSFE UP UBLF JOUP
BDDPVOU XBWF SFGSBDUJPO BU UIF JDF TIFFU TVSGBDF 	XIJDI JT OPU JO HFOFSBM IPSJ[POUBM
 %FTQJUF
UIF EJïDVMUJFT 4"3 UFDIOJRVFT BSF VTFE CFDBVTF PG UIFJS DMVUUFS TVQQSFTTJPO BCJMJUZ BOE BCJMJUZ
UP JNQSPWF BMPOHUSBDL SFTPMVUJPO

 )PSJ[POUBM JDF TVSGBDF DBTF
 +RUL]RQWDOLFHVXUIDFHFDVH
ɨF CBDLHSPVOE UIFPSZ PG JOJDF 4"3 UFDIOJRVFT BT PVUMJOFE JO 	-FHBSTLZ FU BM 
 JT OPX
TVNNBSJTFE $POTJEFS UIF SBZ QBUI PG B SBEBS QVMTF PSJHJOBUJOH GSPN B TBNQMF MPDBUJPO BCPWF
B ìBU JDF TVSGBDF UP B GPDVT QPJOU MPDBUFE XJUIJO UIF JDF 	'JH 
 ɨF JDF NBTT JT BTTVNFE
UP CF BO JTPUSPQJD BOE IPNPHFOFPVT NFEJVN XJUI B VOJGPSN SFGSBDUJWF JOEFY PG n2 = 1.78
	4FD 
 8IFO SFBM EBUB JT QSPDFTTFE JU JT PGUFO OPU LOPX JG B TDBUUFSFS FYJTUT BU B GPDVT
'JHVSF  ɨF TJNVMBUJPO HFPNFUSZ GPS B IPSJ[POUBM JDF TVSGBDF
QPJOU CVU JG B TDBUUFSFS EPFT FYJTU UIFO UIF BJN PG QSPDFTTJOH JT UP EFUFDU JU "T NFOUJPOFE
QSFWJPVTMZ UIF BQQMJFE QIBTF DPSSFDUJPOT 	'JH 
 BSF B GVODUJPO PG UIF QPTJUJPO XJUIJO UIF
TZOUIFUJD BQFSUVSF OFBS ëFME 	'JH 
 ɨF DIPTFO GPDVT QPJOUT BSF EFUFSNJOFE CZ UIF FêFDUJWF
TBNQMJOH GSFRVFODZ fs PG UIF SFDFJWFS XJUI UIF EJTUBODF CFUXFFO EJTDSFUF GPDVT QPJOUT∆d HJWFO
CZ
∆d =
c
2nifs
	

XIFSF c JT UIF GSFFTQBDF FMFDUSPNBHOFUJD XBWF TQFFE BOE ni JT UIF SFGSBDUJWF JOEFY PG UIF
NFEJVN UISPVHI XIJDI UIF QVMTF JT QSPQBHBUJOH 	BJS UIFO JDF
 ɨF JOJDF EFQUIT CFUXFFO
UXP BEKBDFOU GPDVT QPJOUT JT UIVT B GVODUJPO PG TBNQMJOH GSFRVFODZ BOE SFGSBDUJWF JOEFY XJUI

 )PSJ[POUBM JDF TVSGBDF DBTF
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'JHVSF ɨF SBZ QBUIT PG XBWFT PSJHJOBUJOH GSPN B TDBUUFSFS XJUIJO BO JDF NBTT
	HSFZ MJOFT
 UIF SFE MJOFT BSF UIF ∆01- SFMBUJWF UP UIF DFOUSF PG UIF BQFSUVSF UIF
SFUVSO XBWFGSPOU JT BMTP TIPXO
BO JODSFBTF JO n MFBEJOH UP B EFDSFBTF JO ∆d
$POTJEFS UIF HFPNFUSZ TIPXO JO 'JH  IFSF z = 0 JT EFëOFE BT UIF BJSJDF JOUFSGBDF PG
B ìBU JDF TVSGBDF BOE x = 0 JT UBLFO UP CF UIF IPSJ[POUBM QPTJUJPO PG UIF GPDVT QPJOU BOE BMTP
UIF DFOUSF PG UIF TZOUIFUJD BQFSUVSF 'PS BOZ HJWFO TBNQMF MPDBUJPO BU IFJHIU h BCPWF UIF JDF
TVSGBDF (x = x, z = h) UIF SBOHF r(x, t) UP B GPDVT QPJOU BU EFQUI d (x = 0, z = −d) JT UIF
TVN PG UIF EJTUBODF JO UIF BJS BOE UIBU JO UIF JDF BOE JT HJWFO CZ
r(x, t) = rair(x, t) + rice(x, t) 	

XIFSF t JT UIF BSSJWBM UJNF PG UIF TJHOBM SFUVSO *G B TJNQMF UXP MBZFS DBTF JT DPOTJEFSFE XJUI BO
BJS MBZFS PWFSMZJOH B ìBU JDF MBZFS UIFO GSPN 	&R 
 UIF SPVOE USJQ QIBTF TIJGU GSPN TBNQMF
MPDBUJPO UP UIF GPDVT QPJOU JT HJWFO CZ
φ(x, t) = 2k0Λ(x, t) 	


 )PSJ[POUBM JDF TVSGBDF DBTF
'JHVSF  ɨF SFUVSO QIBTF SFMBUJWF UP UIF BQFSUVSF DFOUSF 	SFE MJOF
 PG XBWFT
PSJHJOBUJOH GSPN B TDBUUFSFS MPDBUFE  N CFMPX BO BO JDF TVSGBDF EJSFDUMZ CFMPX
UIF DFOUSF PG BQFSUVSF 	BT TIPXO JO 'JH 

XIFSF Λ(x, t) JT UIF 01- XIJDI GPS B UXP MBZFS BJSJDF NFEJVN JT EFëOFE BT
Λ(x, t) = nairrair + nicerice 	

BOE BHBJO UIF TJNQMJëDBUJPOT nair ≈ 1 BOE k ≈ k0 BSF NBEF HJWJOH
Λ(x, t) = rair + nicerice 	

ɨF BQQMJFE QIBTF DPSSFDUJPOT BSF NBEF SFMBUJWF UP x = 0 BOE BSF HJWFO CZ
∆φ(x, t) = e−i2k[Λ(x,t)−Λ(0,t)] 	

XIFSF Λ(0, t) JT UIF 01- GPS B TBNQMF MPDBUJPO BU (x = 0, z = h)

 "QQMJDBUJPO PG FOHMBDJBM 4"3 UFDIOJRVFT
 $SSOLFDWLRQRIHQJODFLDO6$5 WHFKQLTXHV
ɨF TZOUIFTJTFE BQFSUVSF WJFXQPJOU PG 4"3 QSPDFTTJOH HJWFT B HPPE JOUVJUJWF VOEFSTUBOEJOH PG
IPX UIF QSPDFTT PQFSBUFT )PXFWFS 4"3 QSPDFTTJOH DBO BMTP CF DPOTJEFSFE GSPN UIF WJFXQPJOU
PG B DPSSFMBUJPO NFUIPE XIJDI JT IPX UIF NFUIPE JT VTVBMMZ JNQMFNFOUFE BT PVUMJOFE JO
	6MBCZ FU BM 

'JHVSF  $PSSFMBUJPO CMPDL EJBHSBN 3FESBXO GSPN 	6MBCZ FU BM 

 7KHUHIHUHQFHIXQFWLRQ
$POTJEFS UIF DBTF XIFSF UIF PVUQVU PG B SFDFJWFS s(t) JT DPSSFMBUFE XJUI B SFGFSFODF GVODUJPO
m(t) 	'JH 
 UIF PVUQVU PG UIJT DPSSFMBUJPO PQFSBUJPO XJMM CF NBYJNJTFE XIFO UIF UXP
TJHOBMT DPJODJEF JO UJNF BOE IBWF UIF TBNF XBWFGPSN ɨF SFGFSFODF GVODUJPO JT EFTJHOFE TP
UIBU UIF PVUQVU PG UIF DPSSFMBUJPO JT NBYJNJTFE GPS B DFSUBJO TDBUUFSFS MPDBUJPO 	OPSNBMMZ B
TQFDJëD EFQUI CFMPX UIF DFOUFS PG UIF TZOUIFUJD BQFSUVSF
 XJUI PUIFS TDBUUFSFST BXBZ GSPN UIF
TDBUUFSFS MPDBUJPO EJTDSJNJOBUFE BHBJOTU
5P VOEFSTUBOE IPX UIF DPSSFMBUJPO QSPDFTT PQFSBUFT UIF DBTF PG B SFDFJWFE TJHOBM UIBU IBT

 "QQMJDBUJPO PG FOHMBDJBM 4"3 UFDIOJRVFT
CFFO EPXODPOWFSUFE BOE MPXQBTT ëMUFSFE JT OPX DPOTJEFSFE ɨJT SFDFJWFE TJHOBM JT HJWFO CZ
s(x, t) = a′0(x, t)e
−iφ(x,t) 	

XIFSF UIF SFDFJWFE BNQMJUVEF a′0 JT TNBMMFS UIBO UIF USBOTNJUUFE BNQMJUVEF ɨF SFDFJWFE QIBTF
φ(x, t) JT B GVODUJPO PG UIF 01- BOE JT HJWFO CZ
φ(x, t) = 2kΛ(x, t) = 2k [rair(x, t) + nicerice(x, t)] 	

ɨF BQQSPQSJBUF QPJOU TDBUUFSFS SFGFSFODF GVODUJPO JT HJWFO CZ
m(x, t) = b(x, t)[slope,z,vel]e
−iφ(x,t) 	

XIFSF b(x, t)[slope,z,vel] JT B DPNQMFY DPSSFDUJPO GBDUPS GPS UIF JDF TVSGBDF TMPQF BJSDSBGU IFJHIU
BOE BJSDSBGU WFMPDJUZ SFTQFDUJWFMZ OP BUUFNQUT BSF NBEF UP DPSSFDU GPS SFDFJWFE TJHOBM BNQMJUVEF
WBSJBUJPOT
 *HQHUDOFRUUHODWLRQRSHUDWLRQ
*G UIF BJSDSBGU JT BTTVNFE UP CF ìZJOH BU B DPOTUBOU IFJHIU BOE WFMPDJUZ BCPWF B IPSJ[POUBM JDF
TVSGBDF UIFO b(x, t)[slope,z,vel] = 1 4JNJMBS UP 	-FHBSTLZ FU BM 
 s(x, t) JT GPDVTTFE CZ
DPSSFMBUJOH JU XJUI UIF SFGFSFODF GVODUJPO m(x, t) BT GPMMPXT
[s(x, t)⊗m(x, t)] =
∫
T
∫
L
s(x+ x′, t+ τ)m∗(x′, τ) Ex′Eτ 	

8IFSF L JT UIF TZOUIFUJD BQFSUVSF MFOHUI T JT UIF NBYJNVN  NJOJNVN BSSJWBM UJNF GPS
B QPJOU TDBUUFSFS PWFS B HJWFO TZOUIFUJD BQFSUVSF MFOHUI L BOE ⊗ JOEJDBUFT UIF DPSSFMBUJPO
PQFSBUJPO ɨF SFGFSFODF GVODUJPO m(x, t) DPOUBJOT UIF TJNVMBUFE QIBTF GPS UXPXBZ SBZ
QBUIT PSJHJOBUJOH BU UIF TBNQMF MPDBUJPOT BMPOH UIF TZOUIFUJD BQFSUVSF (−L2 < x < L2 , z = h)
UP UIF GPDVT QPJOU (x = 0, z = −d)
 ' FRUUHODWLRQRSHUDWLRQ
ɨF DPSSFMBUJPO PQFSBUJPO DBO CF DPOTUSBJOFE TP UIBU UIF QFSJPE T JT MFTT UIBO PS FRVBM UP UIF
EBUB TBNQMF SBUF (T ≤ tsamp) XIFSF tsamp = 1fs JT UIF EBUB TBNQMJOH UJNF JOUFSWBM BOE fs JT

 &RVJWBMFODF UP QVMTF DPNQSFTTJPO
UIF EBUB TBNQMJOH GSFRVFODZ XIJDI GPS UIF 1"4*/ TZTUFN JT fs =  .)[ *O UIJT DBTF UIF
UXPEJNFOTJPOBM 	%
 GVODUJPOT s(x, t) BOE m(x, t) GPS FBDI UJNF DBO CF BQQSPYJNBUFE CZ
UIF POFEJNFOTJPOBM 	%
 GVODUJPOT s(x, d) BOE m(x, d) GPS FBDI EFQUI ɨJT NFBOT UIBU
UIF DPSSFMBUJPO 	&R 
 JT BQQSPYJNBUFMZ % JO x BOE HJWFO CZ
[s(x, d)⊗m(x, d)] =
∫
L
s(x+ x′, d)m∗(x′, d) Ex′ 	

XJUI UIF UJNF t BOE EFQUI d SFMBUFE CZ UIF FYQSFTTJPOT
t = 2
[h+ niced]
c
	

BOE
d =
( tc
2 − h
nice
)
	

 (TXLYDOHQFHWRSXOVHFRPSUHVVLRQ
4"3 QSPDFTTJOH 	4FD 
 BOE QVMTF DPNQSFTTJPO 	4FD 
 BSF JO GBDU EJêFSFOU NBOJ
GFTUBUJPOT PG UIF TBNF PQFSBUJPO *O QVMTF DPNQSFTTJPO UIF QIBTF NPEVMBUJPO JT B RVBESBUJD
GVODUJPO PG UJNF 	&R 
 HJWFO CZ
φ(t) = piαt2
BOE UIF BQQMJDBUJPO PG QVMTF DPNQSFTTJPO SFRVJSFT QIBTF DPSSFDUJPOT EFUFSNJOFE CZ UIF JOWFSTF
PG UIF GSFRVFODZ NPEVMBUJPO TDIFNF 	&R 
 HJWFO CZ
fi(t) =
1
2pi
Eφ
Et
*O 4"3 QSPDFTTJOH UIF QIBTF NPEVMBUJPO JT B IZQFSCPMJD GVODUJPO PG TQBDF XJUI B NPEVMBUJPO
TDIFNF ESJWFO CZ UIF NPWFNFOU PG UIF SBEBS QMBUGPSN JO UIF BMPOHUSBDL EJSFDUJPO 	x
 TP UIF
FRVJWBMFOU FYQSFTTJPO UP &R  JT HJWFO CZ
fi(x) =
1
2pi
Eφ
Ex

 4"3 SFTPMVUJPO
UIF UFSN fi(x) JT PGUFO DBMMFE UIF %PQQMFS GSFRVFODZ BOE JT QFSWBTJWF JO UIF MJUFSBUVSF PO 4"3
QSPDFTTJOH
*O QVMTF DPNQSFTTJPO JU JT UIF DPOWPMVUJPO PQFSBUJPO JO UJNF EPNBJO PS GSFRVFODZ EPNBJO
WJB BO ''5 UIBU BQQMJFT UIF QIBTF DPSSFDUJPOT BOE TVNT UIF SFTVMU ɨFTF QIBTF DPSSFDUJPOT IBWF
UIF FêFDU PG USBOTGPSNJOH UIF GSFRVFODZ TQFDUSVN PG UIF -'. TJHOBM JOUP UIBU PG B 	XJOEPXFE

SFDUBOHVMBS GVODUJPO XJUI FEHFT EFUFSNJOFE CZ UIF SBEBS CBOEXJEUI ɨF EFDSFBTFE QVMTF
XJEUI UIBU SFTVMUT GSPN QVMTF DPNQSFTTJPO JT B SFTVMU PG NBLJOH VTF PG NPSF PG UIF BWBJMBCMF
CBOEXJEUI
8IFO QIBTF DPSSFDUJPOT BSF BQQMJFE UP UIF BQFSUVSF FMFNFOUT EVSJOH 4"3 QSPDFTTJOH JU
JT FRVJWBMFOU UP NBLJOH VTF PG NPSF PG UIF BWBJMBCMF CBOEXJEUI JO QVMTF DPNQSFTTJPO *O
FêFDU NPSF PG UIF TQBUJBM CBOEXJEUI JT VUJMJTFE 	JODSFBTJOH UIF TZOUIFUJD BQFSUVSF MFOHUI
 UIVT
SFTVMUJOH JO BO JNQSPWFNFOU JO BMPOHUSBDL SFTPMVUJPO
 6$5 UHVROXWLRQ
ɨF HSFBU BEWBOUBHF PG VTJOH 4"3 UFDIOJRVFT JT UIBU UIFZ BêPSE B MFWFM PG SFTPMVUJPO UIBU XPVME
PUIFSXJTF OPU CF QPTTJCMF VTJOH B ëYFE BOUFOOB 5P VOEFSTUBOE UIF BCJMJUZ PG B 4"3 UP BDIJFWF
TVDI ëOF SFTPMVUJPO UIF HFPNFUSZ JOWPMWFE OFFET UP CF DPOTJEFSFE
 5HDODQGV\QWKHWLFDSHUWXUHDQWHQQDSDWWHUQV
" SFBM BOUFOOB TVDI BT B QIBTFE BSSBZ BOUFOOB JT DPNQSJTFE PG B TFU PG EJTDSFFU BSSBZ FMFNFOUT
UIBU CPUI USBOTNJU BOE SFDFJWF FMFDUSPNBHOFUJD XBWFT "U QPJOUT BXBZ GSPN UIF BOUFOOB CPUI
UIF NBHOJUVEF BOE QIBTF PG XBWFT PSJHJOBUJOH BU FBDI PG UIF EJTDSFFU FMFNFOUT TVN UP QSPEVDF
UIF BOUFOOB QBUUFSO BU UIBU QPJOU ɨF POFXBZ BOUFOOB QBUUFSO BU BOZ QPJOU JO TQBDF JT UIVT
UIF SFTVMU PG UIF QIBTPS TVNNBUJPO PG UIF DPOUSJCVUJPO GSPN FBDI PG UIF BSSBZ FMFNFOUT ɨF
NBHOJUVEF PG UIJT TVN JT B GVODUJPO PG EJTUBODF BXBZ GSPN UIF CPSFTJHIU MJOF 	UIF MJOF UIBU
JT QFSQFOEJDVMBS UP UIF DFOUSF PG UIF BOUFOOB
 XJUI UIF NBYJNVN PG UIF BOUFOOB QBUUFSO
PDDVSSJOH GPS QPJOUT BMPOH UIF CPSFTJHIU MJOF 	4UJNTPO 
 ɨF BOUFOOB QBUUFSO B(x)
QSPEVDFE CZ TVDI BO BSSBOHFNFOU IBT UIF GPSN
B(x) =
TJOx
x
= TJOD(x) 	


 4"3 SFTPMVUJPO
*G GPS FYBNQMF UIF BOUFOOB JT CFJOH VTFE PWFS TNPPUI IPSJ[POUBM TVSGBDF UIFO UIF JODJEFOU
FMFDUSPNBHOFUJD XBWFGSPOU 	XIJDI JT NPEVMBUFE JO BNQMJUVEF CZ UIF BOUFOOB QBUUFSO
 DBVTFT
HSPVOETUBUF 	OPOSFTPOBOU
 FYDJUBUJPO PG UIF BUPNT UIBU DPNQSJTF UIF TVSGBDF SFTVMUJOH JO
B SFUVSO XBWF CFJOH QSPEVDFE 	)FDIU 
 *O UIJT DBTF FBDI PG UIF FYDJUFE BUPNT DBO CF
UIPVHIU PG BT BO JOëOJUFTJNBMMZ TNBMM EJQPMF BSSBZ FMFNFOU ɨF SFUVSO XBWFGSPOU XJMM IBWF
UIF TBNF BNQMJUVEF NPEVMBUJPO BT UIF USBOTNJUUFE POF CVU JO UIJT DBTF UIF TJHOBM SFDFJWFE
CZ FBDI PG UIF BOUFOOB BSSBZ FMFNFOUT JT UIF QIBTPS TVN PG UIF DPOUSJCVUJPO GSPN FBDI PG UIF
JOëOJUFTJNBMMZ TNBMM BUPNJD EJQPMFT ɨF BNQMJUVEF NPEVMBUJPO GPS FBDI PG UIF BOUFOOB BSSBZ
FMFNFOUT XJMM UIFSFGPSF CF UIF DPNCJOBUJPO PG UIF USBOTNJUUFE BOE SFDFJWFE BOUFOOB QBUUFSOT
	4UJNTPO 
 XIJDI IBT UIF GPSN
B(x) =
(
TJOx
x
)2
= TJOD2(x) 	

" TZOUIFUJD BQFSUVSF BSSBZ JT EJêFSFOU GSPN B SFBM BSSBZ JO UIBU JU JT TZOUIFTJTFE PVU PG UIF
SFUVSOT SFDFJWFE CZ B SFBM BOUFOOB BT JU TFRVFOUJBMMZ BTTVNFT UIF SPMF PG TVDDFTTJWF BSSBZ FMFNFOUT
	4UJNTPO 
 BOE JO UIJT DBTF FBDI PG UIF BSSBZ FMFNFOUT SFDFJWFT POMZ UIF SFUVSOT GSPN JUT
PXO USBOTNJTTJPOT ɨF FMFNFOUUPFMFNFOU QIBTF TIJGUT JO UIF SFUVSOT SFDFJWFE GSPN B QPJOU
Pê UIF CPSFTJHIU MJOF UIVT DPSSFTQPOE UP UIF EJêFSFODFT JO UIF SPVOEUSJQ EJTUBODFT GSPN UIF
JOEJWJEVBM FMFNFOUT UP UIF QPJOU BOE CBDL 	4UJNTPO 
 ɨF UXPXBZ BOUFOOB QBUUFSO GPS B
TZOUIFUJD BSSBZ JT UIFSFGPSF UIF TBNF TIBQF BT UIF POFXBZ QBUUFSO PG SFBM BSSBZ UXJDF UIF MFOHUI
PG UIF TZOUIFUJD BSSBZ 	4FD 
 HJWJOH UIF TZOUIFUJD BQFSUVSF BOUFOOB QBUUFSO UIF GPSN
B(x) =
TJO 2x
2x
= TJOD(2x) 	

 6$5 EHDPZLGWKGHULYDWLRQ
" DPODFQUVBM GSBNFXPSL GPS VOEFSTUBOEJOH IPX B 4"3 DBO JNQSPWF UIF BMPOHUSBDL SFTPMVUJPO
JT QSPWJEFE CZ 	6MBCZ FU BM 
 $POTJEFS UIF DBTF PG B SBEBS BOUFOOB BUUBDIFE UP BO BJSCPSOF
QMBUGPSN BOE B TDBUUFSFS UIBU JT MPDBUFE PO B IPSJ[POUBM TVSGBDF 	TVDI BT BO JDF TVSGBDF
 " QVMTF
JT USBOTNJUUFE BOE SFDFJWFE BU UISFF EJêFSFOU MPDBUJPOT " # BOE $ BOE B TDBUUFSFS S JT MPDBUFE
BU B EJTUBODF R0 CFMPX QPTJUJPO B 	'JH 
 "U MPDBUJPO " UIF WFSZ GPSXBSE FEHF PG UIF CFBN
BOE S BSF DPJODJEFOU BU MPDBUJPO # UIF BOUFOOB JT BU CPSFTJHIU 	EJSFDUMZ BCPWF UIF S
 BOE BU
MPDBUJPO $ UIF WFSZ BGU FEHF PG UIF CFBN BOE S BSF DPJODJEFOU ɨF UPUBM QPTTJCMF MFOHUI PG

 4"3 SFTPMVUJPO
'JHVSF  4ZOUIFUJD BQFSUVSF HFPNFUSZ "EBQUFE GSPN 	6MBCZ FU BM 

UIF TZOUIFUJD BQFSUVSF 	Lp
 JT HJWFO CZ
Lp = βarR0 	

XIFSF βar JT UIF BMPOHUSBDL CFBNXJEUI PG B SFBM BOUFOOB BOE R0 JT UIF CPSFTJHIU SBOHF UP UIF
TDBUUFSFS
*O PSEFS UP DBMDVMBUF UIF CFBNXJEUI PG B TZOUIFUJD BQFSUVSF UIF GBDU UIBU UIF QIBTF TIJGU
BTTPDJBUFE XJUI B QBSUJDVMBS TDBUUFSFS JT EVF UP UIF UXPXBZ 	SBUIFS UIBO POFXBZ
 USBWFM QBUI
CFUXFFO BOUFOOB BOE TDBUUFSFS OFFET UP UBLF JOUP BDDPVOU 	4FD 
 *G UIF QIBTF TIJGUT
CFUXFFO UXP FMFNFOUT 	a BOE b
 JO BO BQFSUVSF BSSBZ 	SFBM PS TZOUIFUJD
 BSF DPOTJEFSFE UIFO
UIF CFBNXJEUI JT DBMDVMBUFE CZ UIF FYBNJOJOH UIF SFMBUJWF QIBTF TIJGU BMPOH UIF QBUI GSPN UIF
TDBUUFSFS UP FBDI PG UIF UXP FMFNFOUT 	'JH 
 *G UIF FMFNFOUT BSF TFQBSBUFE CZ B EJTUBODF
∆x UIF 01-T UP UIF TDBUUFSFS BSF HJWFO CZ Λa BOE Λb GPS FMFNFOU a BOE b SFTQFDUJWFMZ "T
UIF FMFNFOUT BSF DMPTF UPHFUIFS UIFO UIFJS SBZ QBUIT DBO CF DPOTJEFSFE UP CF QBSBMMFM *O UIJT
FYBNQMF UIF TDBUUFSFS JT MPDBUFE PO UIF JDF TVSGBDF UIFSFGPSF BMM UIF SBZ QBUIT PDDVS JO BJS 	nair ≈

 4"3 SFTPMVUJPO
'JHVSF  ɨF BEKBDFOU FMFNFOUT PG B TZOUIFUJD BQFSUVSF BSSBZ "EBQUFE GSPN
	6MBCZ FU BM 

1
 BOE UIFSFGPSF 	k ≈ k0
 UIF EJêFSFODF JO 01- JT UIFSFGPSF HJWFO CZ
Λa − Λb = ∆x TJO β 	

XIFSF β JT UIF SBZ QBUI BOHMF 'PS B SFBMBQFSUVSF BOUFOOB UIF QIBTF TIJGU BTTPDJBUFE XJUI UIJT
SBZ QBUI MFOHUI EJêFSFODF JT
∆φr = k (Λa − Λb) = k∆x TJO β 	

'PS B TZOUIFUJD BQFSUVSF BSSBZ BOUFOOB UIF QIBTF TIJGU BTTPDJBUFE XJUI B XBWF UIBU USBWFMT GSPN
BOUFOOB UP TDBUUFSFS BOE CBDL BHBJO NVTU CF DPOTJEFSFE 	4FD 
 *O UIJT DBTF
∆φs = 2k (Λa − Λb) = 2k∆x TJO β 	

'PS UIF DBTF XIFO UIF MFOHUI PG UIF BOUFOOB L 	SFBM PG TZOUIFUJD
 JT MPOH FOPVHI UIBU UIFSF
JT B TNBMM CFBNXJEUI UIF WBMVF β BTTPDJBUFE XJUI UIF ëSTU OVMM DBO CF GPVOE GPS B TZOUIFUJD

 4"3 SFTPMVUJPO
BQFSUVSF CZ
2kLsinβ ≈ 2kLβ = pi 	

BOE GPS B SFBM BQFSUVSF CZ
kLsinβ ≈ kLβ = pi 	

ɨFSFGPSF UIF β WBMVF BTTPDJBUFE XJUI UIF ëSTU OVMM GSPN B TZOUIFUJD BQFSUVSF JT
βas =
pi
2kL
	

IPXFWFS GPS B SFBM BQFSUVSF JU JT
βar =
pi
kL
	

)FODF UIF CFBNXJEUI PG B TZOUIFUJD BQFSUVSF JT IBMG UIBU PG B SFBM BQFSUVSF IBWJOH UIF TBNF
MFOHUI 	4FD 
 ɨF DPSSFTQPOEJOH BMPOHUSBDL TZOUIFUJD BQFSUVSF CFBNXJEUI βas DBO BMTP
CF HJWFO CZ
βas =
λIas
2L
	

XIFSF Ias JT UIF "QFSUVSF *MMVNJOBUJPO 5BQFS 'BDUPS 	"*5'
 BTTPDJBUFE XJUI UIF TZOUIFUJD
BQFSUVSF ɨF "*5' JT B DPFïDJFOU UIBU JT VTFE UP DBMDVMBUF UIF IBMG QPXFS 	− E#
 CFBNXJEUI
	SBE
 GPS B HJWFO BNQMJUVEF EJTUSJCVUJPO BDSPTT BO BQFSUVSF *G UIFSF JT B VOJGPSN BNQMJUVEF
EJTUSJCVUJPO BDSPTT BO BQFSUVSF UIFO Ias = 0.88 *G GPS FYBNQMF UIF BNQMJUVEF EJTUSJCVUJPO JT
USJBOHVMBS 	NBYJNVN JO UIF DFOUSF PG UIF BQFSUVSF CVU EFDSFBTJOH MJOFBSMZ UP  BU UIF BQFSUVSF
FEHFT
 UIFO Ias = 1.28 5P TJNQMJGZ QSPCMFNT UIF "*5' JT PGUFO UBLFO BT POF CVU JU TIPVME
CF OPUFE UIBU CPUI TZOUIFUJD BOE SFBM BOUFOOBT DBO IBWF Ias WBMVFT HSFBUFS UIBO POF 	BT JO UIF
USJBOHVMBS DBTF
 	6MBCZ FU BM 

 0D[LPXP6$5 DORQJWUDFNUHVROXWLRQ
'PS UIF DBTF PG B SFBM BOUFOOB UIF ëOFTU BMPOHUSBDL SFTPMVUJPO JT EFUFSNJOFE CZ UIF MFOHUI PG
UIF SFBM BQFSUVSF 2 BOE JT HJWFO CZ
rar = βarR = Iar
λR
2
	


 4"3 SFTPMVUJPO
XIFSF Iar JT UIF "*5' GPS UIF SFBM BOUFOOB *O UIF DBTF PG B 4"3 BOUFOOB JG UIF FOUJSF QPUFOUJBM
MFOHUI Lp JT VUJMJTFE UIFO UIF ëOFTU QPTTJCMF SFTPMVUJPO JT HJWFO CZ
rap = βasR =
λRIas
2Lp
=
λIas
2βar
	

ɨJT MFBET UP UIF JNQPSUBOU SFTVMU UIBU UIF íOFTU SFTPMVUJPO BUUBJOBCMF JT JOWFSTFMZ QSPQPSUJPOBM UP
UIF CFBNXJEUI PG UIF SFBM BOUFOOB UIBU GPSNT UIF FMFNFOUT PG UIF 4"3 ɨF CFBNXJEUI PG UIF SFBM
BOUFOOB JT EFëOFE BT
βar = Iar
λ
2
	

ɨF CFBNXJEUI βar NBZ UIFO CF TVCTUJUVUFE JOUP &R  UP PCUBJO BO FYQSFTTJPO GPS UIF
ëOFTU QPTTJCMF TZOUIFUJD BQFSUVSF SFTPMVUJPO JO UFSNT PG 2 BOE UIF "*5'T
rap =
2λIas
2λIar
=
(
Ias
Iar
)
2
2
	

4JODF UIF "*5' JT VTVBMMZ BCPVU UIF TBNF GPS TZOUIFUJD BOE SFBM BQFSUVSFT UIF ëOFTU QPTTJCMF
TZOUIFUJD SFTPMVUJPO JT PGUFO RVPUFE BT
rap ≈ 2
2
	

ɨJT MFBET UP UIF JNQPSUBOU SFTVMU UIBU UIF ëOFTU QPTTJCMF SFTPMVUJPO GPS B 4"3 JT IBMG UIF MFOHUI
PG UIF SFBM BOUFOOB BOE UIJT SFTVMU JT JOEFQFOEFOU PG SBOHF BOE BMTP JOEFQFOEFOU PG XBWFMFOHUI
 6$5 DORQJWUDFNUHVROXWLRQ
'SPN 4FD  UIF ëOFTU QPTTJCMF 4"3 SFTPMVUJPO JT IBMG UIF MFOHUI PG UIF SFBM BOUFOOB UIF
GPSNT UIF 4"3 FMFNFOUT CVU UP BDIJFWF UIJT SFTPMVUJPO UIF FOUJSF QPUFOUJBM TZOUIFUJD BQFSUVSF
	Lp
 NVTU CF VTFE 	'JH 
 *O NBOZ DBTFT JU JT OPU QSBDUJDBM UP VTF UIF XIPMF PG Lp BOE JO
XIJDI DBTF B TIPSUFS BQFSUVSF L JT VTFE ɨF BMPOHUSBDL SFTPMVUJPO SFTVMUJOH GSPN BO BQFSUVSF
PG MFOHUI L JT GPVOE VTJOH &R  BOE JT HJWFO CZ
ra = βasR =
λR
2L
Ias 	

BOE UIJT FYQSFTTJPO JT JOEFQFOEFOU PG UIF BDUVBM MFOHUI PG UIF TZOUIFUJD BQFSUVSF

 4"3 SFTPMVUJPO
 ' 6$5 UHVROXWLRQLQLFH
'PS UIF DBTF PG BO JOJDF TDBUUFSFS UIF SBOHF R UP UBSHFU CFDPNFT
(
h+ dnice
)
XJUI h CFJOH
UIF QMBUGPSN IFJHIU BOE d CFJOH UIF TDBUUFSFS EFQUI SFMBUJWF UP UIF JDF TVSGBDF 	-FHBSTLZ FU BM

 "T QSPDFTTJOH JT CFJOH QFSGPSNFE JO % 	4FD 
 OPU BMM UIF QPUFOUJBM BQFSUVSF
MFOHUI JT VUJMJTFE (L < Lp) UIFSFGPSF GPS BO JOJDF GPDVT QPJOU &R  JT NPEJëFE UP CFDPNF
ra = λair
(
h+ dnice
)
2L
	

$POTJEFS UIF WBSJBUJPO PG ra BT B GVODUJPO PG EFQUI GPS BO BJSDSBGU BU h =  N BCPWF BO
JDF TVSGBDF BOE GPS TDBUUFSFST PDDVQZJOH UIF EFQUI SBOHF 0 ≤ d ≤  N 6TJOH 01-
NJOJNJTBUJPO UFDIOJRVFT 	EFTDSJCFE MBUFS JO 4FD 
 B DBMDVMBUJPO JT QFSGPSNFE UP EFUFSNJOF
UIF EJTUBODF GSPN UIF BQFSUVSF DFOUSF BU XIJDI UIF DPOEJUJPO
∆Λ
c
> tsamp 	

JT TBUJTëFE XIFSF ∆Λ JT UIF DIBOHF JO 01- SFMBUJWF UP UIF BQFSUVSF DFOUSF ɨF WBMVF PG L JT
EFëOFE BT UIF SFHJPO PWFS XIJDI UIF DPOEJUJPO
∆Λ
c
≤ tsamp 	

JT WBMJE BMMPXJOH &R  UP CF VTFE UP DBMDVMBUF UIF DPSSFTQPOEJOH BMPOHUSBDL SFTPMVUJPO WT
EFQUI 	'JH 
 $PNQBSF UIJT UP UIF BMPOHUSBDL CFBNMJNJUFE SFTPMVUJPO GPS B SFBM BOUFOOB
PG MFOHUI L =  N BT TIPXO JO 'JH  $MFBSMZ BQQMZJOH TZOUIFUJD BQFSUVSF UFDIOJRVFT
UP SBEBS TPVOEJOH EBUB BMMPXT GPS HSFBU JNQSPWFNFOUT JO SFTPMVUJPO FWFO BU EFQUI XJUIJO UIF
JDF 1SPQFSMZ BQQMJFE % 4"3 QSPDFTTJOH IBT UIF BCJMJUZ UP JNBHF GFBUVSFT PWFS  UJNFT
TNBMMFS UIBO XPVME CF QPTTJCMF XJUIPVU 4"3 QSPDFTTJOH 	'JH 
 ɨJT BMMPXT GPS B CFUUFS
SFQSFTFOUBUJPO PG FOHMBDJBM GFBUVSFT BOE TVCHMBDJBM UPQPHSBQIZ ɨF SFTPMVUJPO JNQSPWFNFOU
PCUBJOBCMF EVF UP UIF BQQMJDBUJPO PG 4"3 QSPDFTTJOH JT PG HSFBU VTF IPXFWFS JU JT UIF DMVUUFS
TVQQSFTTJPO BCJMJUZ PG B 4"3 QSPDFTTPS XIJDI JT UIF NBJO SFBTPO XIZ 4"3 UFDIOJRVFT BSF BQQMJFE
UP SBEBS TPVOEJOH EBUB

 4"3 SFTPMVUJPO
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'JHVSF  "MPOHUSBDL 4"3 SFTPMVUJPO WT EFQUI
'JHVSF  ɨF SBEBS GPPUQSJOUT PO UIF JDF TVSGBDF GPS UIF QVMTFMJNJUFE BOE
CFBNMJNJUFE DBTF BMTP TIPXO JT UIF BSFB PG UIF SFTPMVUJPO DFMM BGUFS 4"3 QSPDFTTJOH

 4"3 TJHOBMUPOPJTF SBUJP
 6$5 VLJQDOWRQRLVHUDWLR
6TJOH UIF TUBOEBSE GPSN PG UIF SBEBS FRVBUJPO 	&R 
 UIF QPXFS SFDFJWFE JO UFSNT PG
BMPOHUSBDL BOE BDSPTTUSBDL SFTPMVUJPOT ra BOE ry JT HJWFO CZ
Pr =
PtGtGrλ2ς0rary
(4pi)3R4
	

ɨF DPSSFTQPOEJOH TJHOBMUPOPJTFSBUJP 	6MBCZ FU BM 
 JT HJWFO CZ
Sn1 =
PtGtGrλ2ς0rary
(4pi)3R4kT0BF
	

XIFSF
k  #PMU[NBOOT DPOTUBOU
T0  SFGFSFODF UFNQFSBUVSF 	 ,

B  CBOEXJEUI
F  SFDFJWFS OPJTF ëHVSF
ɨF TVCTDSJQU PG Sn1 SFGFST UP UIF GBDU UIBU &R  JT UIF TJHOBMUPOPJTF SBUJP PG B TJOHMF QVMTF
4"3 UFDIOJRVFT JOWPMWF DPIFSFOU JOUFHSBUJPO BDSPTT NBOZ QVMTFT TP UIF TJHOBMUPOPJTF SBUJP
GPS UIF TVN PG BMM UIF QVMTFT UIBU BSF VTFE UP GPSN UIF TZOUIFUJD BQFSUVSF NVTU CF DPOTJEFSFE
*G Ns QVMTFT BSF VTFE UP GPSN UIF TZOUIFUJD BQFSUVSF UIFO BT UIF TJHOBMT BEE DPIFSFOUMZ UIF
WPMUBHF BGUFS TVNNBUJPO VsNs JT HJWFO CZ
VsNs = NsVs1 	

XIFSF Vs1 JT UIF WPMUBHF SFDFJWFE GPS POF QVMTF ɨF OPJTF WPMUBHFT BSF SBOEPN BOE JODPIFSFOU
TP UIF FOTFNCMF BWFSBHF PG UIF TRVBSF PG UIF OPJTF WPMUBHF JT VTFE ɨF TVNNBUJPO PGNs OPJTF
WPMUBHFT JT HJWFO CZ
〈V 2nNs〉 = Ns〈V 2n1〉 	

ɨF TVNNBUJPO DBVTFT B TJHOBMUPOPJTF SBUJP JNQSPWFNFOU PG Ns DPNQBSFE UP UIF POF QVMTF
TJHOBMUPOPJTF SBUJP
SnNs =
V 2sNs
〈V 2nNs〉
=
N2s V
2
s1
Ns〈V 2n1〉
= NsSn1 	


 $MVUUFS TVQQSFTTJPO
UP VTF UIJT FYQSFTTJPO Ns OFFET UP SFFYQSFTTFE BT UIF SBUJP PG UIF MFOHUI PG UIF TZOUIFUJD
BQFSUVSF UP UIF BMPOHUSBDL EJTUBODF CFUXFFO UXP EJTDSFUF BEKBDFOU QVMTFT
Ns =
L
uTp
+ 1 	

≈ L
uTp
	

XIFSF L JT BQFSUVSF MFOHUI u JT BJSDSBGU TQFFE BOE Tp JT UIF QVMTF SFQFUJUJPO QFSJPE 6QPO
SFBSSBOHFNFOU BOE TVCTUJUVUJPO JOUP &R  HJWFO CZ
ra = βasR =
λR
2L
Ias
HJWFT
Ns =
λRIas
2rauTp
	

VQPO DPNCJOJOH &R  &R  BOE &R  UIF TJHOBMUPOPJTF SBUJP GPS UIF DPNCJOBUJPO
PG Ns QVMTFT JT PCUBJOFE BOE JT HJWFO CZ
SnNs =
PtGtGrλ3Iasσ0ry
2(4pi)3R3kT0BFuTp
	

/PUJDF UIBU UIF ra UFSN JT HPOF GSPN &R  NFBOJOH UIBU UIF TJHOBMUPOPJTF SBUJP JT JOEF
QFOEFOU PG UIF BMPOHUSBDL SFTPMVUJPO ɨJT JT BO JNQPSUBOU SFTVMU BT JU NFBOT UIBU QSPDFTTJOH
DBO CF EPOF BU B ëOF BMPOHUSBDL SFTPMVUJPO PS B DPBSTF BMPOHUSBDL SFTPMVUJPO XJUIPVU DIBO
HJOH SnNs 	6MBCZ FU BM 

 &OXWWHUVXSSUHVVLRQ
*O SBEBS TPVOEJOH UIF DMVUUFS TJHOBM MFWFM NBZ CF 	BOE PGUFO JT
 MBSHFS UIBO UIF SFDFJWFS OPJTF
MFWFM ɨF BCJMJUZ PG B 4"3 TZTUFN UP JODSFBTF UIF TJHOBMUPDMVUUFS SBUJP JT EVF UP JUT BCJMJUZ
UP EFDSFBTFT UIF BMPOHUSBDL EJNFOTJPO PG UIF SFTPMVUJPO DFMM 	'JH 
 ɨF UXP MJOF QMPUT
TIPXO JO 'JH  BSF UIF SFUVSO QPXFS 	E#N
 WT USBDF OVNCFS 	UJNF
 GPS UIF BWFSBHF PG 
TFQBSBUF USBDFT JO B SFHJPO XIFSF UIF FOHMBDJBM MBZFST BSF IPSJ[POUBM *O 'JH  UIF SFE MJOF
DPSSFTQPOET UP UIF VOQSPDFTTFE EBUB 	SBX EBUB
 BOE UIF CMBDL MJOF UP UIF 4"3 QSPDFTTFE EBUB

 $MVUUFS TVQQSFTTJPO
ɨF EBSL QVSQMF MJOF TIPXT UIF QPXFS MFWFM PWFS XIJDI ADMJQQJOH PDDVST − E#N 	)FMJFSF
FU BM 
 /PUJDF UIBU JOEJWJEVBM MBZFS SFìFDUJPOT BSF WJTJCMF JO UIF QSPDFTTFE EBUB CVU OPU
JO UIF SBX EBUB ɨF BWFSBHF SFUVSO QPXFS PG UIF 4"3 QSPDFTTFE EBUB JT BSPVOE  E# IJHIFS
UIBO UIF SBX EBUB ɨF 4"3 QSPDFTTFE EBUB TIPXO JO 'JH  JT BDUVBMMZ UIF SFDFJWFE QPXFS
NJOVT  E# 	Pr−  E#
 UIJT XBT EPOF UP BJE DPNQBSJTPO CFUXFFO 4"3 QSPDFTTFE BOE SBX
EBUB
!"" #"" $"" %"" &""" &!""
ï
ï
ï
ï
ï
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'JHVSF  ɨF FêFDU PG DMVUUFS TVQQSFTTJPO ɨF SFE MJOF JT UIF SFUVSO QPXFS
GPS UIF VOQSPDFTTFE EBUB 	SBX EBUB
 BOE UIF CMBDL MJOF JT UIF SFUVSO QPXFS GPS UIF
QSPDFTTFE EBUB OPUJDF UIBU GPS UIF QSPDFTTFE EBUB OFBSTVSGBDF MBZFS FDIPT BSF WJTJCMF
XIFSFBT JO UIF SBX EBUB UIFZ BSF PCTDVSFE CZ DMVUUFS

&KDSWHU
&RUUHFWLRQVIRUDLUFUDIWPRWLRQDQG
VXUIDFHVORSH
 6WXG\DUHD
ɨF NBKPSJUZ PG TUVEJFT PG UIF DFOUSBM USVOL PG 1*( IBWF VQ UP OPX SFMJFE PO TBUFMMJUF PCTFS
WBUJPOT FTQFDJBMMZ SBEBS BMUJNFUSZ 	4IFQIFSE FU BM 
 1*( JT JODSFBTJOHMZ CFJOH PCTFSWFE
GSPN PUIFS QMBUGPSNT TVDI BT GSPN BJSCPSOF BOE VOEFSXBUFS QMBUGPSNT 4BUFMMJUF TUVEJFT JOEJD
BUF UIBU UIF HSPVOEJOH MJOF TFHNFOU JT UIJOOJOH BOE SFUSFBUJOH JOMBOE 	8JOHIBN FU BM 

BOE UISPVHIPVU UIF DFOUSBM USVOL UIFSF XBT B GPVSGPME JODSFBTF JO UIF BWFSBHF SBUF PG WPMVNF
MPTT CFUXFFO  BOE  ɨFSF JT BMTP B DPNQMFY JOUFSQMBZ CFUXFFO UIF JDF TIFMG BOE UIF
XBUFS CFOFBUI JU JO UIF TVCHMBDJBM DBWJUZ ɨJT JOUFSQMBZ IBT CFFO NPEFMMFE CZ 	ǲPNB FU BM

 BOE PCTFSWFE EJSFDUMZ VTJOH "VUPTVC 	+FOLJOT FU BM 
 ɨFTF TUVEJFT JOEJDBUF B QFSJ
PEJD JOìPX PG XBSN $%8 POUP UIF DPOUJOFOUBM TIFMG WJB TVCNBSJOF USPVHIT *O BEEJUJPO QBSU
PG UIF 1*( USVOL XBT VOUJM UIF T HSPVOEFE PO B TVCHMBDJBM SJEHF 	+FOLJOT FU BM 

ɨF 1*( USVOL JT UIVT GSPN B HMBDJPMPHJDBM 	BOE PDFBOPHSBQIJD
 TUBOEQPJOU BO JOUFSFTUJOH
BSFB UP TUVEZ BOE XJUI UIJT JO NJOE QBSU PG UIF ##"4 TVSWFZ XBT EFWPUFE UP UIJT QBSU PG 1*(
ɨF TFDUJPO PG UIF ##"4 TVSWFZ UIBU XBT ìPXO PWFS UIF NBJO USVOL XBT ìPXO BU B NVDI MPXFS
UFSSBJO DMFBSBODF UIBO UIF SFTU PG UIF TVSWFZ CFUXFFO  N BOE  N BCPWF UIF JDF TVSGBDF
ɨJT MPX UFSSBJO DMFBSBODF XBT DIPTFO UP PQUJNJTF UIF RVBMJUZ PG UIF PCUBJOFE SBEBS TPVOEJOH
EBUB ɨFTF ìJHIUT PWFS UIF USVOL XFSF TVCEJWJEFE JOUP  BMPOHìPX ìJHIU TFDUJPOT 	-o-

UIBU XFSF QJDLFE UP GPMMPX UIF ìPX EJSFDUJPO BOE  DSPTTìPX ìJHIU TFDUJPOT 	9o9
 UIBU

 "QQMJDBUJPO PG 4"3 UFDIOJRVFT UP OPOJEFBMJTFE HFPNFUSZ
XFSF SPVHIMZ QFSQFOEJDVMBS UP UIF ìPX EJSFDUJPO 	'JH 

'JHVSF ɨF TUVEZ BSFB PO UIF NBJO USVOL PG 1*( 3FE QJOL BOE CMVF DPMPVST
JOEJDBUF SFHJPOT PG GBTU ìPX ɨF  BMPOHìPX BOE  DSPTTìPX TFDUJPOT BOE UIF
HSPVOEJOH MJOF BSF TIPXO BT CMBDL MJOFT
 $SSOLFDWLRQRI6$5 WHFKQLTXHVWRQRQLGHDOLVHG
JHRPHWU\
*O $IBQUFS  UIF BQQMJDBUJPO PG 4"3 UFDIOJRVFT XFSF EFTDSJCFE GPS UIF DBTF PG B IPSJ[POUBM JDF
TVSGBDF BOE BO BJSDSBGU IFJHIU UIBU SFNBJOFE DPOTUBOU PWFS UIF XIPMF TZOUIFUJD BQFSUVSF 8IFO
4"3 QSPDFTTJOH SFBM SBEBS EBUB UIF BJSDSBGU IFJHIU XJMM WBSZ PWFS UIF MFOHUI PG BO BQFSUVSF BOE
TP XJMM UIF JDF TVSGBDF 	'JH 
 6OMFTT QIBTF DPSSFDUJPOT BSF DBMDVMBUFE BOE BQQMJFE GPS UIJT
AOPOJEFBMJTFE HFPNFUSZ 	'JH 
 UIFO UIF QIBTF WBSJBUJPO BDSPTT UIF BQFSUVSF XJMM CF HSFBUFS
UIBO UIF ±pi8 SBEJBOT SFRVJSFE CZ MJOFBS BSSBZ UIFPSZ 0OF TPMVUJPO UP UIJT QSPCMFN XPVME CF
UP SFDPSE UIF BJSDSBGU IFJHIU BOE TVSGBDF FMFWBUJPO GPS FWFSZ USBDF UP CF QSPDFTTFE 6TJOH UIJT

 *UFSBUJWF 01- NJOJNJTBUJPO
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'JHVSF  " UZQJDBM SBEBS TPVOEJOH HFPNFUSZ XJUI CPUI UIF BJSDSBGU BMUJUVEF BOE
TVSGBDF FMFWBUJPO WBSZJOH JO UIF BMPOHUSBDL EJSFDUJPO
OBWJHBUJPOBM EBUB B IJHI PSEFS QPMZOPNJBM DPVME CF ëUUFE UP UIF TVSGBDF BOE UIF AFYBDU 01-
GSPN TBNQMF MPDBUJPO UP GPDVTJOH QPJOU 	BOE CBDL BHBJO
 DPVME CF DBMDVMBUFE 6OGPSUVOBUFMZ
UIFSF BSF B OVNCFS PG QSPCMFNT XJUI UIJT BQQSPBDI .PTU OBWJHBUJPO TZTUFNT TVDI BT UIF -FJDB
43 (14 TZTUFN VTFE JO UIF 1"4*/ TZTUFN BSF VOBCMF UP QSPWJEF OBWJHBUJPOBM JOGPSNBUJPO
BU UIF SBEBS TPVOEFS 13' "OPUIFS QSPCMFN JT SFMBUFE UP UIF SFRVJSFE QSPDFTTJOH UJNF "T UIFSF
JT OP BOBMZUJDBM TPMVUJPO GPS DBMDVMBUJPO PG UIF 01- GSPN TBNQMF MPDBUJPO UP GPDVT QPJOU 	BOE
CBDL BHBJO
 UIF DBMDVMBUJPO NVTU QFSGPSNFE JUFSBUJWFMZ CZ 01- NJOJNJTBUJPO
 ,WHUDWLYH23/ PLQLPLVDWLRQ
5P DBMDVMBUF UIF 01- B ."5-"#¥ GVODUJPO JT DSFBUFE UIBU DBMDVMBUFT UIF 01- BT B GVODUJPO PG
TBNQMF MPDBUJPO IFJHIU (sz) TBNQMF MPDBUJPO BMPOHUSBDL QPTJUJPO (sx) GPDVT QPJOU EFQUI (fz)
BOE GPDVT QPJOU BMPOHUSBDL QPTJUJPO (fx) " QPJOU PO UIF JDF TVSGBDF JT EFëOFE 	UIF SFGSBDUJPO
QPJOU
 XIPTF BMPOHUSBDL QPTJUJPO JT HJWFO CZ rx(x) BOE WFSUJDBM QPTJUJPO JT HJWFO CZ rz(x)
	'JH 
 'SPN 1ZUIBHPSVT UIFPSFN UIF QBUI (p1) GSPN TBNQMF MPDBUJPO UP SFGSBDUJPO QPJOU

 *UFSBUJWF 01- NJOJNJTBUJPO
'JHVSF  ɨF QIBTF TIJGUT SFMBUJWF UP UIF BQFSUVSF DFOUSF GPS UIF SBEBS TPVOEJOH
HFPNFUSZ TIPXO JO 'JH 
JT
p1 =
(
[sx − rx(x)]2 + [sz − rz(x)]2
) 1
2 	

BOE UIF QBUI (p2) GSPN GPDVT QPJOU UP SFGSBDUJPO QPJOU JT
p2 =
(
[fx − rx(x)]2 + [fz − rz(x)]2
) 1
2 	

GSPN 4FD  UIF 01- (Λ) GSPN TBNQMF MPDBUJPO UP GPDVT EFQUI JT HJWFO CZ
Λ = n1p1 + n2p2 	

BOE BT QBUI p1 JT JO BJS n1 ≈ 1
Λ = p1 + n2p2 	

XIJDI IBT UIF TBNF GPSN BT UIF 01- EFëOFE JO &R  "T NFOUJPOFE QSFWJPVTMZ UIF SFGSBD
UJPO QPJOU JT GSFF UP NPWF JO x *G UIF SFGSBDUJPO QPJOU (rx, rz) JT NPWFE UIFO UIFSF JT B DIBOHF
JO p1 BOE p2 BOE UIJT DBVTFT Λ UP DIBOHF
5P DBMDVMBUF UIF SBZQBUI DPSSFTQPOEJOH UP UIF BDUVBM QBUI UBLFO CZ B SBEBS QVMTF GSPN B

 *UFSBUJWF 01- NJOJNJTBUJPO
'JHVSF  ɨF 01- NJOJNJTBUJPO QSPCMFN TPMWFE CZ UIF ."5-"#¥ GVODUJPO
IPLQEQG
TBNQMF MPDBUJPO UP B GPDVT QPJOU 'FSNBUT QSJODJQMF JT VTFE XIJDI JO JUT NPEFSO GPSN SFBET
" MJHIU SBZ JO HPJOH GSPN QPJOU 4 UP QPJOU 1 NVTU USBWFSTF BO PQUJDBM QBUI MFOHUI
UIBU JT TUBUJPOBSZ XJUI SFTQFDU UP WBSJBUJPOT PG UIBU QBUI
ɨJT NFBOT UIBU JG B QMPU PG 01- WFSTF rx XFSF QSPEVDFE UIFO B TMJHIUMZ ìBUUFOFE SFHJPO DMPTF
UP UIF MPDBUJPO XIFSF UIF TMPQF HPFT UP [FSP XPVME CF PCTFSWFE BOE UIJT [FSP TMPQF QPJOU
DPSSFTQPOET UP UIF BDUVBM QBUI UBLFO CZ UIF QVMTF 	)FDIU 
 ɨF [FSP TMPQF QPJOU JO UIF
QSFTFOU DPOUFYU DPSSFTQPOET UP B NJOJNVN PG UIF 01- ɨFSFGPSF CZ ëOEJOH UIF WBMVF PG
rx UIBU HJWFT UIF NJOJNVN 01- UIF BDUVBM SBZQBUI UBLFO CZ UIF SBEBS QVMTF JT GPVOE 5P
BDIJFWF UIJT UIF ."5-"#¥ GVODUJPO IPLQEQG JT VUJMJTFE UIJT BMHPSJUIN ëOET UIF NJOJNVN
PG B GVODUJPO PG POF WBSJBCMF XJUIJO B ëYFE JOUFSWBM VTJOH JUFSBUJPO ɨF GVODUJPO VTFE JT UIF
DPNCJOBUJPO PG &R  &R  BOE &R  BOE JT HJWFO CZ
Λ(x) =
(
[sx − rx(x)]2 + [sz − rz(x)]2
) 1
2 + n2
(
[fx − rx(x)]2 + [fz − rz(x)]2
) 1
2 	

BOE UIF ëYFE JOUFSWBM DPSSFTQPOET UP UIF NBYJNVN TZOUIFUJD BQFSUVSF MFOHUI UIBU JT VTFE
XIFO 4"3 QSPDFTTJOH UIF EBUB ɨF IPLQEQG BMHPSJUIN JT CBTFE PO HPMEFO TFDUJPO TFBSDI

 1SPDFTTJOH UJNF GPS UIF FYBDU DBTF
BOE QBSBCPMJD JOUFSQPMBUJPO VTJOH UIFTF UFDIOJRVFT IPLQEQG ëOET UIF WBMVF PG x GPS XIJDI
&R  JT NJOJNJTFE UIJT WBMVF GPSNT UIF PVUQVU PG UIF GVODUJPO
ɨVT UIF SFGSBDUJPO QPJOU (rx, rz) JT UIF QPJOU PO UIF JDF TVSGBDF XIFSF UIF SBEBS QVMTF
PSJHJOBUJOH BU UIF TBNQMF MPDBUJPO (sx, sz) XPVME OFFE UP SFGSBDU JOUP UIF JDF JG JU XFSF UP BSSJWF
BU UIF GPDVT QPJOU (fx, fz) "T UIF MPDBUJPOT PG UIF TBNQMF MPDBUJPO GPDVT QPJOU BOE SFGSBDUJPO
QPJOU BSF OPX LOPXO TJNQMF USJHPOPNFUSZ DBO CF VTFE UP DBMDVMBUF UIF BOHMF PG JODJEFODF (θ1)
BOE BOHMF PG SFGSBDUJPO (θ2) GPS UIF SBEBS QVMTF SBZQBUI 0G QBSUJDVMBSMZ JOUFSFTU JT UIF WBMVF PG
θ1 BT CZ LOPXJOH UIF JODJEFOU BOHMF 	BOE UIF TBNQMF BOE GPDVT QPJOU MPDBUJPOT
 UIF 01- BOE
	GSPN 4OFMMT -BX
 θ2 DBO CF DBMDVMBUFE
 3URFHVVLQJWLPHIRUWKHH[DFWFDVH
*U XBT GPVOE CZ FYQFSJNFOUBUJPO UIBU UIF CFTU DPNQSPNJTF CFUXFFO QSPDFTTJOH UJNF BOE 4"3
SFTPMVUJPO XBT GPS UIF DBTF PG B TZOUIFUJD BQFSUVSF GPSNFE PG 1001 USBDFT 	 TBNQMF MPDB
UJPOT
 "T UIF TBNQMF MPDBUJPOT BOE TVSGBDF WBSZ BT B GVODUJPO PG IPSJ[POUBM QPTJUJPO UIF 01-
NVTU CF SFDBMDVMBUFE GSPN BMM  TBNQMF MPDBUJPOT UP FBDI GPDVT QPJOU JO UIF USBDF FBDI UJNF
B OFX USBDF JT QSPDFTTFE 	'JH 
 " USBDF DPOUBJOT 1250 EJTDSFUF SBOHF CJOT 	UIF GPDVT QPJOUT

NFBOJOH UIBU JG UIF JUFSBUJWF DBMDVMBUJPO PVUMJOFE JO 4FD  XFSF UP CF NBEF GSPN FBDI TBNQMF
MPDBUJPO UP FBDI SBOHF CJO UIFO 1251250 TFQBSBUF DBMDVMBUJPOT XPVME CF SFRVJSFE FBDI UJNF B
OFX USBDF JT QSPDFTTFE
Ncalc = 1001× 1250 = 1251250 	

6TJOH UIF IPLQEQG BMHPSJUIN JO ."5-"#¥ PO B . ()[ *OUFM $PSF  %VP DPNQVUFS
XJUI  (#  .)[ %%3 4%3". UIF UJNF UBLFO UP DBMDVMBUF UIF SFRVJSFE 01-T GPS POF
USBDF JT tt ≈  T ɨFSFGPSF GPS B TZOUIFUJD BQFSUVSF PG 1001 USBDFT UIF UJNF XPVME CF
ta = 1001× 1 ≈  T 	

≈ . NJO 	


 -PPLVQ UBCMFT
ɨF SBX EBUB BSF OPSNBMMZ BSSBOHFE JO ëMFT DPOUBJOJOH  TFQBSBUF USBDFT TP UIF UJNF UP
QSPDFTT POF ëMF XPVME CF
tf = 5904× 16.7 ≈   NJO 	

≈  I 	

≈  E 	

&BDI ìJHIU TFDUJPO JT DPNQSJTFE PG B TFSJFT PG ëMFT GPS FYBNQMF 9 DPOUBJOT  TFQBSBUF ëMFT
UIFSFGPSF UIF UPUBM UJNF OFFEFE UP QSPDFTT ìJHIU TFDUJPO 9 XPVME CF
tf = 36× 68 ≈  E 	

≈ . B 	

. ZFBST $MFBSMZ JU JT OPU BU QSFTFOU GFBTJCMF UP FNQMPZ UIF EJSFDU 01- DBMDVMBUJPO QSPDFTTJOH
TDIFNF CFDBVTF JU XPVME UBLF ZFBST UP QSPDFTT FWFO TIPSU ìJHIU TFDUJPOT ɨFSF JT B XBZ SPVOE
UIJT QSPCMFN BOE UIBU JT UP VTF UIF JEFBMJTFE DBTF PG B ìBU JDF TVSGBDF BOE DPOTUBOU BJSDSBGU
IFJHIU BOE BQQMZ QIBTF DPSSFDUJPOT SFMBUJWF UP UIJT JEFBMJTFE DBTF ɨFTF JEFBMJTFE DBTFT BSF JO
UIF GPSN PG MPPLVQ UBCMFT
 /RRNXSWDEOHV
*EFBMMZ UIF FYBDU 01-T BTTPDJBUFE XJUI BMM UIF TBNQMF MPDBUJPOT DPNQSJTJOH UIF TZOUIFUJD BQFS
UVSF XPVME CF DBMDVMBUFE IPXFWFS JO QSBDUJDF UIJT XPVME SFRVJSF TVDI MPOH QSPDFTTJOH UJNFT BT
UP NBLF UIF UFDIOJRVF VOXPSLBCMF 	4FD 
 " TPMVUJPO UP UIJT QSPCMFN JT UIF VTF PG MPPLVQ
UBCMFT BOE JOUFSQPMBUJPO 5P QSPEVDF B MPPLVQ UBCMF UIF SBZ QBUIT GSPN TBNQMF MPDBUJPOT UP
GPDVT QPJOUT 	MPDBUFE XJUIJO UIF JDF NBTT
 BSF TJNVMBUFE GPS UIF DBTF PG B IPSJ[POUBM JDF TVS
GBDF BOE ëYFE BJSDSBGU IFJHIU (h) ɨJT QSPDFTT JT QFSGPSNFE VTJOH UIF ."5-"#¥ JUFSBUJWF
NJOJNJTBUJPO BMHPSJUIN IPLQEQG 	4FD 

" SBEBS USBDF OPSNBMMZ DPOUBJOT 1250 EJTDSFUF SBOHF CJOT (n = 1, 2, · · · , 1250) XJUI UIF
EFQUI BTTPDJBUFE XJUI FBDI CJO d(n) DBMDVMBUFE VTJOH
d(n) =
( nc
2fs
− h
n2
)
	


 -PPLVQ UBCMFT
XIFSF fs JT UIF 1"4*/ TBNQMJOH GSFRVFODZ c JT UIF TQFFE PG MJHIU JO B WBDVVN BOE h JT UIF
IFJHIU PG UIF BJSDSBGU BCPWF UIF JDF TVSGBDF ɨF SBOHF CJOT BSF UIF EFQUIT XJUIJO UIF JDF NBTT
UIBU UIF EPXOQSPQBHBUJOH SBEBS QVMTF PDDVQJFT BU UJNFT nfs  ɨFTF SBOHF CJOT BSF UIFSFGPSF UIF
QPJOUT XIFSF UIF TZOUIFUJD BQFSUVSF OFFET UP CF GPDVTFE BOE FBDI POF JT USFBUFE BT B EJTDSFUF
GPDVT QPJOU 	4FD 

ɨF EJTUBODF CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT JT EFUFSNJOFE CZ UIF 13' PG UIF SBEBS
TZTUFN BOE UIF WFMPDJUZ PG UIF BJSDSBGU 'SPN 4FD  UIF 1"4*/ TZTUFN 13' JT   )[
BOE FBDI USBDF JT UIF TVN PG 25 DPOTFDVUJWF TUBDLFE USBDFT ɨF QVMTF BOE UIF DIJSQ BSF BMTP
JOUFSMFBWFE 	4FD 
 ɨF &êFDUJWF 13' 	&13'
 JT UIFSFGPSF HJWFO CZ
&13' = 15625
2× 25 = . )[ 	

UIF EJTUBODF CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT ∆sx JT UIFSFGPSF
∆sx =
va
312.5
	

XIFSF va JT UIF BJSDSBGU WFMPDJUZ ɨF TQBDJOH CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT XJMM WBSZ
XJUI BJSDSBGU WFMPDJUZ ɨF WBSJBUJPO PG va PWFS UIF TVSWFZ BSFB JT CFUXFFO B NBYJNVN WBMVF
PG  N T− BOE NJOJNVN PG  N T− UIJT DBVTFT ∆sx UP WBSZ CFUXFFO . DN BOE  DN
SFTQFDUJWFMZ ɨF ∆sx =  DN WBMVF DPSSFTQPOEJOH UP va =  N T− JT VTFE UP DPOTUSVDU
UIF BSSBZ PG TBNQMF MPDBUJPOT VTFE JO UIF MPPLVQ UBCMFT
sx =
[
−
(
N − 1
2
)
, · · · ,−2,−1, 0, 1, 2, · · · ,
(
N − 1
2
)]
∆sx 	

XIFSF N JT UIF OVNCFS PG USBDFT UP CF JODMVEFE JO UIF NBYJNVN TJ[F TZOUIFUJD BQFSUVSF UIBU
XJMM CF VTFE EVSJOH QSPDFTTJOH
ɨF GPDVT QPJOUT BSF QPTJUJPOFE BU x = 0 BOE UIF WBMVF PG UIF JODJEFOU BOHMF (θ1) GPS UIF
SBZQBUI GSPN FBDI TBNQMF MPDBUJPO UP FBDI PG UIF GPDVT QPJOUT JO UIF SBEBS USBDF JT DBMDVMBUFE
VTJOH UIF NFUIPE EFTDSJCFE JO 4FD  	'JH 
 ɨJT QSPEVDFT BO BSSBZ XIFSF FBDI SPX
DPSSFTQPOET UP B EJTDSFUF GPDVT QPJOU BOE FBDI DPMVNO UP B EJTDSFUF TBNQMF MPDBUJPO ɨJT
DBMDVMBUJPO JT SFQFBUFE GPS  N JODSFNFOUT PG BJSDSBGU IFJHIU BCPWF UIF JDF TVSGBDF GPS UIF SBOHF
PG BJSDSBGU IFJHIUT FODPVOUFSFE JO UIF TVSWFZ hNJO =  N UP hNBY =  N BOE FBDI PG
UIFTF BSSBZT GPSNT B TFQBSBUF MPPLVQ UBCMF ɨJT NFBOT UIBU PWFS UIF BGPSFNFOUJPOFE JOUFSWBM

 4MPQFE JDF TVSGBDF DPSSFDUJPO
'JHVSF  ɨF 01- NJOJNJTBUJPO HFPNFUSZ GPS MPPLVQ UBCMF HFOFSBUJPO TPMWFE
CZ UIF ."5-"#¥ GVODUJPO IPLQEQG
220 MPPLVQ UBCMFT BSF QSPEVDFE &BDI MPPLVQ UBCMF DPOUBJOT BO BSSBZ PG JODJEFOU BOHMFT (θ1)
DPSSFTQPOEJOH UP UIF SBZQBUIT GSPN FBDI TBNQMF MPDBUJPO UP FBDI EJTDSFFU GPDVT QPJOU 	'JH 

*G GPS FYBNQMF UIF DFOUSF PG UIF BQFSUVSF JT GPVOE UP CF  N BCPWF UIF JDF TVSGBDF BOE
UIF BWFSBHF BJSDSBGU WFMPDJUZ XJUIJO UIF BQFSUVSF JT  N T− UIFO ëSTU UIF  N IFJHIU MPPLVQ
UBCMF JT MPBEFE ɨFO UIF TBNQMF MPDBUJPOT GPS B WFMPDJUZ PG  N T− BSF DBMDVMBUFE VTJOH
&R  BOE &R  "T UIF WBMVF PG (θ1) WBSJFT MJUUMF CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT
JOUFSQPMBUJPO JT UIFO VTFE UP ëOE UIF WBMVFT PG (θ1) GPS UIF  N T− TBNQMF MPDBUJPO BSSBZ CZ
JOUFSQPMBUJOH UIF QSFEFëOFE  N T− BSSBZ ɨFSFGPSF CZ MPBEJOH UIF BQQSPQSJBUF BSSBZ GPS
B TQFDJëD IFJHIU BOE VTJOH JOUFSQPMBUJPO JU JT QPTTJCMF UP ëOE UIF θ1 WBMVFT GPS BOZ BJSDSBGU
WFMPDJUZ BOE IFJHIU MJLFMZ UP CF FODPVOUFSFE JO UIF TUVEZ BSFB 	'JH 

 6ORSHGLFHVXUIDFHFRUUHFWLRQ
ɨF MPPLVQ UBCMFT BSF TJNVMBUFE GPS UIF DBTF PG B IPSJ[POUBM JDF TVSGBDF 	4FD 
 CVU JO SFBMJUZ
HMBDJBM TMPQFT BSF SBSFMZ UPUBMMZ IPSJ[POUBM BOE UZQJDBMMZ IBWF TVSGBDF TMPQFT PG VQ UP 	¡
 ɨFTF
TVSGBDF TMPQFT BMUIPVHI TNBMM DBO DBVTF QIBTF EJTUPSUJPOT UP B 4"3 QSPDFTTPS UIBU JT EFTJHOFE

 4MPQFE JDF TVSGBDF DPSSFDUJPO
GPS B IPSJ[POUBM TVSGBDF ɨF FêFDU PG B TVSGBDF TMPQF JT UP DBVTF B MJOFBS QIBTF TIJGU BDSPTT UIF
BQFSUVSF 	SFMBUJWF UP UIF IPSJ[POUBM DBTF
 ɨJT MJOFBS QIBTF TIJGU JT UIF SFTVMU PG UIF EJêFSFOU
SBZ QBUIT UBLFO CZ SBEBS QVMTFT UIBU SFGSBDU BU B TMPQJOH JDF JOUFSGBDF SFMBUJWF UP UIF QBUIT UBLFO
JG SFGSBDUJPO PDDVSSFE BU B IPSJ[POUBM JOUFSGBDF ɨF EJêFSFODFT JO SBZQBUI USBKFDUPSZ SFTVMUT
JO B EJêFSFODF JO UIF 01- GSPN TBNQMF MPDBUJPOT UP GPDVT QPJOU ɨJT MFBET UP BO BEEJUJPOBM
QIBTF TIJGU SFMBUJWF UP UIF IPSJ[POUBM DBTF ɨFTF MJOFBS QIBTF TIJGUT IBWF UIF TBNF FêFDU BT
JO QIBTFE BSSBZT BOUFOOBT UIFZ DBVTFT BO BOHVMBS SPUBUJPO PG UIF BOUFOOB QBUUFSO BCPVU UIF
DFOUSF PG UIF BQFSUVSF *O B QIBTFE BSSBZ BOUFOOB CFBN SPUBUJPO 	CFBN TUFFSJOH
 JT B EFTJSBCMF
QSPQFSUZ PG UIF BOUFOOB BOE JT DPOUSPMMFE CZ UIF BEEJUJPO PG QIBTF EJêFSFODFT CFUXFFO BEKBDFOU
BOUFOOB FMFNFOUT 	4LPMOJL 
 'PS UIF QSFTFOU DBTF PG 4"3 QSPDFTTJOH SBEBS TPVOEJOH EBUB
UIF FêFDU PG 	VODPSSFDUFE
 TVSGBDF TMPQFT JT UP DBVTF B IPSJ[POUBM EJTQMBDFNFOU PG QSPDFTTFE
TVCHMBDJBM GFBUVSFT SFMBUJWF UP UIFJS VOQSPDFTTFE MPDBUJPOT ɨF NBHOJUVEF PG UIJT EFìFDUJPO JT
B GVODUJPO PG UIF TVSGBDF TMPQF BOE EFQUI PG UIF TVCHMBDJBM GFBUVSF XJUIJO UIF JDF NBTT
 &RRUGLQDWHV\VWHPWUDQVIRUPDWLRQ
ɨF QPTJUJPO PG UIF BJSDSBGU JO TQBDF JT PCUBJOFE GSPN (14 NFBTVSFNFOUT BOE UIF TVSGBDF FMFW
BUJPO JT HJWFO CZ UIF EJêFSFODF CFUXFFO UIF BJSDSBGU BMUJUVEF BOE JUT IFJHIU BCPWF UIF JDF TVSGBDF
	h
 XIJDI JT EFSJWFE GSPN UIF POCPBSE . ()[ SBEBS BMUJNFUFS 	4FD 
 ɨF EBUVN VTFE
GPS (14 QPTJUJPOJOH NFBTVSFNFOUT JT 8(4 	8PSME (FPEFUJD 4ZTUFN 
 ɨF 8(4
EBUVN DPOTJTUT PG B UISFFEJNFOTJPOBM $BSUFTJBO DPPSEJOBUF TZTUFN BOE BO BTTPDJBUFE FMMJQT
PJE SFGFSFODF TVSGBDF 	'JH 
 ɨVT 8(4 QPTJUJPOT DBO CF EFTDSJCFE BT FJUIFS (x, y, z)
$BSUFTJBO DPPSEJOBUFT PS MBUJUVEF MPOHJUVEF BOE FMMJQTPJE IFJHIU DPPSEJOBUFT (φ,λ, H) 	0SE
OBODF 4VSWFZ 
 ɨF PSJHJO PG UIF 8(4 EBUVN JT UIF (FPDFOUSF 	UIF &BSUIT DFOUSF PG
NBTT
 BOE JU JT EFTJHOFE GPS QPTJUJPOJOH BOZXIFSF PO &BSUI XIJDI JT UIF SFBTPO JU JT VTFE GPS
(14 NFBTVSFNFOUT 	0SEOBODF 4VSWFZ 

ɨF 8(4 $BSUFTJBO BYFT BOE FMMJQTPJE BSF HFPDFOUSJD NFBOJOH UIBU UIFJS PSJHJO JT UIF
DFOUSF PG NBTT PG UIF XIPMF &BSUI JODMVEJOH JUT BUNPTQIFSF BOE PDFBOT 	0SEOBODF 4VSWFZ

 0O UIF TDBMF PG B TZOUIFUJD BQFSUVSF 	B GFX IVOESFE NFUSFT
 UIF DVSWBUVSF PG UIF &BSUI
EPFT OPU IBWF UP CF UBLFO JOUP DPOTJEFSBUJPO BOE UIF &BSUI DBO CF DPOTJEFSFE BT MPDBMZ QMBOBS
ɨF SFMBUJWF QPTJUJPOT PG TBNQMF MPDBUJPOT BOE UIF JDF TVSGBDF DBO UIFSFGPSF CF FYQSFTTFE SFMBUJWF
UP B MPDBM $BSUFTJBO DPPSEJOBUF TZTUFN ɨF PSJHJO PG UIJT MPDBM $BSUFTJBO BYJT JT EFëOFE BT UIF
QPJOU PO UIF JDF TVSGBDF EJSFDUMZ CFMPX UIF DFOUSF PG UIF BQFSUVSF BOE JU XJMM DIBOHF GPS FBDI

 4MPQFE JDF TVSGBDF DPSSFDUJPO
 
'JHVSF  "O FMMJQTPJE XJUI HSBUJDVMFT PG MBUJUVEF BOE MPOHJUVEF BOE UIF BTTPDJ
BUFE UISFF EJNFOTJPOBM $BSUFTJBO BYFT ɨF PSJHJO PG UIF DPPSEJOBUF TZTUFN JT UIF
(FPDFOUSF 	&BSUIT DFOUSF PG NBTT
 1PJOU P DBO CF FRVJWBMFOUMZ TQFDJëFE BT FJUIFS
MBUJUVEF 	φ
 MPOHJUVEF 	λ
 BOE FMMJQTPJE IFJHIU 	H
 PS $BSUFTJBO DPPSEJOBUFT x y
BOE z .PEJëFE GSPN 	0SEOBODF 4VSWFZ 

OFX QPTJUJPO PG UIF BQFSUVSF
ɨF $BSUFTJBO TZTUFN JT POF PG NBOZ QPTTJCMF DPPSEJOBUF TZTUFNT UIBU DPVME CF VTFE UP
EFTDSJCF UIF SFMBUJWF QPTJUJPOT PG TBNQMF MPDBUJPOT BOE UIF JDF TVSGBDF 'PS UIF QVSQPTF PG
DPSSFDUJOH GPS UIF MPDBM JDF TMPQF B QMBOF QPMBS DPPSEJOBUF TZTUFN JT UIF NPSF VTFGVM ɨF
PSJHJO PG UIJT QPMBS DPPSEJOBUF TZTUFN 	MJLF UIF MPDBM $BSUFTJBO TZTUFN
 JT UIF QPJOU EJSFDUMZ
CFMPX UIF DFOUSF PG UIF TZOUIFUJD BQFSUVSF BOE BU UIF JDF TVSGBDF ɨF QMBOF DPOUBJOJOH UIF
QPMBS DPPSEJOBUF TZTUFN 	x − z JO 'JH 
 FYUFOET JO UIF BMPOH USBDL EJSFDUJPO 	x
 BOE JT
FWFSZXIFSF OPSNBM UP UIF DSPTTUSBDL EJSFDUJPO 	y

 &RUUHFWLQJIRUWKHORFDOVXUIDFHVORSH
ɨF ëSTU TUBHF JO DPSSFDUJOH GPS UIF MPDBM JDF TVSGBDF TMPQF JT UP FYQSFTT UIF MPDBUJPOT PG BMM UIF
NFBTVSFE TBNQMF MPDBUJPOT BOE JDF TVSGBDF FMFWBUJPOT JO UIF QMBOF QPMBS DPPSEJOBUF TZTUFN XJUI
FBDI QPJOU IBWJOH B SBEJBM DPPSEJOBUF 	r
 BOE BO BOHVMBS DPPSEJOBUF 	θ
 	'JH 
 $POTJEFS

 4MPQFE JDF TVSGBDF DPSSFDUJPO
'JHVSF ɨF QPTJUJPO PG UIF TBNQMF MPDBUJPOT JO B QMBOF QPMBS DPPSEJOBUF TZTUFN
ɨF DPPSEJOBUF TZTUFN PSJHJO JT UIF QPJOU EJSFDUMZ CFMPX UIF DFOUSF PG UIF BQFSUVSF
BU UIF JDF TVSGBDF
UIF DBTF PG B TNPPUI JDF TVSGBDF IBWJOH B DPOTUBOU TMPQF BOHMF PG α PWFS UIF XIPMF TZOUIFUJD
BQFSUVSF MFOHUI "T UIF PSJHJO PG UIF QPMBS DPPSEJOBUF TZTUFN JT BU UIF JDF TVSGBDF BMM UIF JDF
TVSGBDF QPJOUT XJMM IBWF UIF TBNF NBHOJUVEF PG BOHVMBS DPPSEJOBUF 	θ = α
 BMUIPVHI UIFSF
XJMM CF B ¡pi QIBTF TIJGU JO UIF WBMVF PG α GSPN POF TJEF PG UIF PSJHJO UP UIF PUIFS ɨF TMPQF
BOHMF PG B SFBM JDF TVSGBDF XJMM OPU CF UPUBMMZ TNPPUI TP UIF JDF TVSGBDF TMPQF BOHMF 	α
 DBO CF
GPVOE CZ MFBTUTRVBSFE ëUUJOH B MJOFBS USFOEMJOF UP UIF JDF TVSGBDF BCPVU UIF QPMBS DPPSEJOBUF
TZTUFN PSJHJO
5P DPSSFDU GPS UIF JDF TVSGBDF TMPQF UIF QPJOUT DPSSFTQPOEJOH UP UIF JDF TVSGBDF BOE UIF
TBNQMF MPDBUJPOT OFFE UP CF SPUBUFE CZ BO BOHMF UIBU JT OFHBUJWF UP UIF TVSGBDF TMPQF ɨBU JT JG
UIF JDF TVSGBDF IBT B TMPQF BOHMF PG α UIFO UIF TBNQMF MPDBUJPOT BOE UIF JDF TVSGBDF QPJOUT OFFE
UP CF SPUBUFE CZ BO BOHMF FRVBM UP θ = −α ɨJT PQFSBUJPO JT FBTJMZ QFSGPSNFE JO UIF QPMBS
DPPSEJOBUF TZTUFN BT JU TJNQMZ JOWPMWFT UIF BEEJUJPO PG−α UP UIF BOHVMBS DPPSEJOBUFT PG CPUI
UIF TBNQMF MPDBUJPOT BOE JDF TVSGBDF QPJOUT %VSJOH UIF SPUBUJPO UIF IPSJ[POUBM TFQBSBUJPO
CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT 	4FD 
 XJMM IBWF DIBOHFE 	∆sx = ∆s′x
 NFBOJOH UIBU
UIFSF JT B EJêFSFOU AWFMPDJUZ 	v′a
 GPS B SPUBUFE DPPSEJOBUF TZTUFN SFMBUJWF BO VOSPUBUFE POF

 4MPQFE JDF TVSGBDF DPSSFDUJPO
!!"#
!!$##
!!$"#
!!%##
!!%"#
&#
'#
(#
$%#
$"#
$)# #
'JHVSF  $PPSEJOBUF TZTUFN SPUBUJPO JO QPMBS DPPSEJOBUFT GPS UIF DBTF PG B IPSJ
[POUBM ìJHIU QBUI BCPWF B TMPQJOH JDF TVSGBDF ɨF HSFZ MJOFT TIPXT UIF VOSPUBUFE
DPPSEJOBUF TZTUFN BOE UIF CMBDL MJOFT UIF SPUBUFE DPPSEJOBUF TZTUFN
	'JH 
 "OPUIFS GFBUVSF PG UIF SPUBUFE DPPSEJOBUF TZTUFN JT UIBU UIF IFJHIU PG UIF BJSDSBGU
BCPWF UIF DPPSEJOBUF TZTUFN PSJHJO XJMM IBWF DIBOHFE EVSJOH UIF SPUBUJPO 	h = h′
 ɨF
MPPLVQ UBCMF UIBU JT VTFE GPS UIF QIBTF DPSSFDUJPOT 	4FD 
 XJMM CF UIF POF UIBU DPSSFTQPOET
UP UIF BJSDSBGU IFJHIU EJSFDUMZ BCPWF UIF PSJHJO JO UIF SPUBUFE DPPSEJOBUF TZTUFN 	h′
 XJUI UIF
GPDVT QPJOUT VTFE CZ UIJT MPPLVQ UBCMF HJWFO CZ
d(n) =
(
nc
2fs
− h′
n2
)
	

ɨF TQBDJOH CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT BSF VTFE UP JOUFSQPMBUF UIF MPPLVQ UBCMFT BOE
JO UIF SPUBUFE DPPSEJOBUF TZTUFN UIJT TQBDJOH JT∆s′x 	'JH 
 'SPN 'JH  JU JT BMTP FWJEFOU
UIBU UIF TBNQMF MPDBUJPO EJSFDUMZ BCPWF UIF PSJHJO JO UIF VOSPUBUFE DPPSEJOBUF TZTUFN IBT CFFO
EJTQMBDFE IPSJ[POUBMMZ EVSJOH UIF SPUBUJPO 	BT XFMM WFSUJDBMMZ
 ɨJT NFBOT UIBU B EJêFSFOU TFU
PG TBNQMF MPDBUJPOT BOE UIFSFGPSF B EJêFSFOU TFU PG USBDFT BSF VTFE 	SFMBUJWF UP BO VOSPUBUFE
DPPSEJOBUF TZTUFN
 UP GPSN UIF BQFSUVSF ɨF USBDFT UIBU DPNQSJTF UIF TZOUIFUJD BQFSUVSF BSF
UIFSFGPSF B GVODUJPO PG UIF BMPOHUSBDL QPTJUJPO BOE UIF NFBO JDF TVSGBDF TMPQF BDSPTT UIF

 1MBUGPSN IFJHIU DPSSFDUJPO
BQFSUVSF
0ODF UIF DPPSEJOBUF TZTUFN SPUBUJPO IBT CFFO QFSGPSNFE UIF DPPSEJOBUFT DBO CF USBOT
GPSNFE CBDL JOUP $BSUFTJBO DPPSEJOBUFT BOE VTFE GPS BEEJUJPOBM QIBTF DPSSFDUJPOT 	4FD 

ɨJT NFBOTMPQF DPPSEJOBUF TZTUFN SPUBUJPO NFUIPE XPSLT CFTU XIFO UIFSF BSF NJOJNBM TVS
GBDF VOEVMBUJPOT ɨJT JT CFDBVTF JU DBO POMZ DPSSFDU GPS UIF NFBO TMPQF PWFS BO BQFSUVSF
MFOHUI BOE MBSHF SFTJEVFT XJMM SFTVMU JO QIBTF EJTUPSUJPOT UIBU XJMM SFTVMU JO UIF VOGPDVTTJOH
PG TVCHMBDJBM GFBUVSFT 	4FD 

 3ODWIRUPKHLJKWFRUUHFWLRQ
5P DPSSFDU GPS OPOJEFBM QMBUGPSN NPUJPO UIF DPPSEJOBUF TZTUFN SPUBUJPO JT BQQMJFE BT PVUMJOFE
JO 4FD  ɨJT USBOTGPSNT BMM UIF DPPSEJOBUFT TP UIFZ UIBU BSF SFMBUJWF UP B IPSJ[POUBM JDF
TVSGBDF ɨF FYUSB 01- ∆Λz(x, d) SFTVMUJOH GSPN UIF EFWJBUJPO JO BJSDSBGU IFJHIU SFMBUJWF UP
UIF DFOUSF PG UIF TZOUIFUJD BQFSUVSF BU (x = 0, z = h) BMTP OFFET UP CF DPSSFDUFE GPS ɨF
EJêFSFODF JO BJSDSBGU IFJHIU SFMBUJWF UP UIF BQFSUVSF DFOUSF JT HJWFO CZ
∆z(x) = h(x)− h(0) 	

XIFSF h(x) JT UIF BJSDSBGU IFJHIU h(0) JT UIF BJSDSBGU IFJHIU BU UIF DFOUSF PG UIF TZOUIFUJD
BQFSUVSF BOE x JT UIF BMPOHUSBDL QPTJUJPO 5P DPSSFDU GPS ∆z(x) UIF JODJEFOU BOHMF θ1(x)
OFFET UP CF LOPXO GPS UIF SFGSBDUFE SBZ QBUI PSJHJOBUJOH BU UIF TBNQMF MPDBUJPO (x, h(x)) BOE
UFSNJOBUJOH BU UIF GPDVT QPJOU (0, di) *G UIF JODJEFOU BOHMF DBMDVMBUFE JO UIF MPPLVQ UBCMFT
	4FD 
 JT EFOPUFE CZ θ1L BOE UIF BDUVBM JODJEFOU BOHMF GPS UIF IFJHIU EFWJBUJPO ∆z(x) JT
EFOPUFE BT θ1 UIFO BT MPOH BT∆z(x) EPFT OPU HFU UPP MBSHF UIFO UIF BTTVNQUJPO DBO CF NBEF
UIBU θ1 ≈ θ1L ɨJT BTTVNQUJPO JT TIPXO JO 'JH  BOE 'JH  	UIF HSFZ SBZQBUIT
 ɨF
∆Λz(x, d) WBMVFT BTTPDJBUFE XJUI ∆z(x) BSF HJWFO CZ
∆Λz(x, d) = ∆z(x) DPT [θ1L(x, d)] 	

ɨF WBMVF PG ∆Λz(x, d) IBT B EFQUI EFQFOEBODF EVF UP UIF GBDU UIBU θ1(x, d) JT B GVODUJPO PG
GPDVT QPJOU EFQUI BT XFMM BT BMPOHUSBDL QPTJUJPO

 1IBTF DPSSFDUJPOT
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'JHVSF  %JêFSFODF JO SBZ QBUI MFOHUI 	SFE MJOFT
 CFUXFFO BO BDUVBM ìJHIU QBUI
	MJHIU HSFZ MJOFT
 BOE B IPSJ[POUBM ìJHIU QBUI 	EBSL HSFZ MJOFT
 ɨF [PPN TFDUJPO
PVUMJOFE CZ UIF QVSQMF CPY JT TIPXO JO 'JH 
 3KDVHFRUUHFWLRQV
ɨF SFDFJWFE QIBTF φ(x, d) JT B GVODUJPO PG UIF 01- BOE JT HJWFO CZ
φ(x, d) = 2kΛ(x, d) = 2k [ΛL(x, d) +∆Λz(x, d)] 	

ɨF SFGFSFODF GVODUJPO m(x, d) UIVT UBLFT JOUP BDDPVOU UIF JDF TVSGBDF TMPQF BJSDSBGU IFJHIU
BOE BJSDSBGU WFMPDJUZ WBSJBUJPOT BOE JT HJWFO CZ
m(x, d) = e−iφ(x,d) 	

ɨJT QIBTF DPSSFDUJPO BSSBZ JT NVMUJQMJFE XJUI BO BSSBZ DPOUBJOJOH UIF SBX EBUB PDDVQZJOH UIF
XJOEPX s(x, d) UIVT QIBTF DPSSFDUJOH UIF SBX EBUB 	'JH 


 ɨF FêFDUJWFOFTT PG UIF DPSSFDUJPOT
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'JHVSF  ɨF HFPNFUSZ PG UIF QMBUGPSN IFJHIU DPSSFDUJPO ɨF SFE MJOFT TIPX
UIF QBUI MFOHUI EJêFSFODF CFUXFFO BO BDUVBM ìJHIU QBUI 	MJHIU HSFZ MJOFT
 BOE B
IPSJ[POUBM ìJHIU QBUI 	EBSL HSFZ MJOFT

 7KHHIIHFWLYHQHVVRIWKHFRUUHFWLRQV
"TTVNJOH UIBU UIF TMPQFE JDF TVSGBDF JT QFSGFDUMZ ìBU XJUI OP TVQFSJNQPTFE VOEVMBUJPOT BOE
UIBU UIF TVSGBDF TMPQF IBT CFFO DPSSFDUFE GPS VTJOH UIF DPPSEJOBUF TZTUFN SPUBUJPO UIFO UIF
FêFDUJWFOFTT PG QIBTF DPSSFDUJPOT DBO CF TJNVMBUFE CBTFE PO UIF UIFPSZ PVUMJOFE JO 4FD 
4FD  ɨF 01-T SFTVMUJOH GSPN BO BJSDSBGU IFJHIU UIBU WBSJFT CZ  N BCPVU B NFBO IFJHIU
PG  N BCPWF UIF JDF TVSGBDF GPS B TZOUIFUJD BQFSUVSF PG  N DBO CF TJNVMBUFE XJUI UIF HFP
NFUSZ TIPXO JO 'JH  *O SFBMJUZ UIF BJSDSBGU IFJHIU WBSJBUJPO PWFS BO BQFSUVSF JT NVDI MFTT
UIBO  N &YBNJOBUJPO PG IPX UIF QIBTF DPSSFDUJPOT IBOEMF UIJT FYUSFNF DBTF 	'JH 

TIPXT UIBU PWFS UIF NBKPSJUZ PG UIF BQFSUVSF UIF QIBTF TIJGU JT MFTT UIBO UIBU SFRVJSFE CZ UIF
BOUFOOB DPOEJUJPO (pi8 ) ɨJT HJWFT DPOëEFODF UIBU UIF BQQMJFE QIBTF DPSSFDUJPOT BSF TVïDJFOU
UP BDDVSBUFMZ DPSSFDU GPS BOZ ìJHIU HFPNFUSZ MJLFMZ UP CF FODPVOUFSFE JO UIF TVSWFZ

 ɨF FêFDUJWFOFTT PG UIF DPSSFDUJPOT
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'JHVSF  ɨF SBZ QBUIT PG XBWFT PSJHJOBUJOH GSPN B TDBUUFSFS XJUIJO BO JDF
NBTT 	HSFZ MJOFT
 UIF SFE MJOFT BSF UIF ∆Λ SFMBUJWF UP UIF DFOUSF PG UIF BQFSUVSF
UIF SFUVSO XBWFGSPOU JT BMTP TIPXO
'JHVSF  1IBTF TIJGU BGUFS QIBTF DPSSFDUJPOT 	SFE MJOF
 PWFS BO BQFSUVSF PG  N
	 CPVOEFE CZ CMBDL WFSUJDBM MJOFT
 GPS BO BJSDSBGU IFJHIU PG  N BOE B TDBUUFSFS
EFQUI PG  N ɨF CMVF TIBEFE SFHJPO SFQSFTFOUT UIF NBYJNVN BQFSUVSF MFOHUI
BWBJMBCMF GPS % 4"3

 1SPDFTTJOH UJNF JNQSPWFNFOU
 3URFHVVLQJWLPHLPSURYHPHQW
ɨF 4"3 QSPDFTTPS EFWFMPQFE JO UIJT TUVEZ BOE JNQMFNFOUFE JO ."5-"#¥ JT DPNQMFUFMZ
BVUPNBUJD BOE DBO QSPDFTT NVMUJQMF ìJHIU TFDUJPOT PG EJêFSFOU ëMF MFOHUIT 'PS B TZOUIFUJD
BQFSUVSF DPOUBJOJOH 1001 USBDFT UIF BWFSBHF UJNF UBLFO UP QSPDFTT POF ëMF JT ∼ NJO ɨF
UPUBM UJNF OFFEFE UP QSPDFTT ìJHIU TFDUJPO 9 VTJOH UIJT QSPDFTTJOH TDIFNF JT
tf = 36× 35 ≈  NJO 	

≈  I 	

ɨJT JT DMFBSMZ BO JNQSPWFNFOU PO UIF  ZFBST UBLFO GPS UIF FYBDU DBTF 	4FD 

 6RXUFHVRIXQFHUWDLQW\
'PS TZOUIFUJD BQFSUVSF UFDIOJRVFT UP CF TVDDFTTGVMMZ BQQMJFE UIF 01- GSPN FBDI TBNQMF MPDB
UJPOT UP FBDI GPDVT QPJOU OFFET UP CF BDDVSBUFMZ NPEFMMFE ɨF BDDVSBDZ PG UIF NPEFM EFQFOET
PO UIF WBMJEJUZ PG UIF BTTVNQUJPOT VTFE UP DPOTUSVDU JU BT XFMM BT UIF BDDVSBDZ PG UIF JOQVU
QBSBNFUFST *G UIF JOQVU QBSBNFUFST BSF OPU BDDVSBUF PS JG UIF BTTVNQUJPOT BSF JOWBMJE UIFO UIF
SFTVMU XJMM CF JODPSSFDU QIBTF DPSSFDUJPOT CFJOH BQQMJFE UP UIF SBX EBUB ɨF DFOUSBM BTTVNQ
UJPOT VTFE JO 4"3 QSPDFTTJOH BSF UIBU UIF SBEBS QMBUGPSN JT USBWFMMJOH IPSJ[POUBMMZ GPMMPXJOH
B TUSBJHIU MJOF USBKFDUPSZ 	6MBCZ FU BM 
 UIBU UIF JDF TVSGBDF JT IPSJ[POUBM BOE UIBU UIF
VOEFSMZJOH JDF JT BO JTPUSPQJD IPNPHFOPVT NFEJVN XJUI B VOJGPSN SFGSBDUJWF JOEFY
ɨF TPVSDFT PG VODFSUBJOUZ DBO CF EJWJEFE JOUP UXP HSPVQT UIF VODFSUBJOUZ SFMBUJOH UP
UIF BDDVSBDZ PG UIF JOTUSVNFOUT VTFE UP DPMMFDU CPUI UIF SBEBS BOE OBWJHBUJPO EBUB BOE UIF
BTTVNQUJPOT BCPVU UIF BJSDSBGU NPUJPO BOE DIBSBDUFSJTUJDT PG UIF JDF TVSGBDF BOE JDF QSPQFS
UJFT 8IBU GPMMPXT JT BO PWFSWJFX PG UIF NBKPS RVBOUJëBCMF VODFSUBJOUJFT BêFDUJOH JOJDF 4"3
QSPDFTTJOH
 ,QVWUXPHQWDFFXUDF\
0OF PG UIF HSFBU DIBMMFOHFT JO TVDDFTTGVMMZ BQQMZJOH 4"3 UFDIOJRVFT JT UIBU UIF MPDBUJPO PG
UIF SBEBS QMBUGPSN BOE UIF SBOHF UP GPDVT QPJOUT NVTU CF BDDVSBUFMZ LOPXO "MUIPVHI UIF
BCTPMVUF QPTJUJPO PG UIF SBEBS QMBUGPSN 	TVDI BT BO BJSDSBGU
 JT JNQPSUBOU JO 4"3 QSPDFTTJOH

 *OTUSVNFOU BDDVSBDZ
XIBU JT NPSF JNQPSUBOU JT LOPXJOH UIF WBSJBUJPO JO QPTJUJPO SFMBUJWF UP UIF DFOUSF PG UIF
BQFSUVSF ɨF QPTJUJPO PG UIF BJSDSBGU JT PCUBJOFE CZ QPTUQSPDFTTJOH UIF (14 DPMMFDUFE EBUB
XIJDI JT SFGFSFODFE UP B MPDBM CBTF TUBUJPO ɨJT QPTUQSPDFTTJOH BMMPXT B NBYJNVN IPSJ[POUBM
QPTJUJPOBM BDDVSBDZ PG CFUXFFO  N BOE  N ɨF (14 TZTUFN BOE SBEBS BMUJNFUFS IBWF
B DPNCJOFE WFSUJDBM BDDVSBDZ EFUFSNJOFE GSPN DSPTTPWFS BOBMZTJT PG CFUXFFO  BOE  N
	)FMJFSF FU BM 
 BOE $PSS 	QFSTPOBM DPNNVOJDBUJPO

 $LUFUDIWSRVLWLRQGHYLDWLRQ
6TJOH B TJNJMBS BOBMZTJT UP UIBU TVNNBSJTFE JO 	-FHBSTLZ FU BM 
 UIF FêFDU PG B  N 	VQQFS
CPVOEBSZ PG BDDVSBDZ
 EFWJBUJPO JO x 	BMPOHUSBDL DIBOHFT JO TQFFE
 y 	DSPTTUSBDL NPUJPO

BOE z 	BMUJUVEF WBSJBUJPO
 BSF DPOTJEFSFE PWFS B TZOUIFUJD BQFSUVSF GPS B NFBO BMUJUVEF PG  N
B NFBO WFMPDJUZ JO UIF xEJSFDUJPO PG  N T− BOE GPS UIF 1"4*/ TZTUFN DBSSJFS GSFRVFODZ PG
fc =  .)[
 $ORQJWUDFNVSHHGFKDQJHV (∆x)
$POTJEFS B TDBUUFSFS PO UIF JDF TVSGBDF BU (x = 0, z = 0) UIF QIBTF FSSPS 	SBE
 EVF UP B  N
xEJSFDUJPO EFWJBUJPO ∆x SFTVMUJOH GSPN BO JODSFBTF JO BJSDSBGU WFMPDJUZ PG  N T− JT HJWFO CZ
∆φx = 2× k × [rair(x+∆x)− rair(x)] 	

= 2× pi × [150.003− 150] 	

= . SBE 	

ɨVT GPS ∆x = 1 N UIF QIBTF FSSPS JT . SBE XIJDI JT NVDI MPXFS UIBO UIF pi8 = 0.393
EFNBOEFE CZ UIF GBSëFME BOUFOOB DPOEJUJPO
 &URVVWUDFNPRWLRQ (∆y)
'PS B TDBUUFSFS PO UIF JDF TVSGBDF BU (x = 0, z = 0) UIF QIBTF FSSPS 	SBE
 EVF UP B IPSJ
[POUBM PêTFU PG  N JO UIF yEJSFDUJPO ∆y JT BMTP . SBE 	4FD 
 ɨF DIBOHF JO UIF
JMMVNJOBUFE BSFB SFTVMUJOH GSPN TVDI BO PêTFU JT GPVOE CZ ëSTU DPOTJEFSJOH UIF DSPTTUSBDL BO
UFOOB CFBNXJEUI 'PS UIF 1"4*/ TZTUFN UIF DSPTTUSBDL CFBNXJEUI θy GPS BO BJSDSBGU BU B
IFJHIU PG  N BCPWF UIF JDF TVSGBDF BT EFSJWFE JO 4FD  JT .¡ XJUI B DPSSFTQPOE
JOH DSPTTUSBDL GPPUQSJOU PO UIF TVSGBDF PG Ly ≈  N  'PS B  N yEJSFDUJPO EFWJBUJPO ∆y

 *OTUSVNFOU BDDVSBDZ
UIF JMMVNJOBUFE BSFB DIBOHF ∆Ly JT HJWFO CZ
∆Ly =
2×∆y
Ly
× 100 	

=
2
42
× 100 	

= 4.8 	

UIF JMMVNJOBUFE BSFB UIFSFGPSF DIBOHFT CZ MFTT UIBO 5
 $OWLWXGHYDULDWLRQ (∆z)
ɨF QIBTF FSSPS 	SBE
 GPS B  N EFWJBUJPO JO BJSDSBGU IFJHIU GSPN B TDBUUFSFS MPDBUFE BU (x =
0, z = 0) PO UIF JDF TVSGBDF JT HJWFO CZ
∆φz = 2× k × [rair(z +∆z)− rair(z)] 	

= 2× pi × [151− 150] 	

= 2pi SBE 	

ɨVT GPS ∆z =  N UIF QIBTF FSSPS JT 2pi SBE NVDI HSFBUFS UIBO UIF pi8 EFNBOEFE CZ UIF
GBSëFME BOUFOOB DPOEJUJPO ɨF BOBMZTJT QSFTFOUFE IFSF UIFSFGPSF BHSFFT XJUI UIBU PG 	-FH
BSTLZ FU BM 
 WFSUJDBM NPUJPO QSPEVDFT UIF MBSHFTU QIBTF VODFSUBJOUJFT JO SBEBS TPVOEJOH
TVSWFZT
 ,QWHUSRODWLRQRIQDYLJDWLRQDOGDWD
8IFO VTJOH 4"3 UFDIOJRVFT UIF ∆z SFMBUJWF UP UIF BQFSUVSF DFOUSF OFFET UP CF DPSSFDUFE GPS
	4FD 
 BT UIFTF EFWJBUJPOT QSPEVDF UIF MBSHFTU QIBTF VODFSUBJOUJFT 	4FD 
 "T NFO
UJPOFE MBUFS JO 4FD" MJOFBS JOUFSQPMBUJPO JT VTFE UP QSPWJEF OBWJHBUJPOBM EBUB GPS FBDI USBDF
VTFE JO UIF TZOUIFUJD BQFSUVSF ɨF OBWJHBUJPOBM EBUB TBNQMJOH GSFRVFODZ 	 )[
 JT MPX DPN
QBSFE UP UIF FêFDUJWF 13' 	. )[
 QPUFOUJBMMZ MFBEJOH UP JOUFSQPMBUJPO FSSPST $POTJEFS
UIF DBTF PG B 1001 USBDF TZOUIFUJD BQFSUVSF IBWJOH B NFBO BQFSUVSF BJSDSBGU WFMPDJUZ PG  N T−
L =
70
312.5
× 1001 	

=  N 	


 *OTUSVNFOU BDDVSBDZ
UIF MFOHUI PG UIF TZOUIFUJD BQFSUVSF JO TQBDF JT L =  N "T UIF OBWJHBUJPOBM EBUB JT MPHHFE
BU  )[ UIFO UIF OVNCFS PG OBWJHBUJPOBM EBUB QPJOUT (np) PWFS UIF  N BQFSUVSF JT HJWFO CZ
np =
1
70
× 224 	

= 3.2 	

UIF BQFSUVSF UIFSFGPSF TQBOT 4 EJTDSFFU OBWJHBUJPOBM EBUB QPJOUT ɨFSFGPSF UIF OBWJHBUJPOBM
EBUB GPS BMM 1001 USBDFT JO UIF  N BQFSUVSF JT JOUFSQPMBUFE GSPN POMZ GPVS BDUVBM OBWJHBUJPOBM
EBUB QPJOUT "T MJOFBS JOUFSQPMBUJPO JT VTFE UP HFOFSBUF OBWJHBUJPOBM EBUB CFUXFFO FBDI np JU JT
QSPCBCMF UIBU UIF BJSDSBGU NPUJPO CFUXFFO FBDI np JT OPU JO GBDU MJOFBS ɨJT XJMM JOEVDF IFJHIU
SFTJEVBMT (∆zSFT) XIJDI XJMM SFTVMU JO QIBTF VODFSUBJOUJFT JG HSFBUFS UIBO UIF BOUFOOB DPOEJUJPO
4pi
λ
∆zSFT DPT θ1 >
pi
8
	

DPSSFTQPOEJOH UP B WBMVF BU (x = 0, z = 0) PG
∆zSFT >
λ
32
	

>
1
16
N 	

> . DN 	

UIFSFGPSF JG ∆zr > . DN UIFO UIF QIBTF DPSSFDUJPOT 	4FD 
 XJMM OPU CF BDDVSBUF GPS UIBU
QBSUJDVMBS QPTJUJPO
 7KHHIIHFWRIQDYLJDWLRQDOXQFHUWDLQW\
7FSUJDBM NPUJPO IBT UIF QPUFOUJBM UP QSPEVDF UIF MBSHFTU QIBTF VODFSUBJOUJFT JO SBEBS TPVOEJOH
TVSWFZT 	4FD 
 ɨF (14 TZTUFN BOE SBEBS BMUJNFUFS VTFE JO UIF ##"4 TVSWFZ IBWF B
DPNCJOFE WFSUJDBM BDDVSBDZ PG CFUXFFO . BOE  N NFBOJOH UIBU UIF NBYJNVN QIBTF FSSPS
DPVME CF BT HSFBU BT ∆φz = 2pi SBE 	4FD 
 ɨF FêFDU UIBU QIBTF FSSPST SFTVMUJOH
GSPN WFSUJDBM NPUJPO 	∆φz
 IBWF PO 4"3 QSPDFTTJOH EFQFOET VQPO IPX ∆φz WBSJFT BDSPTT
UIF BQFSUVSF ɨJT JT CFDBVTF JU JT UIF QIBTF SFMBUJWF UP UIF BQFSUVSF DFOUSF OPU UIF BCTPMVUF
QIBTF UIBU JT JNQPSUBOU JO 4"3 QSPDFTTJOH *O BEEJUJPO UIF OBWJHBUJPOBM EBUB GPS BMM 1001
USBDFT JO UIF BQFSUVSF JT MJOFBSMZ JOUFSQPMBUFE GSPN POMZ GPVS BDUVBM OBWJHBUJPOBM EBUB QPJOUT

 "JSDSBGU BUUJUVEF BTTVNQUJPOT
	4FD 
 ɨJT NFBOT UIBU UIF BDDVSBDZ PG UIFTF GPVS QPJOUT EFUFSNJOF UIF BDDVSBDZ PG UIF
JOUFSQPMBUFE QPJOUT
*G GPS FYBNQMF UIF WFSUJDBM QPTJUJPOBM FSSPS 	∆z
 WBSJFT TJOVTPJEBMMZ XJUI BO BNQMJUVEF
PG  N BDSPTT BO BQFSUVSF PG MFOHUI  N BOE IBT B XBWFMFOHUI FRVBM UP JUT MFOHUI (λ =
 N) UIFO UIF SFTVMUJOH BOUFOOB QBUUFSO JT TIPXO JO 'JH  ɨF BOUFOOB QBUUFSO TIPXO
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'JHVSF  ɨF 4"3 BOUFOOB QBUUFSO 	SFE MJOF
 SFTVMUJOH GSPN B WFSUJDBM QP
TJUJPOBM FSSPS 	∆z
 UIBU WBSJFT TJOVTPJEBMMZ XJUI BO BNQMJUVEF PG  N BOE B
XBWFMFOHUI PG  N BDSPTT BO BQFSUVSF PG MFOHUI  N ɨF HSFZ MJOF TIPXT
UIF 4"3 BOUFOOB QBUUFSO GPS UIF DBTF PG OP WFSUJDBM QPTJUJPOBM FSSPST
JO 'JH  JT DBMDVMBUFE CZ DPOTJEFSJOH UIF QIBTF DPOUSJCVUJPO GSPN FBDI BOUFOOB FMFNFOU
PWFS B IPSJ[POUBM JDF TVSGBDF ɨF SFE MJOF JO 'JH  TIPXT UIF FêFDU PG B TJOVTPJEBMMZ WBSZJOH
QIBTF FSSPS DPNQBSFE UP UIF BOUFOOB QBUUFSO IBWJOH OP QIBTF FSSPS 	UIF HSFZ MJOF
 'SPN
'JH  UIF FêFDUT PG QIBTF FSSPST BDSPTT BO BQFSUVSF BSF JODSFBTFE TJEFMPCF MFWFMT EFHSBEFE
4"3 SFTPMVUJPO SFEVDFE BOUFOOB QFBL HBJO BOE CFBN XBOEFS
 $LUFUDIWDWWLWXGHDVVXPSWLRQV
*U JT BTTVNFE UIBU UIF BUUJUVEF PG UIF BJSDSBGU JT DPOTUBOU UISPVHIPVU UIF TVSWFZ BOE UIBU UIF
QJUDI SPMM BOE ZBX BOHMFT BSF OFHMJHJCMF ɨF BUUJUVEF PG UIF BJSDSBGU XJMM DIBOHF UISPVHIPVU

 "JSDSBGU BUUJUVEF BTTVNQUJPOT
UIF TVSWFZ BOE JU JT XPSUI OPUJOH UIF FêFDU UIBU UIJT NBZ IBWF PO 4"3 QSPDFTTJOH ɨF VQQFS
CPVOE PG UIF QJUDI SPMM BOE ZBX JT BSPVOE ±¡ TP UIJT WBMVF JT VTFE UP FYBNJOF UIF FêFDU UIF
BUUJUVEF WBSJBUJPOT XJMM IBWF
 3LWFK
ɨF QJUDI PG BO BJSDSBGU JT EFëOFE BT UIF SPUBUJPO PG UIF BJSDSBGU BCPVU UIF y CPEZBYJT 'SPN
4FD  JU IBT CFFO TIPXO UIBU WFSUJDBM EJTQMBDFNFOU IBT UIF QPUFOUJBM UP DBVTF UIF MBSHFTU
QIBTF FSSPST *G UIF OBWJHBUJPOBM JOTUSVNFOUT 	(14 SFDFJWFS BOE SBEBS BMUJNFUFS
 BSF OPU DP
MPDBUFE XJUI UIF DFOUSF PG HSBWJUZ PG UIF BJSDSBGU UIFO DIBOHFT JO UIF QJUDI XJMM SFTVMU JO B MPTT
PG WFSUJDBM QPTJUJPOBM BDDVSBDZ ɨF (14 TZTUFN JT BDUVBMMZ MPDBUFE RVJUF DMPTF UP UIF DFOUSF
PG HSBWJUZ CVU UIF SBEBS BMUJNFUFS JT MPDBUFE PO UIF UBJM TFHNFOU BCPVU  N GSPN UIF DFOUSF
PG HSBWJUZ ɨF FêFDU PG QJUDI JT UP JODSFBTF 	PS EFDSFBTF
 UIF SBOHF GSPN BMUJNFUFS UP UIF JDF
TVSGBDF BOE UIJT XJMM MFBE UP BO FSSPS JO BJSDSBGU IFJHIU $POTJEFS UIF FêFDUT PG B z EFWJBUJPO
∆zp BTTPDJBUFE XJUI B ¡ VQXBSE QJUDI
∆zp = 4× UBO (5◦) 	

= 0.35 	

=  DN 	

ɨJT QPTFT B QSPCMFN BT  DN JT HSFBUFS UIBO UIF . DN WFSUJDBM EFWJBUJPO MJNJU EFNBOEFE CZ
UIF BOUFOOB DPOEJUJPO ɨF FêFDUT UIBU B TJOVTPJEBMMZ WBSZJOH QJUDI IBT PO UIF 4"3 BOUFOOB
QBUUFSO XJMM CF TJNJMBS UP UIBU TIPXO JO 'JH  BMUIPVHI UIF EFHSBEBUJPO PG UIF BOUFOOB
QBUUFSO XJMM OPU CF BT TFWFSF BT UIBU TIPXO JO 'JH  BT UIF NBYJNVN BNQMJUVEF PG QJUDI
WBSJBUJPOT JT  DN BT PQQPTF UP UIF  N
 5ROO
ɨF SPMM PG BO BJSDSBGU JT UIF SPUBUJPO BCPVU UIF x CPEZBYJT ɨF NBJO FêFDU PG SPMM JT UIBU JU
IBT UIF FêFDU PG DIBOHJOH UIF HBJO QBUUFSO PO UIF HSPVOE *G UIF EFWJBUJPO ∆yr PG UIF DFOUSF
PG UIF DSPTTUSBDL CFBN QBUUFSO DBVTFE CZ B SPMM PG ¡ JT DPOTJEFSFE GPS BO BJSDSBGU BU  N

 "JSDSBGU BUUJUVEF BTTVNQUJPOT
BCPWF UIF JDF TVSGBDF UIFO
∆yr = 150× UBO (5◦) 	

= . N 	

BOE GSPN 4FD  UIF JMMVNJOBUFE BSFB DIBOHF ∆Ly DBVTFE CZ UIJT ∆yr JT HJWFO CZ
∆Ly =
2×∆yr
Ly
× 100 	

=
2× 13.1
42
× 100 	

= 62.4 	

UIFSFGPSF GPS B ¡ SPMM UIF JMMVNJOBUFE BSFB DIBOHFT CZ BSPVOE 62 ɨF FêFDU PG UIF SPMM
XJMM CF FTQFDJBMMZ QSPOPVODFE JO BSFBT PG TQFDVMBS SFìFDUJPO 	4FD 
 XIFSF UIF CBDLTDBUUFS
DPFïDJFOU JT WFSZ TFOTJUJWF UP DIBOHFT JO JODJEFOU BOHMF BXBZ GSPN OBEJS 	'JH 
 ɨF FêFDU
PG SPMM UIFSFGPSF DIBOHFT UIF QPXFS SFUVSOFE UP UIF SFDFJWFS FTQFDJBMMZ XIFSF UIF JDF TVSGBDF JT
TNPPUI
 <DZ
ɨF ZBX PG BO BJSDSBGU JT UIF SPUBUJPO BCPVU UIF z CPEZBYJT ɨF NBJO FêFDU PG ZBX JT UIBU
JU IBT UIF QPUFOUJBM UP TIPSUFO UIF NBYJNVN TZOUIFUJD BQFSUVSF 	Lp JO 4FD 
 EVF UP UIF
SPUBUJPO PG UIF CFBN QBUUFSO JO UIF DSPTTUSBDL EJSFDUJPO *G UIF JMMVNJOBUFE BSFB JT BTTVNFE
UP CF CFBNMJNJUFE JO CPUI UIF BMPOHUSBDL BOE DSPTTUSBDL EJSFDUJPOT BT TIPXO JO 'JH 
BOE DBMDVMBUFE JO 4FD  UIFO UIF CFBNMJNJUFE GPPUQSJOU BU UIF TVSGBDF JT B SFDUBOHMF PG
XJEUI  N BOE MFOHUI  N 	'JH 
 ɨF FêFDU PG B ¡ ZBX JT UIBU JU DBVTFT UIF DSPTTUSBDL
DFOUSF PG UIF CFBN QBUUFSO y = 0 BU FBDI FBDI FYUSFNJUZ x = 1422 UP EFWJBUF CZ B DSPTTUSBDL
WBMVF ∆yy HJWFO CZ
∆yy =
142
2
× UBO (5◦) 	

= . N 	


 *DF TVSGBDF TMPQF BTTVNQUJPOT
UIF WBMVF PG ∆yy = . N JT MFTT UIBO IBMG UIF DSPTTUSBDL CFBNXJEUI 	 N
 TP GPS B ¡
ZBX UIFSF JT OP BQQSFDJBCMF TIPSUFOJOH PG Lp ɨFSFGPSF UIF WBMVF PG BJSDSBGU ZBX MJLFMZ UP CF
FODPVOUFSFE EVSJOH UIF TVSWFZ XJMM IBWF OP BQQSFDJBCMF FêFDU PO UIF SFDFJWFE QPXFS PS PO UIF
4"3 BOUFOOB QBUUFSO
 ,FHVXUIDFHVORSHDVVXPSWLRQV
5P DPSSFDU GPS UIF JDF TVSGBDF TMPQF JO UIF BMPOHUSBDL EJSFDUJPO B DPPSEJOBUF TZTUFN SPUBUJPO JT
VTFE 	4FD 
 8IFO BQQMZJOH UIJT SPUBUJPO UIF TMPQF JT BTTVNFE UP CF POMZ B MJOFBS GVODUJPO
PG x IPXFWFS JO SFBMJUZ UIF TMPQF NBZ EFWJBUF GSPN UIJT JEFBMJTFE QSPëMF
 ,QWHUSRODWLRQRILFHVXUIDFH
ɨF DPPSEJOBUF TZTUFN SPUBUJPO VTFT JOUFSQPMBUFE QPTJUJPOBM EBUB 	4FD 
 BOE BHBJO UIF
TQBSTJUZ PG OBWJHBUJPOBM EBUB QPJOUT SFMBUJWF UP UIF TZOUIFUJD BQFSUVSF MFOHUI QSFTFOUT B QSPCMFN
ɨF MJOFBS USFOEMJOF VTFE GPS UIF DPPSEJOBUF TZTUFN SPUBUJPO JT BDUVBMMZ EFSJWFE GSPN POMZ GPVS
BDUVBM OBWJHBUJPOBM EBUB QPJOUT 	FBDI XJUI UIFJS PXO VODFSUBJOUJFT
 XJUI UIF USFOEMJOF CFJOH
UIF SFTVMU PG ëUUJOH UP MJOFBSMZ JOUFSQPMBUFE EBUB
 +LJKHURUGHUVORSHUHVLGXDOV
8IFO UIF TMPQF DPSSFDUJPO JT BQQMJFE JU JT BTTVNFE UIBU UIF JDF TVSGBDF PWFS UIF MFOHUI PG UIF
TZOUIFUJD BQFSUVSF DBO CF DPNQMFUFMZ EFTDSJCFE CZ B TUSBJHIU MJOF *O BDUVBMJUZ 	JO NBOZ DBTFT

UIFSF XJMM CF VOEVMBUJPOT PO UIF JDF TVSGBDF XJUI XBWFMFOHUIT MFTT UIBO UIBU PG UIF BQFSUVSF
MFOHUI ɨFTF VOEVMBUJPOT XJMM DBVTF B EJêFSFODF JO UIF 01- GSPN TBNQMF MPDBUJPOT UP GPDVT
QPJOUT XIJDI XJMM OPU CF DPSSFDUFE GPS CZ UIF DPPSEJOBUF TZTUFN SPUBUJPO ɨJT XJMM SFTVMU JO
QIBTF VODFSUBJOUJFT UIBU XJMM CF B GVODUJPO PG VOEVMBUJPO BNQMJUVEF BOE XBWFMFOHUI
6TJOH UIF JUFSBUJWF 01- NJOJNJTBUJPO UFDIOJRVFT PVUMJOFE JO 4FD  UIF QIBTF TIJGUT BT
TPDJBUFE XJUI TJOVTPJEBM VOEVMBUJPOT PG WBSZJOH XBWFMFOHUIT BOE BNQMJUVEFT DBO CF TJNVMBUFE
$POTJEFS BO BJSDSBGU  N BCPWF UIF JDF TVSGBDF BOE GPMMPXJOH B IPSJ[POUBM ìJHIU QBUI BOE
B TDBUUFSFS MPDBUFE BU  N EFQUI XJUIJO BO JDF NBTT ɨF QIBTF TIJGU BGUFS QIBTF DPSSFDUJPOT
	4FD 
 GPS B TJOF XBWF VOEVMBUJPO PG XBWFMFOHUI  N BOE BNQMJUVEF  DN PWFS B TZOUIFUJD
BQFSUVSF PG  N JT TIPXO JO 'JH  'SPN 'JH  JU DBO CF TFFO UIBU GPS UIFTF TVSGBDF
VOEVMBUJPOT UIF QIBTF TIJGU JT XJUIJO UIF SBOHF EFNBOEFE CZ UIF BOUFOOB DPOEJUJPO BOE UIBU

 *DF TVSGBDF TMPQF BTTVNQUJPOT
'JHVSF  1IBTF TIJGU BGUFS DPSSFDUJPO 	SFE MJOF
 SFTVMUJOH GSPN B TJOVTPJEBM TVS
GBDF VOEVMBUJPO PG XBWFMFOHUI  N BOE BNQMJUVEF  DN PWFS B TZOUIFUJD BQFSUVSF
PG  N 	CPVOEFE CZ CMBDL WFSUJDBM MJOFT
 GPS BO BJSDSBGU IFJHIU PG  N BOE B
TDBUUFSFS EFQUI PG  N ɨF CMVF TIBEFE SFHJPO SFQSFTFOUT UIF NBYJNVN BQFS
UVSF MFOHUI BWBJMBCMF GPS % 4"3 4FD"
BT MPOH BT UIF BNQMJUVEF SFNBJOT CFMPX BSPVOE  DN UIFO UIF DPOEJUJPO XJMM CF TBUJTëFE
ɨJT SFTVMU BHSFFT XJUI UIF RVBOUJUJWF WFSTJPO PG UIF 3BZMFJHI DSJUFSJPO 	4FD 
 XIFSF GPS B
TVSGBDF UP CF DPOTJEFSFE TNPPUI UIF TVSGBDF IFJHIU TUBOEBSE EFWJBUJPOT (σ) NVTU CF MFTT UIBO
 DN BU UIF JDF TVSGBDF *G UIF BNQMJUVEF PG UIF VOEVMBUJPOT HFU HSFBUFS UIBO BSPVOE  DN
UIFO UIF 4"3 BOUFOOB QBUUFSO TUBSUT UP EFWFMPQ TJHOJëDBOU TJEFMPCFT XJUI BO BTTPDJBUFE SFEVD
UJPO JO BOUFOOB QFBL HBJO ɨF EFHSBEBUJPO PG UIF BOUFOOB QBUUFSO EVF UP TJEFMPCFT CFDPNFT
NPSF PG B QSPCMFN BT UIF XBWFMFOHUI PG UIF VOEVMBUJPOT HFUT TIPSUFS
 &URVVWUDFNVORSH
8IFO DPSSFDUJOH GPS UIF JDF TVSGBDF TMPQF JU JT BTTVNFE UIBU UIF TMPQF POMZ WBSJFT JO UIF BMPOH
USBDL x EJSFDUJPO IPXFWFS UIF TMPQF XJMM BMTP WBSZ JO UIF DSPTTUSBDL y EJSFDUJPO ɨF FêFDU PG
DSPTTUSBDL TMPQF JT UIBU UIF SBZQBUI BTTPDJBUFE XJUI OBEJS XJMM CF PêTFU IPSJ[POUBMMZ $POTJEFS
UIF DBTF PG BO BJSDSBGU  N BCPWF BO JDF TVSGBDF XJUI B DSPTTUSBDL TMPQF PG ¡ UIF IPSJ[POUBM

 'JSO MBZFS BTTVNQUJPOT
EJTQMBDFNFOU ∆ys GSPN B TDBUUFSFS BU B EFQUI PG  N JT HJWFO CZ
∆ys = d× UBO
[
BSDTJO
(
TJO θ1
n2
)]
	

= 500× UBO
[
BSDTJO
(
TJO 2◦
1.78
)]
	

= . N 	

TP B SBZQBUI EJSFDUFE BU OBEJS XJMM BDUVBMMZ JNBHF B QPJOU IPSJ[POUBMMZ EJTQMBDFE CZ BCPVU  N
JO UIJT FYBNQMF ɨVT UIF FêFDU PG UIF DSPTTUSBDL TMPQF JT UIBU JU TMJHIUMZ EJTUPSUT UIF JNBHF
SBUIFS UIBO EFGPDVTJOH UIF BQFSUVSF BT JT UIF DBTF GPS UIF BMPOHUSBDL TMPQF
 )LUQOD\HUDVVXPSWLRQV
ɨF FêFDU PG B  N UIJDL ëSO MBZFS PG VOJGPSN SFGSBDUJWF JOEFY nf = 1.24 	4FD 
 JT
TJNVMBUFE CZ VTJOH UIF UFDIOJRVFT PVUMJOFE JO 4FD  $POTJEFS BHBJO BO BJSDSBGU  N BCPWF
B IPSJ[POUBM JDF TVSGBDF BOE B TDBUUFSFS MPDBUFE  N CFMPX UIF JDF TVSGBDF CVU UIJT UJNF B ëSO
MBZFS PG N UIJDLOFTT JT JODMVEFE 	'JH 
 ɨF HPBM JT UP VOEFSTUBOE IPX UIJT ëSO MBZFS
BêFDUT UIF SFTVMU PG UIF BQQMJFE QIBTF DPSSFDUJPOT 	4FD 
 ɨFTF QIBTF TIJGUT BSF TIPXO JO
'JH  'SPN 'JH  JU JT PCTFSWFE UIBU B ëSO MBZFS IBT UIF QPUFOUJBM UP EFDSFBTF UIF VTBCMF
BQFSUVSF MFOHUI CZ DBVTJOH UIF QIBTF TIJGU UP CFDPNF HSFBUFS UIBO UIF BOUFOOB DPOEJUJPO (pi8 )
'PS TDBUUFSFST BU TIBMMPXFS EFQUIT UIBO UIF  N TJNVMBUFE UIF FêFDU JT UIBU QIBTF TIJGUT BU UIF
BQFSUVSF FEHFT XJMM CFDPNF HSFBUFS UIBO UIF BOUFOOB DPOEJUJPO )PXFWFS BT UIF ëSO QSPQFSUJFT
GPS 1*( BSF OPU LOPXO BU QSFTFOU UIF ëSO MBZFS NBZ CF UIJOOFS BOE UIF TVSGBDF ëSO EFOTJUZ
NBZ CF IJHIFS UIBU TIPXO JO 'JH  ɨJT XJMM MFBE UP B HSFBUFS EFQUI BWFSBHFE EFOTJUZ BOE
SFGSBDUJWF JOEFY NFBOJOH UIBU FWFO BU UIF FEHFT PO UIF BQFSUVSF UIF QIBTF TIJGU XJMM CF MFTT
UIBO UIF BOUFOOB DPOEJUJPO
 7KHQHHGIRUDÀUQFRUUHFWLRQ
.BOZ BVUIPST DIPPTF UP JHOPSF UIF ëSO MBZFS XIFO BQQMZJOH JOJDF 4"3 UFDIOJRVFT BOE EP OPU
DPSSFDU GPS JU ɨF NBKPS QSPCMFN XJUI JNQMFNFOUJOH B íSO DPSSFDUJPO JT UIBU JO NBOZ QMBDFT
UIF JDF EFOTJUZ QSPëMF JT OPU LOPXO *G POF SFMJFT PO FNQJSJDBM SFMBUJPOT CBTFE PO ëSO MBZFST
GSPN EJêFSFOU MPDBUJPOT TVDI BT &R  POF SJTLT APWFS DPSSFDUJOH B ëSO MBZFS PG EJêFSJOH

 'JSO MBZFS BTTVNQUJPOT
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'JHVSF ɨF SBZ QBUIT PG XBWFT PSJHJOBUJOH GSPN B TDBUUFSFS XJUIJO BO JDF NBTT
	HSFZ MJOFT
 XJUI UIF BEEJUJPO PG B  N ëSO MBZFS PG VOJGPSN SFGSBDUJWF JOEFY ɨF
SFE MJOFT BSF UIF ∆Λ SFMBUJWF UP UIF DFOUSF PG UIF BQFSUVSF UIF SFUVSO XBWFGSPOU JT
BMTP TIPXO
QSPQFSUJFT UIBO UIPTF QSFTDSJCFE CZ UIF FNQJSJDBM SFMBUJPO "T TIPXO JO 'JH  POMZ UIF
FEHFT PG UIF BQFSUVSF BSF BêFDUFE CZ QSPQBHBUJPO UISPVHI UIF ëSO MBZFS *O NBOZ DBTFT EVSJOH
% 4"3 QSPDFTTJOH POMZ QBSU PG UIF XIPMF BWBJMBCMF BQFSUVSF JT VTFE 	4FD"
 'PS UIFTF
DBTFT UIFSF XJMM CF OP OFFE GPS B ëSO DPSSFDUJPO BT JO UIJT DBTF POMZ UIF TFDUJPO PG UIF BQFSUVSF
XJUIJO UIF BOUFOOB DPOEJUJPO CPVOEBSZ JT VTFE
"OPUIFS FêFDU PG UIF ëSO MBZFS JT UIBU JU DIBOHFT UIF WFMPDJUZ PG UIF EPXOQSPQBHBUJOH SBEBS
QVMTF EVF UP B DIBOHF JO UIF EFQUI BWFSBHFE SFGSBDUJWF JOEFY ɨJT FêFDU NBOJGFTUT JUTFMG BT UIF
WFSUJDBM EJTQMBDFNFOU PG TDBUUFSFST JO UIF SBEBS USBDFT SFMBUJWF UP UIF DBTF PG BO JDF NBTT UIBU
IBT B VOJGPSN SFGSBDUJWF JOEFY PG nJDF = 1.78 ɨJT FêFDU DBO CF RVBOUJëFE CZ DBMDVMBUJOH UIF
01- UISPVHI FBDI PG UIF MBZFST BOE DPNQBSJOH UIF QPTJUJPOT CFGPSF BOE BGUFS UIF JOUSPEVDUJPO
PG B ëSO MBZFS ɨF 01- GPS EJTDSFUF MBZFST JT HJWFO CZ &R 
t =
1
c
m∑
i=1
nisi

 'JSO MBZFS BTTVNQUJPOT
'JHVSF ɨF QIBTF TIJGU BGUFS DPSSFDUJPO 	SFE MJOF
 SFTVMUJOH GSPN B  N UIJDL
ëSO MBZFS XJUI B VOJGPSN SFGSBDUJWF JOEFY PG n = 1.24 PWFS B TZOUIFUJD BQFSUVSF
PG  N 	CPVOEFE CZ CMBDL WFSUJDBM MJOFT
 GPS BO BJSDSBGU IFJHIU PG  N BOE
TDBUUFSFS EFQUI PG  N ɨF CMVF TIBEFE SFHJPO SFQSFTFOUT UIF NBYJNVN BQFSUVSF
MFOHUI BWBJMBCMF GPS % 4"3 4FD"
GPS UIF DBTF PG B UXP MBZFS BJSJDF HFPNFUSZ
t =
nBJSsBJS + nJDFsJDF
c
	

=
1× 150 + 1.78× 500
3× 108 	

= .× − 	

PS XIFO B ëSO MBZFS JT JODMVEFE
t =
nBJSsBJS + nGJSOsGJSO + nJDFsJDF
c
	

=
1× 150 + 1.24× 64 + 1.78× 436
3× 108 	

= .× − 	


 1SPDFTTPS WBMJEBUJPO *DF TIFMG GSPOU
ɨJT UJNF EJêFSFODF JT FRVJWBMFOU UP B WFSUJDBM EJTQMBDFNFOU PG . N JO JDF 'PS UIF 1"4*/
TZTUFN UIF TBNQMJOH GSFRVFODZ JT  .)[ TP UIJT EJTQMBDFNFOU XJMM CF SFQSFTFOUFE CZ B SBOHF
CJO TIJGU ∆Rb HJWFO CZ
∆Rb = 2×
(
× )× (.× − − .× −) 	

= −5 	

UIVT UIF TJHOBM GSPN TDBUUFSFST CFMPX UIF ëSO MBZFS XJMM BDUVBMMZ CF TFFO  SBOHF CJOT GVSUIFS
VQ UIF USBDF DPNQBSFE UP UIF DBTF PG B TDBUUFSFS BU UIF TBNF EFQUI CVU IBWJOH OP PWFSMZJOH ëSO
MBZFS
 3URFHVVRUYDOLGDWLRQ ,FHVKHOIIURQW
5P UFTU IPX UIF 4"3 QSPDFTTPS JT QFSGPSNJOH XJUI SFBM EBUB B TJUVBUJPO OFFET UP CF GPVOE
XIFSF UIF MPDBUJPOT PG TDBUUFSFST BSF LOPXO B QSJPSJ ɨJT OPSNBMMZ UBLFT UIF GPSN PG B DPSOFS
SFìFDUPS FYQFSJNFOU JO XIJDI B TDBUUFSFS 	UIF DPSOFS SFìFDUPS
 JT QMBDFE BU B TQFDJëD MPDBUJPO
XJUIJO UIF TVSWFZ BSFB 8IFO B SBEBS TPVOEJOH QMBUGPSN TVDI BT BO BJSDSBGU QBTTFT PWFS
UIJT DPSOFS SFìFDUPS B IZQFSCPMB JT SFDPSEFE JO UIF USBDF BSSBZ UIF BQFY PG XIJDI DPSSFTQPOET
UP UIF MPDBUJPO PG UIF SFìFDUPS *G UIF SBX EBUB JT UIFO 4"3 QSPDFTTFE BOE UIF QSPDFTTPS JT
XPSLJOH QSPQFSMZ UIFO UIF IZQFSCPMB TIPVME DPMMBQTF CBDL UP B TJOHMF QPJOU XIJDI TIPVME CF
DPJODJEFOU XJUI UIF QIZTJDBM MPDBUJPO PG UIF DPSOFS SFìFDUPS 6OGPSUVOBUFMZ EVSJOH UIF ##"4
TVSWFZ TVDI BO FYQFSJNFOU XBT OPU QFSGPSNFE BOE FWFO JG JU XBT UIF SFBM UFTU PG BO JOJDF 4"3
QSPDFTTPS JT XIFUIFS GPDVTJOH JT CFJOH BDIJFWFE BU EFQUI XJUIJO UIF JDF NBTT
5P WFSJGZ XIFUIFS GPDVTJOH JT PDDVSSJOH BU EFQUI B ìJHIU MJOF TFDUJPO PWFS BO JDF TIFMG FEHF
DBO CF VTFE BT IFSF UIF HFPNFUSZ BOE UIF HFOFSBM MPDBUJPO PG NBJO TDBUUFSFST BSF LOPXO
ɨF 1*( JDF TIFMG GSPOU JT EFHSBEFE 	'JH 
 BOE BT B SFTVMU EPFT OPU IBWF TIBSQ FOPVHI
CPVOEBSJFT UP CF PG VTF GPS UIJT OBUVSBM DPSOFS SFìFDUPS FYQFSJNFOU " ìJHIU MJOF PWFS UIF 3PTT
*DF 4IFMG GSPOU JT VTFE JOTUFBE BT IFSF UIF CPVOEBSJFT BSF TIBSQ BOE TDBUUFSFS MPDBUJPOT BSF NPSF
XFMM EFëOFE ɨF ìJHIU MJOF PWFS UIF 3PTT *DF 4IFMG GSPOU XBT ìPXO CZ B 5XJO 0UUFS BJSDSBGU
EVSJOH B EJêFSFOU TVSWFZ UP UIF ##"4 TVSWFZ CVU FRVJQQFE XJUI UIF 1"4*/ TZTUFN JO UIF
TBNF DPOëHVSBUJPO BT UIBU VTFE JO UIF ##"4 TVSWFZ

 1SPDFTTPS WBMJEBUJPO *DF TIFMG GSPOU
'JHVSF  ɨF EFHSBEFE 1*( JDF TIFMG GSPOU 1IPUP %BWJE 7BVHIBO 	#"4

 5HÁHFWLRQPXOWLSOHV
*U JT XPSUI BU UIJT QPJOU OPUJOH UIF NBJO GFBUVSFT GPVOE JO UIF SBX 	BOE QSPDFTTFE
 EBUB BT
TJNJMBS GFBUVSFT BSF PCTFSWFE JO UIF ##"4 TVSWFZ EBUB ɨF MBCFMT HJWFO UP GFBUVSFT 	BOE UIFJS
NVMUJQMFT
 VTFT OPNFODMBUVSF TJNJMBS UP UIBU VTFE JO 4FJTNPMPHZ
* 3FìFDUJPO GSPN JDF TVSGBDF
8 3FìFDUJPO GSPN TFB TVSGBDF
# 3FìFDUJPO GSPN JDF CBTF
" 3FìFDUJPO GSPN BJSDSBGU
'PS FYBNQMF #*# EFTDSJCFT B SBEBS XBWF UIBU QSPQBHBUFT EPXO JOUP UIF JDF NBTT SFìFDUT Pê
UIF JDF CBTF UIFO SFìFDUT PG UIF JDF TVSGBDF UIFO Pê UIF CBTF BHBJO CFGPSF SFUVSOJOH UP UIF
BJSDSBGU ɨFTF GFBUVSFT BSF MBCFMFE JO UIF SBX 	'JH 
 BOE QSPDFTTFE 	'JH 
 EBUB $MPTFS
JOTQFDUJPO PG 'JH  BOE 'JH  SFWFBM B HIPTUJOH FêFDU B XFBLFS WFSTJPO PG BO JOUFSGBDF JT
PCTFSWFE KVTU CFMPX JU ɨJT JT OPU B OBUVSBM QIFOPNFOPO CVU B QSPCMFN XJUI UIF USBOTNJUUFE

 1SPDFTTPS WBMJEBUJPO *DF TIFMG GSPOU
QVMTF TIBQF UIF NBJO QFBL JT KPJOFE CZ B XFBLFS PêTFU TVCTJEJBSZ QFBL ɨBOLGVMMZ UIJT
TFDPOEBSZ QFBL JT OPU QSFTFOU JO EBUB DPMMFDUFE EVSJOH UIF ##"4 TVSWFZ
 5HÁHFWLRQK\SHUERODH
*O UIF SBX EBUB UISFF EJTUJODU IZQFSCPMBF BSNT BSF PCTFSWFE MBCFMFE )" 13 JO 'JH  ɨF
UISFF TDBUUFSJOH DFOUSFT UIBU QSPEVDF UIFTF IZQFSCPMBF BSNT BSF TIPXO 	JO SFE
 JO 'JH 
'JHVSF  ɨF MPDBUJPO UIF OBUVSBM DPSOFS SFìFDUPST BU BO JDF TIFMG GSPOU XIJDI
GPSN UIF PSJHJO PG UIF IZQFSCPMB BSNT )" )" BOE )"
 +$ 
8BWFBDUJPO PGUFO JODJTFT B XBWFDVU OPUDI BU UIF GSPOU PG JDF TIFMWFT UIJT OPUDI BMMPXT TFBXB
UFS UP FYUFOE MBUFSBMMZ JOUP UIF JDF TIFMG *O BEEJUJPO TFBXBUFS DBO GVSUIFS MBUFSBMMZ JOëMUSBUF 	UP B
MJNJUFE FYUFOU
 UISPVHI TFNJQFSNFBCMF JDF 	,PWBDT BOE (PX 
 ɨFTF UXP GBDUPST NFBO
UIBU B IPSJ[POUBM MBZFS PG TFBXBUFS DBO TPNFUJNFT CF GPVOE FYUFOEJOH JOUP UIF JDF TIFMG ɨJT
IPSJ[POUBM MBZFS DPNCJOFE XJUI UIF WFSUJDBM JDF GSPOU DSFBUFT B OBUVSBM DPSOFS SFìFDUPS DPSOFS
SFìFDUPS  JO 'JH  ɨJT DPSOFS SFìFDUPS XJMM SFìFDU SBEBS QVMTFT GSPN B SBEBS TPVOEFS
NPWJOH PWFS UIF JDF TIFMG GPSNJOH )" 

 1SPDFTTPS WBMJEBUJPO *DF TIFMG GSPOU
 +$ 
$PSOFS SFìFDUPS 2 JT GPSNFE CZ UIF IPSJ[POUBM CBTF PG UIF JDF TIFMG BOE JUT WFSUJDBM GSPOU #PUI
PG XIJDI BSF CPVOEFE CZ TFBXBUFS GPSNJOH B SJHIU BOHMF XJUI B TFBXBSE QPJOUJOH WFSUFY ɨJT
DPSOFS SFìFDUPS XJMM SFìFDU SBEBS QVMTFT GSPN B SBEBS TPVOEFS NPWJOH PWFS UIF JDF TIFMG UIVT
GPSNJOH )"  ɨF IJHI DPOEVDUJWJUZ PG TFBXBUFS QSFWFOUT SBEBS XBWFT GSPN QFOFUSBUJOH
NPSF UIBO B GFX UFOT PG DN JOUP UIF TFBXBUFS TP OP PUIFS SFìFDUJPOT BSF PCTFSWFE GSPN UIF
TVCNFSHFE QPSUJPO PG UIF JDF TIFMG GSPN SBEBS TPVOEFST NPWJOH PWFS UIF TFB
 +$ 
ɨF JDF TIFMG GSPOU BOE UIF TFB TVSGBDF XJMM UPHFUIFS GPSN DPSOFS SFìFDUPS 3XIJDI JT SFTQPOTJCMF
GPS )" 3 /PUJDF GSPN 'JH  UIBU UIFSF JT B SBOHF CJO PêTFU CFUXFFO UIF BQFYFT PG )" 1
BOE )" 3 FWFO UIPVHI UIFZ PSJHJOBUF GSPN BQQSPYJNBUFMZ UIF TBNF MPDBUJPO ɨJT JT EVF UP
UIF GBDU UIBU B SBZ PSJHJOBUJOH GSPN BO BJSDSBGU PO BQQSPBDI UP DPSOFS SFìFDUPS  XJMM IBWF UP
USBWFM UISPVHI JDF XIFSFBT PODF PWFS UIF TFB B SBZ GSPN UIF BJSDSBGU UP DPSOFS SFìFDUPS 3 POMZ
USBWFMT UISPVHI BJS "T B SFTVMU UIF SBZT UIBU QSPEVDF )" 1 XJMM IBWF B HSFBUFS 01- BOE BSF
UIFSFGPSF TIJGUFE JO UJNF SFMBUJWF UP )" 3
 7KHSURFHVVHGGDWD
*O UIF QSPDFTTFE EBUB 	'JH 
 JU JT PCTFSWFE UIBU )" 1 BOE )" 3 DPMMBQTF UP EJTDSFUF QPJOUT
BOE UIBU UIF JDF TIFMG GSPOU BMTP CFDPNFT NPSF EFëOFE )" 2 DPMMBQTFT UP B EJTDSFUF QPJOU CVU
UIF EJTDPOUJOVJUZ CFUXFFO UIF TUSPOH JDF TIFMG CFE SFìFDUJPO UP UIF VQTUSFBN PG UIF JDF TIFMG
GSPOU BOE UIF FDIP GSFF [POF EPXOTUSFBN PG UIF JDF TIFMG GSPOU QSPEVDFT TJEFMPCFT EVSJOH
QSPDFTTJOH UIBU NBOJGFTU UIFNTFMWFT BT B TNBMM PWFSTIPPU
ɨF GBDU UIBU IZQFSCPMBF 	BOE IBMG IZQFSCPMBF
 BSF CFJOH DPMMBQTFE CBDL UP EJTDSFFU QPJOUT
HJWFT DPOëEFODF UIBU UIF QSPDFTTPS JT GVODUJPOJOH BT JU TIPVME BOE NFBOT UIBU UIF BQQMJFE
QIBTF DPSSFDUJPOT BSF DPSSFDU FWFO GPS TDBUUFSFST MPDBUFE BU EFQUI XJUIJO UIF JDF NBTT

 1SPDFTTPS WBMJEBUJPO *DF TIFMG GSPOU
'JHVSF  5SBDF BSSBZ TIPXJOH SBX EBUB SBEBS TPVOEJOH EBUB GSPN UIF 3PTT *DF
4IFMG GSPOU
'JHVSF  ɨF 4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  /PUJDF
UIBU JO UIF QSPDFTTFE EBUB UIF SFìFDUJPO IZQFSCPMB BSNT BTTPDJBUFE XJUI UIF JDF
TIFMG FEHF IBWF CFFO DPMMBQTFE UP QPJOUT

 1SPDFTTPS WBMJEBUJPO &YBDU QIBTF DPSSFDUJPOT
 3URFHVVRUYDOLGDWLRQ ([DFWSKDVHFRUUHFWLRQV
*O 4FD  UIF 4"3 QSPDFTTPS XBT UFTUFE GPS UIF DBTF XIFSF UIF MPDBUJPOT PG TDBUUFSFST XFSF
LOPX B QSJPSJ )FSF UIF MPPLVQ UBCMF QIBTF DPSSFDUJPO NFUIPE PVUMJOFE JO 4FD o JT
UFTUFE BHBJOTU UIF UJNF DPOTVNJOH AFYBDU QIBTF DBMDVMBUJPO NFUIPE UIBU MJLF UIF MPPLVQ UBCMF
NFUIPE JT CBTFE PO JUFSBUJWF 01- NJOJNJTBUJPO 	4FD o
 " TVCHMBDJBM NPVOUBJO QFBL
BU B EFQUI PG  N QSPWJEFT B TVJUBCMZ TIBSQ GFBUVSF UP CF VTFE GPS DPNQBSJOH UIF QIBTF
DPSSFDUJPO NFUIPET
5P QFSGPSN UIF FYBDU QIBTF DBMDVMBUJPO B ëGUI PSEFS QPMZOPNJBM 	IJHIFS PSEFST XPVME OPU
CF KVTUJëFE HJWFO UIBU UIF JDF TVSGBDF JT CBTFE PO MJOFBSMZ JOUFSQPMBUFE WBMVFT
 JT ëUUFE UP UIF
JDF TVSGBDF BOE CZ VTJOH UIJT BOE UIF TBNQMF MPDBUJPO QPTJUJPOT UIF NJOJNVN 01- 	BOE
UIVT SFRVJSFE QIBTF DPSSFDUJPO
 GSPN TBNQMF MPDBUJPO UP GPDVT QPJOU XBT DBMDVMBUFE VTJOH UIF
UFDIOJRVFT PVUMJOFE JO 4FD  ɨF 4"3 QSPDFTTFE TVCHMBDJBM NPVOUBJO QFBL JT TIPXO JO
'JH  GPS UIF DBTF PG FYBDU QIBTF DBMDVMBUJPOT 	&YBDU DBMDVMBUJPO JO 'JH 
 BOE GPS UIF
DBTF PG QIBTF DPSSFDUJPOT CBTFE PO UIF MPPLVQ UBCMF NFUIPE 	-PPLVQ UBCMFT JO 'JH 

'JHVSF  $PNQBSJTPO PG QIBTF DPSSFDUJPO NFUIPET 3BX EBUB JT TIPXO BU UIF
UPQ XJUI UIF MPDBUJPO PG UIF TVCHMBDJBM NPVOUBJO QFBL EFMJOFBUFE CZ UIF SFE CPY
0O UIF CPUUPN MFGU JT UIF NPVOUBJO QFBL QSPDFTTFE XJUI FYBDU QIBTF DPSSFDUJPOT
PO UIF CPUUPN SJHIU JT UIF NPVOUBJO QFBL QSPDFTTFE XJUI UIF MPPLVQ UBCMF NFUIPE

 1SPDFTTPS WBMJEBUJPO &YBDU QIBTF DPSSFDUJPOT
 &RPSDULQJWKHH[DFWDQGDSSUR[LPDWHFDOFXODWLRQV
'SPN 'JH  JU JT BQQBSFOU UIBU BMUIPVHI TJNJMBS UIFSF BSF TPNF EJêFSFODFT JO UIF XBZ
UIBU UIF TVCHMBDJBM NPVOUBJO QFBL BQQFBST JO UIF FYBDU BOE MPPLVQ UBCMF DBTF ɨF EJêFSFODFT
DBO CF QBSUMZ FYQMBJOFE CZ UIF EJêFSFOU XBZT UIBU UIF QIBTF DPSSFDUJPOT BSF DBMDVMBUFE BOE JO
QBSUJDVMBS IPX UIF TMPQF JO UIF JDF TVSGBDF JT DPSSFDUFE GPS 'PS UIF FYBDU NFUIPE B ëGUI PSEFS
QPMZOPNJBM JT ëUUFE UP UIF JDF TVSGBDF BOE UIJT GPSNT UIF CBTJT PG 01- NJOJNJTBUJPO 'PS UIF
MPPLVQ UBCMF NFUIPE B DPPSEJOBUF TZTUFN SPUBUJPO JT VTFE CBTFE PO B MJOFBS USFOEMJOF UIBU JT
MFBTUTRVBSFE ëUUFE UP UIF JDF TVSGBDF 	4FD 
 ɨF FYBDU NFUIPE 	VOMJLF UIF MPPLVQ UBCMF
NFUIPE
 JT DBQBCMF PG DPSSFDUJOH GPS IJHI PSEFS TVSGBDF SFTJEVBMT CVU UIF MPX OBWJHBUJPOBM
TBNQMJOH JOUFSWBM 	4FD 
 MJNJUT JUT BCJMJUJFT
ɨF TVCHMBDJBM NPVOUBJO QFBL BQQFBST TIBSQFS BOE NPSF EFëOFE JO UIF MPPLVQ UBCMF DBTF
DPNQBSFE UP FYBDU DBMDVMBUJPO ɨJT JT DPVOUFS JOUVJUJWF BT POF NJHIU FYQFDU UIF FYBDU DBMDVMB
UJPO UP QSPWJEF NPSF BDDVSBUF QIBTF DPSSFDUJPOT BOE UIFSFGPSF MFBE UP CFUUFS GPDVTJOH UIBO UIF
MPPLVQ UBCMF DBTF 0OF QPTTJCMF SFBTPO GPS UIJT JT UIBU UIF MJOFBS JOUFSQPMBUFE JDF TVSGBDF JT OPU
DIBSBDUFSJTUJD PG UIF BDUVBM JDF TVSGBDF ɨF QIBTFT DBMDVMBUFE VTJOH UIF FYBDU DBMDVMBUJPO XJMM
UIFSFGPSF OPU UPUBMMZ DPSSFDU GPS UIF BDUVBM JDF TVSGBDF TMPQF FODPVOUFSFE CZ UIF SBEBS XBWF
 7KHHIIHFWRIDVORSLQJÀUQOD\HU
*O 4FD  UIF JDF TVSGBDF BOE ëSO MBZFS XFSF CPUI DPOTJEFSFE UP CF IPSJ[POUBM BOE UIF FêFDU
PG B ëSO MBZFS XBT UP DBVTF SBZQBUI EFWJBUJPOT 	BOE UIVT 01- EFWJBUJPOT
 SFMBUJWF UP UIF TPMJE
JDF DBTF 	'JH 
 ɨF 01- EFWJBUJPOT IBWF UIF QPUFOUJBM UP EFDSFBTF UIF VTBCMF BQFSUVSF
MFOHUI CZ DBVTJOH UIF QIBTF TIJGUT BU UIF BQFSUVSF FEHFT UP CFDPNF HSFBUFS 	FWFO BGUFS QIBTF
DPSSFDUJPOT
 UIBO UIF BOUFOOB DPOEJUJPO (pi8 ) ɨF 01- EFWJBUJPOT EVF B TMPQJOH JDF TVSGBDF
BOE TMPQJOH ëSO MBZFS XJMM JOUSPEVDF QIBTF FSSPST (φf )XIJDI XJMM CF B GVODUJPO PG UIF UIJDLOFTT
PG UIF ëSO MBZFS (df ) JUT EFOTJUZ TUSVDUVSF (ρf ) BOE UIF TMPQF BOHMF PG UIF JDF TVSGBDF (α)
'PS UIF DBTF PG UIF FYBDU DBMDVMBUJPO UIF WBMVF PG φf (df , ρf ,α) XJMM CF EJêFSFOU GPS FBDI
DBMDVMBUFE SBZQBUI SFEVDJOH UIF BDDVSBDZ PG UIF DBMDVMBUFE QIBTF DPSSFDUJPOT BOE UIFSFCZ SFT
VMUJOH JO B SFEVDUJPO JO UIF BWBJMBCMF BQFSUVSF BOE B EFDSFBTF JO SFTPMVUJPO 'PS UIF MPPLVQ
UBCMF DBTF B DPPSEJOBUF TZTUFN SPUBUJPO JT QFSGPSNFE XIJDI USBOTGPSNT UIF HFPNFUSZ UP UIBU
PG B IPSJ[POUBM JDF TVSGBDF BOE JO EPJOH TP DIBOHFT UIF α UFSN JO φf (df , ρf ,α) UP α = 0
ɨJT TJNQMJëFT UIF HFPNFUSZ BOE DBVTFT B SFEVDUJPO JO φf (df , ρf ,α) UIFSFCZ JODSFBTJOH UIF
BWBJMBCMF BQFSUVSF BOE SFTVMUJOH JO BO JODSFBTF JO SFTPMVUJPO

&KDSWHU
5HVXOWVDQGGLVFXVVLRQ
*O UIJT DIBQUFS TQFDJëD FYBNQMFT BSF HJWFO PG DMVUUFS TVQQSFTTJPO BOE SFTPMVUJPO JNQSPWF
NFOUT SFTVMUJOH GSPN 4"3 QSPDFTTJOH SBX SBEBS TPVOEJOH EBUB ɨF HFPQIZTJDBM SFTVMUT UIBU
DBO PCUBJOFE GSPN UIF QSPDFTTFE EBUB BSF BMTP EJTDVTTFE " DPNQMFUF DPMMFDUJPO PG SBX BOE
QSPDFTTFE ìJHIU TFDUJPOT - UP - BOE 9 UP 9 GPS UIF IJHI HBJO QVMTF DIBOOFM BSF TIPXO
JO "QQFOEJY$ BOE "QQFOEJY$ SFTQFDUJWFMZ
 7KHWHSKUDOD\HU
"OBMZTJT PG UIF SBX BOE QSPDFTTFE SBEBS TPVOEJOH EBUB JO "QQFOEJY$ BOE "QQFOEJY$
MFBET UP UIF DPODMVTJPO UIBU JO BMM DBTFT UIF BQQMJDBUJPO PG 4"3 UFDIOJRVFT BMMPXT GPS UIF JNB
HJOH PG FOHMBDJBM BOE TVCHMBDJBM GFBUVSFT QSFWJPVTMZ PCTDVSFE CZ DMVUUFS FOFSHZ " QBSUJDVMBSMZ
HPPE FYBNQMF PG UIF DMVUUFS TVQQSFTTJPO BCJMJUZ PG UIF 4"3 QSPDFTTPS JT GPVOE JO UIF HSPVOEFE
TFDUJPO PG UIF - ìJHIU TFDUJPO 	'JH 
 )FSF OFX FWJEFODF JT GPVOE GPS UIF FYUFOTJPO PG
UIF UFQISB MBZFS EFTDSJCFE CZ 	$PSS BOE 7BVHIBO 
 *O UIF SBX EBUB UIF UFQISB MBZFS JT
BMNPTU DPNQMFUFMZ PCTDVSFE CZ TVSGBDF DMVUUFS 	'JH 
 *O UIF QSPDFTTFE EBUB 	'JH 
 UIF
BMPOHUSBDL TVSGBDF DMVUUFS IBT CFFO TVQQSFTTFE BOE BT B SFTVMU UIF UFQISB MBZFS JT OPX DMFBSMZ
WJTJCMF FYUFOEJOH BMNPTU UP UIF HSPVOEJOH MJOF 	BEKBDFOU UP 9
 *U JT XPSUI FNQIBTJTJOH UIBU
4"3 QSPDFTTJOH EPFT OPU IBWF UIF BCJMJUZ UP TVQQSFTT DSPTTUSBDL TVSGBDF DMVUUFS 	FTQFDJBMMZ
ADMJQQFE TVSGBDF DMVUUFS 4FD 
 ɨJT JT BQQBSFOU JO UIF QSPDFTTFE EBUB XIFSF DMVUUFS FOFSHZ
JT TUJMM WJTJCMF EPXO UP EFQUIT PG ∼ N 	FWFO BGUFS QSPDFTTJOH
 "T B SFTVMU PG UIJT UIF 4"3
QSPDFTTPS JT NPTU FêFDUJWF GPS EFQUIT PG CFMPX ∼ N JO BSFBT PG IFBWZ TVSGBDF DSFWBTTJOH

 ɨF UFQISB MBZFS
'JHVSF  3BX EBUB GSPN UIF - ìJHIU TFDUJPO VQTUSFBN PG UIF HSPVOEJOH MJOF
	BEKBDFOU UP 9
 /PUF UIBU UIF UFQISB MBZFS JT BMNPTU DPNQMFUFMZ PCTDVSFE CZ
TVSGBDF DMVUUFS
'JHVSF  4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  ɨF DMVUUFS
TVQQSFTTJPO BCJMJUZ PG UIF 4"3 QSPDFTTPS IBT BMMPXFE UIF UFQISB MBZFS UP CF JNBHFE

 ɨF UFQISB MBZFS
*O UIF QSPDFTTFE EBUB QSFTFOUFE JO UIJT TUVEZ 	'JH 
 UIF UFQISB MBZFS JT PCTFSWFE UISPVHI
PVU UIF HSPVOEFE QBSU PG - SJHIU EPXO UP UIF HSPVOEJOH MJOF BGUFS XIJDI QPJOU JUT TJHOBM JT
PCTDVSFE CZ TVSGBDF DMVUUFS ɨF EJTDPWFSZ PG UIF UFQISB MBZFS FYUFOEJOH UP UIF HSPVOEJOH MJOF
NFBOT UIBU UIF MBZFS JT QSFTFOU JO CPUI USJCVUBSZ  BOE UIF 1*( USVOL ɨJT PCTFSWBUJPO DPO
'JHVSF  *DFìPX WFMPDJUZ EFSJWFE GSPN *O4"3 OVNCFSFE 1*( USJCVUBSJFT BOE
UIF MPDBUJPO PG UIF BTI MBZFS NFBTVSFE CZ 	$PSS BOE 7BVHIBO 
 ɨF MJLFMZ
MPDBUJPO PG UIF )VETPO .PVOUBJOT 4VCHMBDJBM 7PMDBOP 	UIF TPVSDF PG UIF UFQISB
MBZFS
 JT NBSLFE CZ B SFE DJSDMF "MTP TIPX BSF UIF MPDBUJPOT PG UIF - BOE - ìJHIU
TFDUJPOT
USBEJDUT UIF IZQPUIFTJT PVUMJOFE CZ 	$PSS BOE 7BVHIBO 
 XIP BUUSJCVUF UIF BCTFODF PG
UIF UFQISB MBZFS JO UIF USVOL BOE USJCVUBSZ  UP JDF BEWFDUJPO ɨFZ TVHHFTU UIBU UIF USBOTQPSU
PG UIF UFQISB MBZFS CZ B HMBDJBM ìPX WFMPDJUZ PG CFUXFFO . LN B− BOE  LN B− XPVME IBWF
USBOTQPSUFE UIF MBZFS JO UIF UXP NJMMFOOJB TJODF UIF FSVQUJPO UP UIF JDF TIFMG GSPOU XIFSF JU
XPVME IBWF CFFO MPTU UP JDFCFSH DBMWJOH ɨJT JT USVF PG UIF PSJHJOBM UFQISB MBZFS UIBU XPVME
IBWF CFFO FNQMBDFE PO UIF JDF TVSGBDF 	JODMVEJOH USJCVUBSZ  BOE UIF XIPMF 1*( USVOL
 EVS
JOH UIF FSVQUJPO ɨJT PSJHJOBMMZ FNQMBDFE UFQISB MBZFS XPVME IBWF CFFO BEWFDUFE BXBZ JO UIF
∼ LB TJODF UIF FSVQUJPO ɨF SFBTPO XIZ UIF UFQISB MBZFS XBT OPU PCTFSWFE JO UIF 	$PSS BOE

 4VCHMBDJBM NPVOUBJOT
7BVHIBO 
 TUVEZ JT UIBU JU XBT PCTDVSFE CZ UIF IJHI MFWFMT PG TVSGBDF DMVUUFS UIBU FYJTU
PO UIF NBJO USVOL BOE QBSU PG USJCVUBSZ  	'JH 
 ɨF RVFTUJPO OPX BSJTFT BT UP XIZ UIF
UFQISB MBZFS JT TUJMM CFJOH PCTFSWFE PO UIF NBJO USVOL PG 1*(
$PNQBSJTPO CFUXFFO UIF QSPDFTTFE EBUB GSPN - 	'JH 
 BOE - 	"QQFOEJY$
 JO
EJDBUFT UIBU UIF UFQISB MBZFS JT PCTFSWFE JO - CVU OPU JO - FWFO UIPVHI PO UIF USVOL UIFZ
BSF TFQBSBUFE CZ B QFSQFOEJDVMBS EJTUBODF PG ∼ LN ɨJT MFBET UP UIF JOUFSQSFUBUJPO UIBU
UIF SFBTPO XIZ UIF UFQISB MBZFS JT TUJMM PCTFSWFE PO UIF USVOL JT UIBU UIF JDF DPOUBJOJOH UIF
MBZFS JT CFJOH BEWFDUFE JO GSPN FMTFXIFSF ɨF JDF UIBU GFFET UIF TFDUJPO PG UIF 1*( USVOL
BEKBDFOU UP UIF - JT TPVSDFE GSPN USJCVUBSZ  	'JH 
 ɨJT QVUT UIF TPVSDF SFHJPO DMPTF
UP UIF MPDBUJPO PG UIF )VETPO .PVOUBJOT 4VCHMBDJBM 7PMDBOP UIF PSJHJO PG UIF UFQISB MBZFS
	$PSS BOE 7BVHIBO 
 ɨF JDF UIF GFFET UIF 1*( USVOL BEKBDFOU UP - JT QSJNBSJMZ TPVSDFE
GSPN USJCVUBSJFT  BOE  SBUIFS UIBO UIF VQTUSFBN TFHNFOU PG USJCVUBSZ  	BT JT UIF DBTF GPS
-
 ɨFSFGPSF UIF GBDU UIBU UIF UFQISB MBZFS JT PCTFSWFE JO - CVU OPU - NFBOT UIBU UIF JDF
DPOUBJOJOH UIF MBZFS JT CFJOH DPOUJOVBMMZ BEWFDUFE GSPN B TPVSDF SFHJPO VQTUSFBN PG USJCVUBSZ
 UP UIF HMBDJFS USVOL BOE EPXO UP UIF HSPVOEJOH MJOF
 6XEJODFLDOPRXQWDLQV
5P EFNPOTUSBUF IPX UIF 4"3 QSPDFTTPS QFSGPSNT BU EFQUI XJUIJO UIF JDF NBTT UIF DBTF PG
B ìJHIU MJOF PWFS TVCHMBDJBM NPVOUBJOT JT DPOTJEFSFE ɨF TVCHMBDJBM NPVOUBJOT BSF GPVOE
BSPVOE  LN /& PG UIF JOUFSTFDUJPO CFUXFFO - BOE 9 	'JH 

*O UIF SBX EBUB 	'JH 
 BU EFQUIT PG  N UIF UFQISB MBZFS EFTDSJCFE JO 4FD  JT
PCTFSWFE "U EFQUIT PG  N NBOZ OBSSPX BEKBDFOU IZQFSCPMBF BSF TFFO TVQFSJNQPTFE
VQPO FBDI PUIFS UIFTF BSF UBLFO UP CF UIF SBX EBUB SFQSFTFOUBUJPO PG TVCHMBDJBM NPVOUBJO
QFBLT "U  LN BMPOHUSBDL BOE BU B EFQUI PG  N B DMBTTJD ACPX UJF TJHOBUVSF JT
PCTFSWFE QFSUBJOJOH UP UIF FYJTUFODF PG B OBSSPX TVCHMBDJBM WBMMFZ
*O UIF 4"3 QSPDFTTFE EBUB UIF BMPOHUSBDL EJNFOTJPO PG UIF SFTPMVUJPO DFMM 	BU UIF EFQUIT
PG UIF TVCHMBDJBM NPVOUBJOT
 IBT CFFO SFEVDFE GSPN  N 	JO UIF SBX EBUB
 UP . N JO UIF
QSPDFTTFE EBUB 	'JH  BOE 'JH 
 CVU UIF DSPTTUSBDL EJNFOTJPO SFNBJOT 	BT JO UIF SBX
EBUB
 BU  N ɨF BMPOHUSBDL SFTPMVUJPO JNQSPWFNFOUT BMMPX GFBUVSFT TVDI BT TVCHMBDJBM
NPVOUBJO QFBLT BOE OBSSPX TVCHMBDJBM WBMMFZT UP CF SFTPMWFE FWFO BU EFQUIT PG PWFS  N
JO JDF ɨFTF SFTPMVUJPO JNQSPWFNFOUT QSPWJEF GVSUIFS DPOëEFODF UIBU UIF QSPDFTTPS JT QFS
GPSNJOH XFMM FWFO BU HSFBU EFQUIT XJUIJO UIF JDF NBTT

 4VCHMBDJBM NPVOUBJOT
'JHVSF  3BX EBUB TIPXJOH TVCHMBDJBM NPVOUBJO QFBLT JNBHFE BT SFìFDUJPO
IZQFSCPMB BOE B ACPX UJF TJHOBUVSF 	JOEJDBUJWF PG B TVCHMBDJBM WBMMFZ

'JHVSF ɨF 4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  EFNPOTUSBUJOH
UIF SFTPMVUJPO JNQSPWFNFOU QPTTJCMF BGUFS QSPDFTTJOH ɨF SFìFDUJPO IZQFSCPMB
IBWF SFWFSUFE UP TIBSQ TVCHMBDJBM NPVOUBJO QFBLT BOE UIF ACPX UJF IBT SFWFSUFE UP
B OBSSPX TVCHMBDJBM WBMMFZ

 4VCHMBDJBM NPVOUBJOT
ɨF SFTPMVUJPO JNQSPWFNFOUT JOIFSFOU UP 4"3 QSPDFTTJOH DBO CF VTFE UP HBJO IJHIFS SFT
PMVUJPO JNBHFSZ PG TVCHMBDJBM BOE FOHMBDJBM GFBUVSFT ɨJT DBO CF QBSUJDVMBSMZ VTFGVM GPS DPO
TUSBJOJOH UIF CPVOEBSJFT PG TNBMMTDBMF GFBUVSFT TVDI BT TVCHMBDJBM WBMMFZT BOE TVCHMBDJBM MBLFT
ɨF TUVEZ PG TVCHMBDJBM MBLFT JT DVSSFOUMZ B WFSZ BDUJWF SFTFBSDI ëFME EVF UP UIF EJTDPW
FSZ UIBU FOUJSF TVCHMBDJBM ESBJOBHF CBTJOT NBZ CF ìVTIFE QFSJPEJDBMMZ 	8JOHIBN FU BM 

4QBDFCPSOF BMUJNFUFST TVDI BT *$&4"5 IBWF EJTDPWFSFE NBOZ TVCHMBDJBM MBLFT 	4NJUI FU BM

 CVU UIFTF TQBDFCPSOF BMUJNFUFST BSF MJNJUFE CZ UIFJS GPPUQSJOU TJ[F BOE SFQFBUQBTT
TXBUIEFOTJUZ 4"3 UFDIOJRVFT BQQMJFE UP SBEBS TPVOEJOH EBUB DPMMFDUFE PWFS UIF XIPMF 1*(
ESBJOBHF CBTJO 	'JH 
 BOE PUIFS BSFBT PG "OUBSDUJDB XJMM CF BCMF UP SFTPMWF MBLFT PG TNBMMFS
TDBMF BOE BU MPXFS MBUJUVEFT UIBO DVSSFOU TQBDFCPSOF JOTUSVNFOUT ɨVT QSPWJEJOH WBMVBCMF
EBUB SFRVJSFE GPS UIF VOEFSTUBOEJOH PG UIF "OUBSDUJD TVCHMBDJBM ESBJOBHF TZTUFN
ɨF IJHI SFTPMVUJPO SBEBS TPVOEJOH JNBHFSZ QSPWJEFE CZ 4"3 QSPDFTTJOH DBO BMTP BMMPX GPS
B HSFBUFS VOEFSTUBOEJOH PG IPX UIF FêFDUT PG TVCHMBDJBM UPQPHSBQIZ QSPQBHBUF VQ JOUP UIF JDF
NBTT BOE JO UVSO IPX UIFZ BSF SFQSFTFOUFE BU UIF TVSGBDF .PEFMMJOH TUVEJFT CZ 	)JOENBSTI
FU BM 
 BOE 	(VENVOETTPO 
 IBWF TIPXO UIBU UIF XBZ JOUFSOBM JTPDISPO MBZFST
	TVDI BT UIF UFQISB MBZFS
 SFTQPOE UP TVCHMBDJBM UPQPHSBQIZ EFQFOET PO UIF IPSJ[POUBM TDBMF
	XBWFMFOHUI
 PG UIF CBTBM GFBUVSF SFMBUJWF UP UIF UIJDLOFTT PG UIF PWFSMZJOH JDF "OBMZUJDBM TFNJ
BOBMZUJDBM BOE OVNFSJDBM TJNVMBUJPOT 	)JOENBSTI FU BM 
 TIPX UIBU JG UIF XBWFMFOHUI PG
CBTBM GFBUVSFT BSF TIPSU 	SFMBUJWF UP UIF PWFSMZJOH JDF UIJDLOFTT
 UIFO JTPDISPOT BOE TUSFBNMJOFT
PWFSSJEF CBTBM UPQPHSBQIZ NFBOJOH UIBU FOHMBDJBM MBZFST BSF ìBU FWFO PWFS IJHI BNQMJUVEF CFE
GFBUVSFT *G IPXFWFS UIF GFBUVSFT BSF PG MPOHFS XBWFMFOHUIT UIFO UIF JTPDISPOT BOE TUSFBNMJOFT
USBDL PS ESBQF UIF TVSGBDF BOE CBTBM UPQPHSBQIZ FWFO JG UIF GFBUVSFT IBWF B SFMBUJWFMZ MPX
BNQMJUVEF ɨF USBOTGFS PG CBTBM TJHOBM UP UIF TVSGBDF JT UIVT TUSPOH GPS MPOH XBWFMFOHUIT
BOE FYUSFNFMZ MJNJUFE GPS TIPSU XBWFMFOHUIT 	)JOENBSTI FU BM 
 ɨF QSPDFTTFE EBUB
JO UIJT TUVEZ 	'JH 
 BHSFFT XJUI UIF NPEFMMJOH TUVEJFT 4NBMM XBWFMFOHUI GFBUVSFT TVDI BT
UIF TVCHMBDJBM NPVOUBJO QFBLT BOE UIF OBSSPX TVCHMBDJBM WBMMFZ BSF SFQSFTFOUFE JO UIF UFQISB
MBZFS BU B NVDI MPXFS BNQMJUVEF UIBO UIFJS BTTPDJBUFE CFEGPSNT XIFSFBT UIF BNQMJUVEF PG UIF
NPVOUBJOT BT B XIPMF 	XJUI B NVDI MPOHFS XBWFMFOHUI
 BSF NPSF BDDVSBUFMZ SFQSFTFOUFE JO UIF
UFQISB MBZFS 4"3 QSPDFTTFE EBUB DPVME BMMPX UIJT UFDIOJRVF UP CF UVOFE BOE BMMPX SFBM XPSME
WBMJEBUJPO GPS UIFTF NPEFMT 8JUI GVSUIFS NPEFM EFWFMPQNFOU JU NBZ CF FWFOUVBMMZ QPTTJCMF
UP BDDVSBUFMZ JOWFSU UIF CBTBM UPQPHSBQIZ GSPN UIF TVSGBDF UPQPHSBQIZ BOE UIVT QSPWJEF B ëSTU
FTUJNBUJPO PG CFE UPQPHSBQIZ XIFSF OP SBEBS TPVOEJOH SFDPSET FYJTU 	(VENVOETTPO 


 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
 7KHJURXQGHGLFHLQWHUIDFHPDWHULDO
*U JT PCTFSWFE UIBU XIFO B ìJHIU MJOF 	"QQFOEJY$ "QQFOEJY$
 QBTTFT GSPN HSPVOEFE
JDF BOE POUP ìPBUJOH JDF BO JODSFBTF JO SFDFJWFE QPXFS JT PCTFSWFE ɨJT JODSFBTF JO SFDFJWFE
QPXFS JT EVF UP B DIBOHF JO UIF OBUVSF PG UIF TVCHMBDJBM JOUFSGBDF GSPN B HSPVOEFE JDF JOUFS
GBDF 	VQTUSFBN PG UIF HSPVOEJOH MJOF
 UP B TFBXBUFS JOUFSGBDF 	EPXOTUSFBN PG UIF HSPVOEJOH
MJOF
 5P DIBSBDUFSJTF UIF TVCHMBDJBM NBUFSJBM VOEFSMZJOH UIF HSPVOEFE JDF UIF SPVHIOFTT PG UIF
JOUFSGBDF NVTU CF UBLFO JOUP BDDPVOU 	4FD 
 "DDVSBUF EFUFSNJOBUJPOT PG CBTBM SPVHIOFTT
BSF OFFEFE CFDBVTF DIBOHFT JT SPVHIOFTT IBWF B MBSHFS FêFDU PO SFUVSO QPXFS UIBO DIBOHFT JO
UIF JOUFSGBDF NBUFSJBM 	4FD 
 5P QFSGPSN B TVCHMBDJBM JOUFSGBDF BOBMZTJT B TFHNFOU PG ìJHIU
TFDUJPO - 	BEKBDFOU UP UIF HSPVOEJOH MJOF
 JT VTFE ɨJT BOBMZTJT JT QPTTJCMF CFDBVTF PG UIF
DMVUUFS TVQQSFTTJPO BCJMJUZ PG UIF 4"3 QSPDFTTPS *O UIF SBX EBUB 	'JH 
 CBTBM JOUFSGBDFT BSF
PCTDVSFE CZ TVSGBDF DMVUUFS CVU JO UIF QSPDFTTFE EBUB 	'JH 
 B MBSHF SFEVDUJPO JO DMVUUFS
FOFSHZ BMMPXT UIF CFE JOUFSGBDFT UP CF DMFBSMZ JNBHFE
5XP DIBSBDUFSJTUJD TFDUJPOT BSF EFëOFE B HSPVOEFE JDF TFDUJPO BOE B ìPBUJOH JDF TIFMG
TFDUJPO ɨFTF BSF EFMJOFBUFE CZ UIF HSFZ CPYFT JO 'JH  UIF MPDBUJPO PG UIF HSPVOEJOH
MJOF JT UBLFO UP CF BEKBDFOU UP UIF 9 DSPTTJOH QPJOU ɨF TJNQMJGZJOH BTTVNQUJPO LFZ UP
UIJT BOBMZTJT JT UIBU UIF CBTBM SPVHIOFTT WBSJFT MJUUMF XJUIJO ∼ LN PG UIF HSPVOEJOH MJOF 	UIF
EJTUBODF CFUXFFO UIF HSPVOEFE JDF BOE JDF TIFMG CPYFT JO 'JH 
 SFQSFTFOUJOH B UFNQPSBM
TFQBSBUJPO PG FJHIU NPOUIT 	BU B ìPX WFMPDJUZ PG ∼ LN B−
 ɨJT BTTVNQUJPO JT CBTFE PO
UIF QSFNJTF UIBU UIF UFNQFSBUVSF PG JDF BU UIF JDF TIFFUJDF TIFMG CPUUPN XJMM SFNBJO BU UIF
QSFTTVSF NFMUJOH QPJOU VOUJM JU FODPVOUFST B TPVSDF PG XBSN XBUFS TVDI BT $%8 ɨF MPDBUJPO
PG $%8 XJUIJO UIF 1*( TVCHMBDJBM DBWJUZ JT EFTDSJCFE CZ 	+FOLJOT FU BM 
 XJUI $%8
EFUFDUFE BU B EJêFSFOU QBSU PG UIF HSPVOEJOH MJOF BSPVOE  LN 448 PG UIF - HSPVOEJOH
MJOF 'SPN 	+FOLJOT FU BM 
 BOE 'JH  UIF TFBCFE FMFWBUJPO OFBS UIF - HSPVOEJOH MJOF
JT BU B EFQUI PG BSPVOE  N XIFSFBT UIF TFBCFE FMFWBUJPO XFSF $%8 XBT EFUFDUFE JT BU B
EFQUI PG BSPVOE  N *U JT MJLFMZ UIBU 	EVF UP JUT IJHI EFOTJUZ
 UIF $%8 XJMM GPMMPX UIF
MPX TFBCFE FMFWBUJPOT JO UIF 1*( JDF TIFMG DBWJUZ BOE XJMM UIFSFGPSF CF DPODFOUSBUFE JO UIF 4&
PG UIF DBWJUZ BOE BXBZ GSPN UIF - HSPVOEJOH MJOF *G UIJT JT UIF DBTF UIFO UIF XBUFS DMPTF
UP UIF - HSPVOEJOH MJOF XJMM SFNBJO BU UIF QSFTTVSF NFMUJOH QPJOU SFTVMUJOH JO MPX JDF TIFMG
CBTBM NFMU SBUFT *G UIF CBTBM NFMU SBUF JT MPX UIFO JU JT BTTVNFE UIBU UIF CBTBM SPVHIOFTT XJMM
CF UIF TBNF GPS CPUI UIF HSPVOEFE JDF BOE JDF TIFMG CPY 	'JH 
 6TJOH UIJT BTTVNQUJPO BO
BUUFNQU DBO CF NBEF UP DIBSBDUFSJTF UIF HSPVOEFE TVCHMBDJBM JOUFSGBDF NBUFSJBM

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
'JHVSF  3BX EBUB TIPXJOH UIF HSPVOEJOH MJOF TFHNFOU PG - /PUF UIBU UIF
CFE JT PCTDVSFE CZ B MBSHF BNPVOU PG TVSGBDF DMVUUFS
'JHVSF  4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  ɨF MFGU HSFZ CPY
	 (SPVOEFE JDF CPY
 EFMJOFBUFT B HSPVOEFE JDF JOUFSGBDF BOE UIF SJHIU CPY 	*DF TIFMG
CPY
 BO JDF TIFMG JOUFSGBDF

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
 6RXUFHVRIXQFHUWDLQW\LQUHFHLYHGSRZHU
#FGPSF DPOUJOVJOH UIF NBKPS TPVSDFT PG VODFSUBJOUZ FêFDUJOH UIF SFDFJWFE QPXFS OFFE UP CF
DPOTUSBJOFE ɨF SBEBS FRVBUJPO GPS B SFìFDUJOH TVCHMBDJBM JOUFSGBDF 	&R 
 JT HJWFO CZ
Prr = Pt
[
λ21
(4pi)2
]
GtGrT 212L
2
ice[
2
(
h+ zn2
)]2 %|〈R˜23〉|2
ɨF UFSNT JO &R  DBO CF HSPVQFE JOUP GPVS DBUBHPSJFT 4ZTUFN QBSBNFUFST (S) *DF CPEZ
QBSBNFUFST (I) (FPNFUSJD TQSFBEJOH QBSBNFUFST (O) BOE #BTBM JOUFSGBDF QBSBNFUFST (B)
Prr = S × I ×O ×B 	

 6\VWHPSDUDPHWHUV (S)
ɨF TZTUFN QBSBNFUFST TQFDJGZ UIF QPXFS USBOTNJUUFE CZ UIF SBEBS TZTUFN BOE IPX NVDI PG
UIF SFUVSOJOH QPXFS JODJEFOU PO UIF SFDFJWF BOUFOOBF JT EFUFDUFE CZ UIF SBEBS TZTUFN UIFTF
UFSNT BSF HJWFO CZ
S =
PtGtGrλ21
4pi
	

ɨF 1"4*/ SBEBS BOUFOOBF BSF NPVOUFE CFMPX UIF XJOHT PG UIF 5XJO 0UUFS BJSDSBGU B GPVS
FMFNFOU USBOTNJU BOUFOOB BSSBZ PO UIF QPSU XJOH BOE BO JEFOUJDBM SFDFJWF BSSBZ PO UIF TUBS
CPBSE XJOH ɨF USBOTNJU BOE SFDFJWF BOUFOOB HBJOT GSPN UIJT BOUFOOB DPOëHVSBUJPO JT  E#J
ɨF DIJSQ QFBL QPXFS JT  L8 BOE UIF QVMTF QFBL QPXFS JT  8 ɨF VODFSUBJOUJFT JO CPUI
UIF QFBL QPXFS BOE UIF HBJOT BSF OPU LOPXO EVF UP UIF 1"4*/ TZTUFN OPU CFJOH GVMMZ DBMJC
SBUFE "MUIPVHI UIF VODFSUBJOUJFT JO UIF HBJOT BOE USBOTNJU QPXFS BSF OPU LOPXO UIF DPN
CJOFE VODFSUBJOUZ SFMBUFE UP UIFN JT OPU FYQFDUFE UP CF HSFBUFS UIBO ± E# ɨJT VODFSUBJOUZ
JT B TZTUFNBUJD FSSPS UIBU XJMM 	NPTU MJLFMZ
 CF UIF TBNF PWFS UIF  LN TFQBSBUJPO CFUXFFO UIF
HSPVOEFE JDF CPY BOE JDF TIFMG CPY 	'JH 

 ,FHERG\SDUDPHWHUV (I)
ɨF JDF CPEZ QBSBNFUFST EFTDSJCF UIF QSPQPSUJPO PG SBEBS QPXFS JODJEFOU PO UIF JDF TVSGBDF
UIBU JT USBOTNJUUFE JOUP 	PS PVU PG 
 UIF JDF NBTT BOE BMTP IPX NVDI QPXFS JT BUUFOVBUFE BMPOH

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
UIF SBEBS QVMTFT UXPXBZ USBWFM QBUI UISPVHI UIF JDF ɨFTF UFSNT BSF HJWFO CZ
I = T 212L
2
ice 	

ɨF WBMVF PG T12 JT DBMDVMBUFE BTTVNJOH B TNPPUI JDF TVSGBDF 	4FD 
 CVU GSPN 'JH 
BOE FTQFDJBMMZ 'JH  JU JT FWJEFOU UIBU UIF JDF TVSGBDF JT BDUVBMMZ WFSZ SPVHI XJUI B IFBWJMZ
DSFWBTTFE TVSGBDF 4VSGBDF DSFWBTTJOH BOE TDBUUFSJOH XJMM SFEVDF UIF WBMVF PG T12 BOE BMTP NBLF
UIF VODFSUBJOUZ JO T12 WFSZ EJïDVMU UP DPOTUSBJO 'SPN 'JH  UIF TVSGBDF DMVUUFS FOFSHZ
BQQFBST TJNJMBS PWFS CPUI UIF JDF TIFMG BOE HSPVOEFE JDF CPY BOE UIFSFGPSF UIF VODFSUBJOUZ JO
T12 XJMM GPSN BOPUIFS TZTUFNBUJD FSSPS 	TZTUFNBUJD PG UIF JDF
 XIJDI XJMM NPTU MJLFMZ CF TJNJMBS
GPS CPUI UIF HSPVOEFE JDF BOE JDF TIFMG CPYFT
"OPUIFS NBKPS TPVSDF PG VODFSUBJOUZ JT UIFLice BUUFOVBUJPO UFSN 1VCMJTIFE WBMVFT PGLice
GPS "OUBSDUJD JDF WBSZ GSPN . ± . E# LN− BU %PNF $ UP . E# LN− BU 4JQMF %PNF
	5BCMF 
 ɨF WBMVF PG .±. E# LN− DBMDVMBUFE JO 4FD  BU B TJUF UIBU * XJMM EFëOF
BT # TVêFST GSPN UIF TBNF TZTUFNBUJD FSSPST BT UIPTF PVUMJOFE JO 4FD  	EVF UP UIF
VODBMJCSBUFE 1"4*/ TZTUFN
 ɨJT WBMVF EPFT IPXFWFS 	BT OPUFE JO 4FD 
 DPSSFTQPOE
XFMM UP UIF QVCMJTIFE 8"*4 EJWJEF WBMVF PG 13.5 ± . E# LN− ɨF EJTUBODF CFUXFFO TJUF
# BOE UIF 8"*4 JDF EJWJEF JT ∼ LN BOE UIF EJTUBODF CFUXFFO # BOE UIF -
HSPVOEJOH MJOF 	TIPXO JO 'JH 
 JT ∼ LN ɨF WBMVF PG Lice JO QSPYJNJUZ UP UIF 1*(
HSPVOEJOH MJOF JT OPU LOPXO BU QSFTFOU CVU VTJOH UIF WBMVFT PG Lice GPS UIF JDF TUSFBNT PO
UIF 3PTT *DF 4IFMG TJEF PG UIF 8"*4 JDF EJWJEF UIF WBMVF PG Lice BU UIF 1*( HSPVOEJOH MJOF JT
NPTU MJLFMZ UP CF JO UIF SBOHF Lice =  →  E# LN− *U JT BMTP MJLFMZ UIBU UIF WBMVF PG Lice
XJMM CF WFSZ TJNJMBS PWFS UIF  LN TFQBSBUJPO CFUXFFO UIF HSPVOEFE JDF BOE JDF TIFMG CPYFT
UIVT GPSNJOH BOPUIFS TZTUFNBUJD FSSPS *O UIF BCTFODF PG B CFUUFS FTUJNBUF UIF DBMDVMBUFE
BUUFOVBUJPO SBUF PG . E# LN− JT VTFE GPS Lice
 *HRPHWULFVSUHDGLQJSDUDPHWHUV (O)
ɨF HFPNFUSJD TQSFBEJOH QBSBNFUFST EFUFSNJOF UIF HFPNFUSJD TQSFBEJOH PG SBEBS QPXFS BOE
BSF HJWFO CZ
O =
1
4pi
[
2
(
h+ zn2
)]2 	

ɨF NBKPS TPVSDF PG VODFSUBJOUZ JT UIF EFQUI UFSN z XIJDI IFSF JT UIF EFQUI UP UIF TVCHMBDJBM
JOUFSGBDF ɨF JDF EFQUIT BSF DBMDVMBUFE BTTVNJOH UIBU UIF JDF NBTT IBT B VOJGPSN SFGSBDUJWF

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
JOEFY PG nice = 1.78 ɨF QSFTFODF PG B MPX EFOTJUZ ëSO MBZFS XJMM DBVTF BO VODFSUBJOUZ JO UIF
EFQUI UP UIF TVCHMBDJBM JOUFSGBDF *O 4FD  UIF DIBOHF JO USBWFM UJNF EVF UP B ëSO MBZFS
XBT DPOTJEFSFE *U XBT OPUFE UIBU UIF FYJTUFODF PG B ëSO MBZFS DBVTFE UIF PWFSFTUJNBUJPO PG JDF
NBTT EFQUI CZ . N 6TJOH &R  UIF FêFDU PG B . N JOUFSGBDF SBOHF VODFSUBJOUZ SFTVMUT
JO B SFDFJWFE QPXFS VODFSUBJOUZ PG ∆Prr = . E# ɨJT GPSNT BOPUIFS TZTUFNBUJD FSSPS BT
UIF ëSO MBZFS UIJDLOFTT JT MJLFMZ UP CF WFSZ TJNJMBS CFUXFFO UIF JDF TIFMG BOE HSPVOEFE JDF CPY
 %DVDOLQWHUIDFHSDUDPHWHUV (B)
ɨF CBTBM JOUFSGBDF QBSBNFUFST EFTDSJCF UIF QSPQFSUJFT PG UIF SFìFDUJOH TVCHMBDJBM JOUFSGBDF BOE
BSF HJWFO CZ
B = %|〈R˜23〉|2 	

ɨF WBMVFT PG CPUI |〈R˜23〉|2 BOE % WBSZ PWFS BO JDF TIFFUJDF TIFMG XJUI CPUI QBSBNFUFST DPO
USJCVUJOH UPXBSET UIF QPXFS SFUVSOFE GSPN B TVCHMBDJBM JOUFSGBDF ɨF WBMVFT PG |〈R˜23〉|2 GPS
TNPPUI JOUFSGBDFT DBO WBSZ 	5BCMF 
 GSPN− E# 	GPS UIF DBTF PG BO QPMBS JDFESZ TBOE JO
UFSGBDF
 UP− E# 	GPS B QPMBS JDFTFBXBUFS JOUFSGBDF
 ɨF WBMVF PG % JT B GVODUJPO PG UIF 3.4
PG TVCHMBDJBM JOUFSGBDF IFJHIU 	TVSGBDF IFJHIU TUBOEBSE EFWJBUJPO
 BOE JT TIPXO JO 'JH  ɨF
XIPMF SBOHF PG WBMVFT JO |〈R˜23〉|2 BSF QPTTJCMF GSPN B QPMBS JDFTFBXBUFS JOUFSGBDF XJUI B WBMVF
PG 3.4 SPVHIOFTT UIBU WBSJFT PWFS UIF SBOHF  →  DN ɨFSFGPSF JU JT OPU QPTTJCMF UP
EFDPOWPMWF UIF FêFDU PG |〈R˜23〉|2 GSPN % PO UIF CBTJT PG Prr BMPOF
 %DVDOURXJKQHVV
*G UIF VODFSUBJOUJFT PVUMJOFE JO 4FD  XFSF BCMF UP CF GVMMZ DPOTUSBJOFE UIFO JU XPVME CF
QPTTJCMF UP DBMDVMBUF UIF BCTPMVUF SPVHIOFTT DPFïDJFOU XIJDI XPVME CF HJWFO CZ
% =
Prr
S × I ×O × |〈R˜23〉|2
	

5P PCUBJO UIF BCTPMVUF SPVHIOFTT DPFïDJFOU (%) GSPN Prr XPVME SFRVJSF B GVMM DBMJCSBUJPO
PG UIF 1"4*/ TZTUFN UP CF QFSGPSNFE BO BDDVSBUF EFUFSNJOBUJPO PG UIF WBMVF PG Lice BOE
ëSO QSPQFSUJFT JO QSPYJNJUZ UP UIF 1*( HSPVOEJOH MJOF BTXFMM BT BO BDDVSBUF WBMVF PG T12
GPS B IFBWJMZ DSFWBTTFE TVSGBDF "O JOEFQFOEFOU EFUFSNJOBUJPO PG CBTBM SPVHIOFTT XPVME BMTP
JODSFBTF DPOëEFODF JO UIF WBMVF PG % BOE DPVME CF QSPWJEFE CZ "VUPTVC 	+FOLJOT FU BM 

PS GVUVSF TVCNFSTJCMFT

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
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'JHVSF  " HSBQI TIPXJOH UIF SFMBUJPOTIJQ CFUXFFO UIF SPVHIOFTT DPFïDJFOU
(&) BOE UIF 3.4 JOUFSGBDF SPVHIOFTT GPS B SBEBS XBWF IBWJOH B XBWFMFOHUI PG
λice = . N 	DPSSFTQPOEJOH UP UIF 1"4*/ TZTUFN fc =  .)[

'SPN 4FD  JU JT BQQBSFOU UIBU UIF NBKPS TPVSDFT PG VODFSUBJOUJFT UBLF UIF GPSN PG TZT
UFNBUJD FSSPST UIBU XJMM CF WFSZ TJNJMBS CFUXFFO UIF JDF TIFMG BOE HSPVOEFE JDF CPYFT 	'JH 

ɨJT MFBET UP UIF EFëOJUJPO PG UIF FìFDUJWF SPVHIOFTT DPFïDJFOU (%e) HJWFO CZ
%e = %± δ%ran ± δ%sys 	

XIFSF % JT UIF NFBO WBMVF PG UIF SPVHIOFTT DPFïDJFOU δ%ran JT UIF SBOEPN FSSPS BOE δ%sys
JT UIF TZTUFNBUJD FSSPS ɨF FêFDUJWF SPVHIOFTT DPFïDJFOU JT UIFSFGPSF BMTP HJWFO CZ
%e =
Prr(
S ± δSran ± δSsys
)× (I ± δIran ± δIsys)× (O ± δOran ± δOsys)× |〈R˜23〉|2
	

ɨF TVCHMBDJBM JOUFSGBDF NBUFSJBM VOEFSMJOH B ìPBUJOH JDF TIFMG JT TFBXBUFS |〈R˜23〉|2 = − E#
BOE UIJT DBO CF VTFE UP DBMDVMBUF UIF BWFSBHF WBMVF PG %e JO UIF JDF TIFMG CPY ɨF Prr UFSN
JT PCUBJOFE CZ QJDLJOH UIF CFE BOE GPS FBDI USBDF UBLJOH UIF NBYJNVN SFDFJWFE QPXFS ±
SBOHF CJOT PG UIF BDUVBM CFE QJDL ɨF WBMVF PG %e DBMDVMBUFE GSPNN = 3001 EBUB QPJOUT PWFS

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
UIF JDF TIFMG CPY JT %e = 0.008± 0.001 *G UIF DFOUSBM BTTVNQUJPO IPMET BOE UIF WBMVF PG %e JT
WFSZ TJNJMBS GPS CPUI UIF JDF TIFMG BOE HSPVOEFE JDF CPY BO BUUFNQU DBO CF NBEF UP DPOTUSBJO
UIF WBMVF PG |〈R˜23〉|2 GPS UIF HSPVOEFE JDF JOUFSGBDF
 *URXQGHGLFHLQWHUIDFHPDWHULDO
ɨF QPXFS SFìFDUJPO DPFïDJFOU PG UIF HSPVOEFE JDF JOUFSGBDF DBO CF PCUBJOFE CZ VTJOH UIF
WBMVF PG %e DBMDVMBUFE JO 4FD  GPS UIF JDF TIFMG CPY BOE VTJOH UIF FYQSFTTJPO
|〈R˜23〉|2 = Prr
S × I ×O × %e 	

" IJTUPHSBN TIPXJOH |〈R˜23〉|2 WBMVFT GPS UIF HSPVOEFE JDF CPY 	'JH 
 JT TIPXO JO 'JH 
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Histogram of power reflection coefficient over the grounded ice interface
 
 
N = 3001
'JHVSF  " IJTUPHSBN TIPXJOH UIF QPXFS SFìFDUJPO DPFïDJFOU |〈R˜23〉|2 GPS UIF
HSPVOEFE JDF JOUFSGBDF EFMJOFBUFE CZ UIF HSPVOEFE JDF CPY JO 'JH 
'SPN 'JH  JU JT PCTFSWFE UIBU UIF IJTUPHSBN JT OPSNBMMZ EJTUSJCVUFE BCPVU B NFBO WBMVF PG
|〈R˜23〉|2 = −19.4± 0.1 *O BO BUUFNQU UP DIBSBDUFSJTF UIF HSPVOEFE JDF TVCHMBDJBM NBUFSJBM
UZQJDBM WBMVFT PG UIF FMFDUSJDBM QBSBNFUFST GPS TPNF DPNNPO NBUFSJBMT BSF TIPXO JO 5BCMF 
ɨF TVCTDSJQU JO |R˜23|2 	5BCMF 
 JOEJDBUFT UIBU UIF JOUFSGBDF JT CFUXFFO NFEJVN 2 	JDF
 BOE

 ɨF HSPVOEFE JDF JOUFSGBDF NBUFSJBM
NFEJVN 3 	UIF TVCHMBDJBM NBUFSJBM
 XJUI NFEJVN  CFJOH BJS ɨF QFSNJUUJWJUZ PG JDF OFBS UIF
.BUFSJBM # UBO δ |R˜23|2
	E#

4FBXBUFS 77 11.3 −1
(SPVOEXBUFS 80 1.4 −2
'SFTI XBUFS 80 0.002 −3
6OGSP[FO UJMM 	40 HX
 18 0.82 −6
4BUVSBUFE TBOE 20→ 30 0.0004→ 0.006 −7→ −6
"JS 1 0 −11
$MBZ 5→ 40 0.006→ 23.97 −19→ −2
4JMU 5→ 30 0.004→ 2.4 −19→ −6
(SBOJUF 4→ 6 0.0002→ 0.03 −25→ −16
'SP[FO UJMM 	40 HX JDF
 2.8 0.035 −30
%SZ TBOE 3→ 5 0.0002→ 0.0004 −37→ −19
1PMBS JDF 	OFBS B TVCHMBDJBM JOUFSGBDF
 3.17 0.0062 
5BCMF ɨF FMFDUSJDBM QSPQFSUJFT PG DPNNPO TVCHMBDJBM NBUFSJBMT 1PXFS SFìFD
UJPO DPFïDJFOUT |R˜23|2 BSF DBMDVMBUFE GPS B TNPPUI QPMBS JDFTVCHMBDJBM NBUFSJBM
JOUFSGBDF "EBQUFE GSPN 	1FUFST FU BM 
 BOE 	1MFXFT BOE )VCCBSE  

TVCHMBDJBM JOUFSGBDF JT BTTVNFE UP CF ,′ = 3.17 XJUI UBO δ = 0.0062 	1FUFST FU BM 
 'SPN
5BCMF  JU JT BQQBSFOU UIBU UIFSF JT B MBSHF WBSJBUJPO JO |R˜23|2 CFUXFFO UIF EJêFSFOU UZQFT PG
TVCHMBDJBM JOUFSGBDF CVU JO HFOFSBM XBSNFS NPSF TBUVSBUFE JOUFSGBDFT XJUI NPSF GSFF JPOT IBWF
MBSHFS WBMVFT PG |R˜23|2 ɨFSF BSF BMTP PWFSMBQT JO UIF |R˜23|2 WBMVFT GPS EJêFSFOU NBUFSJBMT TP JU
JT EJïDVMU UP CF DFSUBJO PO UIF BDUVBM TVCHMBDJBM NBUFSJBM VTJOH UIF WBMVF PG |〈R˜23〉|2 BMPOF ɨF
DBMDVMBUFE QPXFS SFìFDUJPO DPFïDJFOU GPS UIF HSPVOEFE JDF CPY JT |〈R˜23〉|2 = −19.4 ± 0.1
BOE VTJOH 5BCMF  UIJT NFBOT UIBU UIFSF BSF UXP QPTTJCMF TVCHMBDJBM NBUFSJBMT ESZ TBOE PS
HSBOJUF (JWFO UIF QSPYJNJUZ PG UIF HSPVOEFE JDF CPY UP UIF HSPVOEJOH MJOF JU JT MJLFMZ UIBU BOZ
TBOE BU UIF CBTF PG 1*( XJMM CF TBUVSBUFE BOE OPU ESZ HJWJOH JU B PG QPXFS SFìFDUJPO DPFïDJFOU
PG − E# UP − E# 0O UIF CBTJT PG |〈R˜23〉|2 = −19.4± 0.1 BOE UIF OPSNBM EJTUSJCVUJPO PG
|〈R˜23〉|2 WBMVFT 	'JH 
 UIF NPTU MJLFMZ TVCHMBDJBM NBUFSJBM GPS UIF HSPVOEFE JDF JOUFSGBDF JT
HSBOJUF " HSBOJUF JOUFSGBDF JT JO BHSFFNFOU XJUI B TIJQCPSOF TFJTNJD QSPëMF DPMMFDUFE EPXO
UIF BYJT PG B USPVHI JO UIF 1*( JOUFS JDF TIFMG DBWJUZ ɨF JOUFSQSFUBUJPO PG UIJT QSPëMF JT UIBU
UIF JOOFS TIFMG JT DIBSBDUFSJTFE CZ FYQPTFE DSZTUBMMJOF CFESPDL 	-PXF BOE "OEFSTPO 

%VF UP UIF MBSHF VODFSUBJOUJFT BOE BTTVNQUJPOT JO UIJT BOBMZTJT JU JT OPU QPTTJCMF UP CF DFSUBJO
PO B HSBOJUF JOUFSGBDF BOE NPSF PCTFSWBUJPOT TVDI BT NBHOFUJDT BOE CPSFIPMF EBUB XPVME CF
OFFEFE UP JODSFBTF DPOëEFODF JO UIF HSBOJUF IZQPUIFTJT

 #PUUPN DSFWBTTFT
 %RWWRPFUHYDVVHV
4VSGBDF DSFWBTTJOH JT B DPNNPO GFBUVSF PG NBOZ JDF TIFFUT BOE HMBDJFST TVSGBDF DSFWBTTFT GPSN
OFBS UIF TVSGBDF PG BO JDF TIFFU XIFSF JDF JT JO UFOTJPO BOE UIF UFOTJPOBM TUSFTT FYDFFET UIF
UFOTJMF TUSFOHUI PG JDF 	1BUFSTPO 
 ɨF UFOTJMF TUSFOHUI PG JDF IBT CFFO FTUJNBUFE UP WBSZ
CFUXFFO  BOE  L1B XJUI OP TZTUFNBUJD EFQFOEFODF PO UFNQFSBUVSF 	7BVHIBO 

ɨF PUIFS UZQF PG DSFWBTTF UIBU DBO PDDVS BSF CPUUPN DSFWBTTFT ɨFTF JOWFSUFE FRVJWBMFOUT UP
TVSGBDF DSFWBTTF BSF GPVOE BU UIF CBTF PG BO JDF NBTT TVDI BT BO JDF TIFMG 	#PHPSPETLZ FU BM

 *O UIJT DBTF DSFWBTTFT TUBSU BU UIF CPUUPN BOE QSPQBHBUF VQ JOUP UIF JDF NBTT #PUUPN
DSFWBTTFT XFSF ëSTU PCTFSWFE CZ SBEBS TPVOEJOH TVSWFZT JO UIF NJE T 3BEBS TPVOEJOH
EBUB GSPN UIF 3PTT *DF 4IFMG IBWF TIPXO CPUUPN DSFWBTTFT UP CF XJEFTQSFBE BOE PG B NVDI
MBSHFS TDBMF UIBO TVSGBDF DSFWBTTFT UIF MBSHFTU FYUFOEJOH VQ UP  N JOUP UIF JDF TIFMG BOE
IBWJOH B CBTBM XJEUI PG PWFS  N *O B SBEBS USBDF BSSBZ CPUUPN DSFWBTTFT UZQJDBMMZ UBLF
UIF GPSN PG IZQFSCPMJD GFBUVSFT XIJDI SFQSFTFOU SFìFDUJPOT GSPN UIF MJOFBS DSFWBTTF UJQ ɨF
GPSN PG UIFTF IZQFSCPMBF EFQFOE PO UIF BOHMF CFUXFFO UIF ìJHIU MJOF BOE UIF TUSJLF PG UIF
DSFWBTTF *G UIF ìJHIU MJOF BOE CPUUPN DSFWBTTF TUSJLF BSF SPVHIMZ QFSQFOEJDVMBS UP FBDI PUIFS
UIFO UIF CPUUPN DSFWBTTF JT JNBHFE BT B OBSSPX IZQFSCPMB JG UIF BOHMF CFUXFFO UIF ìJHIU QBUI
BOE UIF CPUUPN DSFWBTTF TUSJLF JT PCMJRVF UIFO UIF DSFWBTTF JT SFQSFTFOUFE CZ B NVDI CSPBEFS
IZQFSCPMB 	#PHPSPETLZ FU BM 
 $SFWBTTFT JNBHFE OFBS UP UIFJS GPSNBUJPO MPDBUJPO UFOE
UP BQQFBS BT CSJHIU SFGSBDUJPO IZQFSCPMB IPXFWFS EPXO TUSFBN PG UIFJS GPSNBUJPO MPDBUJPO
UIFZ DBO TUBSU UP CFDPNF GBJOUFS BOE NBZ FWFOUVBMMZ EJTBQQFBS GSPN UIF SBEBS USBDF BSSBZ ɨJT
QIFOPNFOB IBT CFFO BUUSJCVUFE UP UIF GSFF[JOH TIVU PG DSFWBTTFT 	#PHPSPETLZ FU BM 

XIFSFVQPO TFBXBUFS XJUI B SFìFDUJPO DPFïDJFOU PG − E# JT SFQMBDFE XJUI NBSJOF JDF XJUI
B SFìFDUJPO DPFïDJFOU PG − E# 	5BCMF 
 UIVT FRVBUJOH UP B  E# ESPQ JO UIF SFUVSO
QPXFS ɨJT ESPQ JO SFUVSO QPXFS NBZ CF TVïDJFOU UP ESPQ UIF QPXFS SFUVSO CFMPX UIF SBEBS
TZTUFN OPJTF ìPPS DBVTJOH JU UP EJTBQQFBS GSPN UIF SBEBS USBDF BSSBZ
8JUIJO UIF TUVEZ BSFB 	'JH 
 CPUUPN DSFWBTTFT BSF PCTFSWFE JO ìJHIU TFDUJPOT - BOE
- BOE JO CPUI DBTFT UIF DSFWBTTFT ëSTU BQQFBS EPXOTUSFBN PG UIF HSPVOEJOH MJOF *O UIF SBX
SBEBS TPVOEJOH EBUB GSPN - 	'JH 
 BOE - 	'JH 
 UIFTF DSFWBTTFT BSF CBSFMZ WJTJCMF
EVF UP UIF IJHI MFWFMT PG TVSGBDF DMVUUFS *O UIF QSPDFTTFE EBUB 'JH  BOE 'JH  UIF
DMVUUFS JT HSFBUMZ SFEVDFE CZ 4"3 QSPDFTTJOH BMMPXJOH UIF DSFWBTTFT UP CF DMFBSMZ JNBHFE ɨF
IZQFSCPMBF BTTPDJBUFE XJUI UIF DSFWBTTFT IBWF BMTP CFDPNF OBSSPXFS EVF UP UIF BMPOHUSBDL
SFTPMVUJPO JNQSPWFNFOU JOIFSFOU UP 4"3 QSPDFTTJOH

 #PUUPN DSFWBTTFT
'JHVSF  3BX EBUB GSPN UIF JDF TIFMG QBSU PG UIF - ìJHIU TFDUJPO 4VSGBDF
DMVUUFS PCTDVSFT UIF USBDFT EPXO UP EFQUIT HSFBUFS UIBO  N ɨF #*# NVMUJQMF
JT B CPUUPNTVSGBDFCPUUPN SFìFDUJPO 4FD 
'JHVSF  4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  /PUJDF UIBU
UIF TVSGBDF DMVUUFS IBT CFFO SFEVDFE CZ 4"3 QSPDFTTJOH BMMPXJOH CPUUPN DSFWBTTFT
UP CF JNBHFE

 #PUUPN DSFWBTTFT
'JHVSF  3BX EBUB GSPN UIF JDF TIFMG QBSU PG UIF - ìJHIU TFDUJPO 4VSGBDF
DMVUUFS PCTDVSFT UIF USBDFT EPXO UP EFQUIT HSFBUFS UIBO  N ɨF #*# NVMUJQMF
JT B CPUUPNTVSGBDFCPUUPN SFìFDUJPO 4FD 
'JHVSF  4"3 QSPDFTTFE WFSTJPO PG UIF EBUB TIPXO JO 'JH  /PUJDF UIBU
UIF TVSGBDF DMVUUFS IBT CFFO SFEVDFE CZ 4"3 QSPDFTTJOH BMMPXJOH CPUUPN DSFWBTTFT
UP CF JNBHFE

 #PUUPN DSFWBTTFT
 6WUHVVDQDO\VLV
'SPN UIF QSPDFTTFE EBUB 'JH  BOE 'JH  JU JT PCTFSWFE UIBU UIF UJQT PG CPUUPN DSFWBTTFT
UFOE UP CF MPDBUFE BU SPVHIMZ UIF TBNF EFQUI XJUIJO UIF JDF ɨF UFSNJOBUJPO EFQUI PG B
TVSGBDF DSFWBTTF JT UIF EFQUI BU XIJDI UIF EJêFSFODF CFUXFFO UIF JDFPWFSCVSEFO QSFTTVSF BOE
UIF FêFDUJWF UFOTJMF TUSFTT CFDPNFT MFTT UIBO UIF UFOTJMF TUSFOHUI PG UIF JDF 'PS B CPUUPN
DSFWBTTF QSPQBHBUJOH GSPN UIF JDF TIFMG CBTF VQ JOUP UIF JDF NBTT UIF TJUVBUJPO JT EJêFSFOU
5P VOEFSTUBOE XIZ B CPUUPN DSFWBTTF UFSNJOBUFT XIFSF JU EPFT UIF TUSFTTFT JOWPMWFE OFFE UP
CF DPOTJEFSFE 'SPN B WFMPDJUZ ëFME PWFS 1*( JDF TIFMG UIF TUSBJO SBUF DBO CF PCUBJOFE BOE
VTJOH UIJT TUSBJO SBUF UPHFUIFS XJUI B DIBSBDUFSJTUJD UFNQFSBUVSF EFQUI QSPëMF JU JT QPTTJCMF UP
DBMDVMBUF UIF FêFDUJWF TUSFTT BT B GVODUJPO PG EFQUI ɨF EFQUIT BU XIJDI UIF FêFDUJWF TUSFTT
FYDFFET UIF UFOTJMF TUSFOHUI PG UIF JDF JT UIF [POF PG CPUUPN 	BOE TVSGBDF
 DSFWBTTJOH
 2EWDLQLQJWKHVWUDLQUDWHIURPWKHYHORFLW\ÀHOG
$POTJEFS B QBSUJDMF MPDBUFE XJUIJO BO JDF NBTT JO XIJDI QPTJUJPO JT EFTDSJCFE CZ UIF EJTQMBDF
NFOU ëFME
%(x, y, z) = DxˆJ+Dy Kˆ+DzLˆ 	

JO B $BSUFTJBO DPPSEJOBUF TZTUFN EFëOFE TVDI UIBU UIF xBYJT JT PSJFOUBUFE BMPOHìPX UIF
zBYJT JT QFSQFOEJDVMBS UP UIF JDF TVSGBDF BOE UIF yBYJT JT PSUIPHPOBM UP CPUI x BOE z *O UIJT
DPPSEJOBUF TZTUFN DxˆJ Dy Kˆ BOE DzLˆ SFQSFTFOU UIF EJTQMBDFNFOU PG B QBSUJDMF GSPN 1 UP 1′
	)PPLF 
 "U QPTJUJPO 1 UIF OPSNBM TUSBJO JO UIF xEJSFDUJPO JT EFëOFE BT
,xx = MJN
+→0
∆2
2
	

XIFSF 2 JT UIF MFOHUI PG B NBUFSJBM MJOF JO UIF xEJSFDUJPO ∆2 JT UIF FMPOHBUJPO PG UIBU MJOF
SFTVMUJOH GSPN TPNF EFGPSNBUJPO BOE UIF RVBOUJUZ ∆++ JT UIF FMPOHBUJPO PG UIF MJOF QFS VOJU
MFOHUI *G XJUIJO UIF EJTQMBDFNFOU ëFME UIF MJOF JT USBOTMBUFE JO UIF xEJSFDUJPO TVDI UIBU JUT MFGU
FOE NPWFT B EJTUBODFDxˆJ UIFO UIJT XJMM NFBO JUT SJHIU FOE XJMM NPWF B EJTUBODFDxˆJ+2
(
∂Dx
∂x Jˆ
)
HJWJOH JU B OFX MFOHUI PG 2+∆2 	)PPLF 
 BOE B TUSBJO HJWFO CZ
,xx = MJN
+→0
DxˆJ+ 2
(
∂Dx
∂x Jˆ
)−DxˆJ
2
=
∂Dx
∂x
Jˆ 	


 #PUUPN DSFWBTTFT
#Z UBLJOH UIF MJNJU 2→ 0 JU JT QPTTJCMF UP PCUBJO BO FYQSFTTJPO GPS ,xx BU QPJOU 1 5P DBMDVMBUF
UIF TUSBJO SBUF &R  JT EJêFSFOUJBUFE XJUI SFTQFDU UP UJNF HJWJOH UIF OPSNBM TUSBJO SBUF JO
UIF xEJSFDUJPO
,˙xx =
E,xx
Et =
E
Et
∂Dx
∂x
Jˆ 	

7FMPDJUZ JT UIF UJNFSBUFPG DIBOHF PG EJTQMBDFNFOU BOE BT WFMPDJUZ JO UIF xEJSFDUJPO JT EFëOFE
BT
u =
EDx
Et Jˆ 	

UIFO JG UIF MJOF PG NBUFSJBM JT NPWJOH BU B WFMPDJUZ u UIF TUSBJO SBUF DBO CF FYQSFTTFE BT
,˙xx =
∂u
∂x
Jˆ 	

ɨF WFMPDJUZ ëFME 7(x, y) PWFS UIF TVSWFZ BSFB UPHFUIFS XJUI &R  DBO UIFO CF VTFE UP
DBMDVMBUF UIF WBMVF PG ,˙xx ɨJT JT EPOF CZ UBLJOH UIF EJWFSHFODF PG UIF WFMPDJUZ ëFME HJWFO CZ
EJW 7 = ∇ · 7 = ∂u
∂x
+
∂v
∂y
+
∂w
∂z
	

BOE UIFO JOUFSQPMBUJOH GPS FBDI QPTJUJPO BMPOH - BOE - "T UIF ìJHIU TFDUJPOT -- XFSF
QJDLFE UP GPMMPX ìPX MJOFT JU JT BTTVNFE UIBU UIF ëSTU UFSN
(
∂u
∂x
)
JT UIF EPNJOBOU TPVSDF PG UIF
EJWFSHFODF
 &DOFXODWLQJWKHGHYLDWRULFVWUHVV
'PS BO JDF TIFMG UIF VQQFS BOE MPXFS CPVOEBSJFT DBO CF DPOTJEFSFE BT GSFF TVSGBDFT TP UIF MPO
HJUVEJOBM TUSBJO SBUF ,˙xx JT DPOTUBOU XJUI EFQUI
∂,˙x
∂z
≈ 0 	

*G UIF JDF TIFMG JT BTTVNFE UP IBWF JOëOJUF IPSJ[POUBM FYUFOU UIFO UIF JDF TIFMG TZTUFN DBO CF
DPOTJEFSFE UP CF POF PG QMBOF TUSBJO ɨF FêFDUJWF EFWJBUPSJD TUSFTT JT OPSNBMMZ HJWFO CZ
2τ 2 = (σ′x)
2 +
(
σ′y
)2
+ (σ′z)
2 + 2
(
τ 2xy + τ
2
yz + τ
2
zx
)
	


 #PUUPN DSFWBTTFT
CVU CFDBVTF UIF JOëOJUF IPSJ[POUBM FYUFOU DBTF JT CFJOH DPOTJEFSFE UIFO JU GPMMPXT UIBU σ′y =
τxy = τyz = 0 BOE TJODF UIF JDF TVSGBDF JT IPSJ[POUBM UIFO τzx = 0 NFBOJOH UIBU &R 
SFEVDFT UP
2τ 2 = (σ′x)
2 + (σ′z)
2 	

BOE CFDBVTF
σ′x + σ
′
y + σ
′
z = 0 	

BOE BT σ′y = 0
σ′x = −σ′z 	

JU UIFSFGPSF GPMMPXT UIBU
2τ 2 = (σ′x)
2 + (−σ′x)2 	

BOE UIFSFGPSF
τ = σ′x 	

"T ,˙xx JT B LOPXO RVBOJUZ UIF EFWJBUPSJD TUSFTT DBO CF RVBOUJëFE CZ VTJOH (MFOT MBX XIJDI
QSPWJEFT B SFMBUJPO CFUXFFO UIF TUSBJO SBUF ,˙ BOE FêFDUJWF TUSFTT τ BOE JT HJWFO CZ
,˙xx = Aτ
n−1σ′x 	

XIFSF n JT B DPOTUBOU 	VTVBMMZ TFU UP 
 BOE A JT UIF îPX QBSBNFUFS XIJDI EFQFOET PO B
OVNCFS PG EJêFSFOU JDF QSPQFSUJFT JODMVEJOH JDF UFNQFSBUVSF DSZTUBM PSJFOUBUJPO BOE JNQVSJUZ
DPOUFOU 	1BUFSTPO 
 4JODF τ = σx &R  DBO CF XSJUUFO BT
,˙xx = A (σ
′
x)
n−1 σ′x 	

= A (σ′x)
n 	

*G HJWFO UIF MPOHJUVEJOBM TUSBJO SBUF ,˙xx UIF UFOTJPOBM TUSFTT DBO CF DBMDVMBUFE CZ JOWFSUJOH
(MFOT MBX
σ′x =
(
,˙xx
A
) 1
n
	

5P DBMDVMBUF UIF EFQUI EFQFOEBODF PG σ′x &R  DBO CF VTFE XJUI n = 3 BMPOH XJUI UBCVMBUFE
WBMVFT PG UIF ìPX QBSBNFUFS A HJWFO PWFS UIF UFNQFSBUVSF SBOHF − ¡$ ≤ T ≤  ¡$ GPS
n = 3 	1BUFSTPO 
 'JSTU UIF MPHBSJUIN PG UIF EJTDSFUF WBMVFT PG A JT UBLFO UIFO B MFBTU

 #PUUPN DSFWBTTFT
TRVBSF MJOFBS USFOE MJOF JT ëUUFE UP UIF EBUB QPJOUT 6TJOH UIJT MJOFBS SFMBUJPO A WBMVFT BSF
UIFO DBMDVMBUFE GPS FBDI UFNQFSBUVSF PG B ADIBSBDUFSJTUJD JDF TIFMG WFSUJDBM UFNQFSBUVSF QSPëMF
	'JH 

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'JHVSF  " DIBSBDUFSJTUJD JDF TIFMG WFSUJDBM UFNQFSBUVSF QSPëMF 	1BUFSTPO 

 7KHQRUPDOVWUHVV
" % $BSUFTJBO DPPSEJOBUF TZTUFN JT EFëOFE JO XIJDI UIF PSJHJO JT BU TFB MFWFM CVU JT XJUIJO
UIF JDF NBTT BOE B zBYJT UIBU JT WFSUJDBM BOE QPTJUJWF VQXBSE BOE B xBYJT PSJFOUBUFE EPXO
ìPX *O UIJT DBTF σz JT TJNQMZ UIF JDF PWFSCVSEFO QSFTTVSF HJWFO CZ
σz = ρig(h− z) 	

XIFSF ρi JT UIF EFOTJUZ PG JDF 	 LH N−
 BOE g JT UIF HSBWJUBUJPOBM BDDFMFSBUJPO 	. N T−

ɨF RVBOUJUZ h JT UIF JDF GSFFCPBSE XIJDI GPS BO JDF TIFMG PG UIJDLOFTT H JT HJWFO CZ
h = H
(
ρw − ρi
ρw
)
	


 #PUUPN DSFWBTTFT
ɨF IPSJ[POUBM OPSNBM TUSFTT σx DBO CF GPVOE CZ DPOTJEFSJOH UIF FYQSFTTJPO GPS UIF EFWJBUPSJD
TUSFTT JO UIF YEJSFDUJPO (σ′x) FYQSFTTFE BT
σ′x = σx −
1
2
(σx + σz) 	

GSPN XIJDI GPMMPXT
σx = 2
(
σ′x +
σz
2
)
	

BT BO FYQSFTTJPO GPS σ′x IBT BMSFBEZ CFFO PCUBJOFE 	4FD 
 BOE OPX UIBU σz IBT CFFO GPVOE
JU JT QPTTJCMF UP DBMDVMBUF σx
 3RUHSUHVVXUH
ɨF JDF BU UIF CBTF PG BO JDF TIFMG XJMM MJLFMZ DPOUBJO QPSF TQBDFT BOE TNBMM QSFFYJTUJOH DSBDLT
TFB XBUFS VOEFS IJHI QSFTTVSF XJMM JOëMUSBUF UIFTF DSBDLT BOE QPSFT ɨF OFU SFTVMU PG TFBXBUFS
JOëMUSBUJPO XJMM CF UP SFEVDF UIF FêFDU PG UIF FYUFSOBMMZ BQQMJFE OPSNBM TUSFTTFT "T TFBXBUFS
JT B ìVJE UIJT XJMM PDDVS FRVBMMZ JO BMM EJSFDUJPOT BOE FWFSZXIFSF OPSNBM UP UIF DSBDL XBMM
ɨF FêFDUJWF OPSNBM TUSFTT PO B WFSUJDBM DSBDL XBMM UBLJOH JOUP BDDPVOU UIF FêFDU PG TFBXBUFS
	XIJDI DBO CF BTTVNFE JODPNQSFTTJCMF
 JT HJWFO CZ
σ′N = σN − Pp 	

XIFSF σN JT UIF BQQMJFE OPSNBM TUSFTT BOE Pp JT UIF QPSF QSFTTVSF ɨF QPSF QSFTTVSF JT TJNQMZ
UIF IZESPTUBUJD QSFTTVSF HJWFO CZ
Pp = ρwg(−z) 	

XIFSF ρw JT UIF EFOTJUZ PG TFBXBUFS 	 LH N−

 %RWWRPFUHYDVVHWHUPLQDWLRQGHSWK
ɨF UPUBM FêFDUJWF TUSFTT PO B WFSUJDBM DSBDL XBMM JT HJWFO CZ
σ′N = σx − Pp 	

VTJOH UIJT FYQSFTTJPO UIF UIFPSFUJDBM IFJHIU BU XIJDI B CPUUPN DSFWBTTFT XJMM SJTF DBO CF DPN
QBSFE XJUI UIF PCTFSWBUJPOT GSPN UIF 4"3 QSPDFTTFE ##"4 SBEBS TPVOEJOH EBUB

 #PUUPN DSFWBTTFT
ɨF WFMPDJUZ ëFME VTFE GPS UIF FTUJNBUJPO PG σx JT UIF +PVHIJO  WFMPDJUZ ëFME 6OGPS
UVOBUFMZ UIFSF JT B EBUB HBQ JO UIF BSFB PG CPUUPN DSFWBTTF GPSNBUJPO JO UIF - ìJHIU TFDUJPO
	'JH 
 IPXFWFS UIF GPSNBUJPO TJUF GPS CPUUPN DSFWBTTFT JO - JT EPXOTUSFBN PG UIBU JO
- BOE JO BO BSFB PG DPOUJOVPVT WFMPDJUZ EBUB DPWFSBHF ɨF WBSJBUJPO PG σ′N JT UIFO QMPU
UFE WT EFQUI 	'JH 
 GPS B TUSBJO SBUF WBMVF PG ,˙xx = . B− 	UIF NBYJNVN TUSBJO SBUF
FODPVOUFSFE JO UIF DSFWBTTF GPSNBUJPO BSFB PG -
 BOE PWFS UIF XIPMF JDF TIFMG UIJDLOFTT PG
H =  N 'SPN 'JH  UXP SFHJPOT BSF PCTFSWFE XIFSF UIF TUSFTT PO B WFSUJDBM DSFWBTTF
'JHVSF ɨF UPUBM TUSFTT PO B WFSUJDBM CPUUPN DSFWBTTF XBMM 	UIF CMBDL MJOF
 ɨF
SFE [POF JOEJDBUFT UIF UFOTJMF TUSFOHUI SBOHF PG JDF BOE UIF MJHIU CMVF IPSJ[POUBM
MJOF JOEJDBUFT UIF NFBO TFB MFWFM
XBMM JT XJUIJO UIF CPVOEBSJFT PG UIF JDF UFOTJMF TUSFOHUI 	 BOE  L1B
 0OF JT B OFBS TVS
GBDF SFHJPO XIJDI FYUFOET GSPN UIF TVSGBDF EPXO UP B EFQUI PG BSPVOE  N 	JO UIJT FYBNQMF

UIJT SFHJPO JT UIF [POF PG TVSGBDF DSFWBTTJOH "OPUIFS [POF JT BMTP PCTFSWFE UIJT [POF SJTFT GSPN
UIF JDF TIFMG CBTF UP B EFQUI PG BSPVOE  N UIJT JT UIF [POF PG CPUUPN DSFWBTTFT )JHIFS
JDF UFNQFSBUVSFT UPXBSET UIF JDF TIFMG CBTF DBVTF UIF UPUBM TUSFTT UP DVSWF UPXBSET [FSP *U JT
UIFSFGPSF FOUJSFMZ QPTTJCMF BU MPX TUSBJO SBUFT UP IBWF TVSGBDF DSFWBTTFT CVU OP CPUUPN DSFWBTTFT
6TJOH UIF UFNQFSBUVSF QSPëMF TIPXO JO 'JH  BOE B TUSBJO SBUF PG . B− JU JT PC
TFSWFE GSPN 'JH  UIBU UIF NJOJNVN EFQUI BU XIJDI B CPUUPN DSFWBTTF XPVME UFSNJOBUF

 #PUUPN DSFWBTTFT
JT  N ɨJT EFQUI JT MJLFMZ UP CF BO VOEFSFTUJNBUF BT SFBM CPUUPN DSFWBTTFT XJMM OPU SJTF
UP UIJT UIFPSFUJDBM EFQUI " NPSF JOEFQUI BQQSPBDI XPVME NBLF VTF PG MJOFBS FMBTUJD GSBDUVSF
NFDIBOJDT BOE UBLF JOUP BDDPVOU MBUFSBM ESBH GPSDFT ɨF CBTJD CFIBWJPVS JT DBQUVSFE IFSF
JG UIF UPUBM FêFDUJWF TUSFTT JT XJUIJO UIF JDFUFOTJMFTUSFOHUI SFHJPO UIFO CPUUPN DSFWBTTFT BSF
FYQFDUFE UP GPSN BOE QSPQBHBUF VQ JOUP UIF JDF TIFMG
'JHVSF  ɨF UIFPSFUJDBM DSFWBTTF UJQ UFSNJOBUJPO IFJHIU TVQFSJNQPTFE POUP
'JH 
 6WUHVVFRQFHQWUDWLRQ
ɨFSF JT IPXFWFS BOPUIFS GBDUPS UP DPOTJEFS XIFO CPUUPN DSFWBTTF IFJHIU JT CFJOH DBMDVMBUFE
UIF TUSFTT DPODFOUSBUJPO BU DSFWBTTF UJQT 4USFTT DPODFOUSBUJPO JT UIF NBHOJëDBUJPO PG UIF MPDBM
TUSFTT ëFME CZ BSFBT PG MPX SBEJVT PG DVSWBUVSF TVDI TJUVBUJPOT BSF XJEFMZ PCTFSWFE JO OBUVSF
BOE FOHJOFFSJOH ɨJT NBHOJëDBUJPO JT HJWFO CZ UIF TUSFTT DPODFOUSBUJPO SBUJP XIJDI GPS B
TFNJFMMJQUJDBM IPMF JT HJWFO CZ
σmax
σr
= 1 + 2
(
a
rc
) 1
2
	


 #PUUPN DSFWBTTFT
XIFSF σmax JT UIF NBYJNVN TUSFTT EVF UP UIF DPODFOUSBUJPO σr JT UIF SFNPUF TUSFTT 	UIF CMBDL
MJOF JO 'JH 
 a JT UIF IBMG MFOHUI PG UIF DSBDL JO UIJT DBTF UIF DSFWBTTF IFJHIU BOE rc JT
UIF SBEJVT PG DVSWBUVSF PG UIF CPUUPN DSFWBTTF UJQ *G UIF DBTF PG B CPUUPN DSFWBTTF PG IFJHIU
a =  N BOE IBWJOH B DSFWBTTF UJQ XJUI SBEJVT PG DVSWBUVSF rc =  N JT DPOTJEFSFE UIFO
σmax
σr
= 1 + 2
(
5
2
) 1
2
= 4.16 	

UIFSFGPSF GPS UIF QBSBNFUFST TQFDJëFE JO &R  UIF BDUVBM UFOTJPOBM TUSFTT BU UIF DSFWBTTF UJQ
JT ∼. UJNFT UIF SFNPUF TUSFTT 'SPN 'JH  UIJT XPVME FRVBUF UP B UFOTJPOBM TUSFTT BU UIF
DSFWBTTF UJQ PG ∼ L1B OFBS UIF JDF CBTF BOE XPVME QVU JU XFMM PWFS UIF VQQFS FTUJNBUF PG
UIF UFOTJMF TUSFOHUI PG JDF
 *ODFLRORJLFDOLPSOLFDWLRQV
ɨF IFJHIU UP XIJDI B CPUUPN DSFWBTTF XJMM QSPQBHBUF JOUP BO JDF TIFMG JT B TUSPOH GVODUJPO
PG CPUI UIF JDF TIFMG UFNQFSBUVSF QSPëMF BOE UIF MPDBM TUSBJO SBUF "DDVSBUF WFMPDJUZ ëFMET
OPX FYJTU GPS JDF TIFFUT BOE JDF TIFMWFT GSPN XIJDI TUSBJO SBUFT DBO CF DBMDVMBUFE 	4FD 

ɨJT NBLFT UIF QSFTDSJCFE UFNQFSBUVSF QSPëMF UIF HSFBUFTU TPVSDF PG VODFSUBJOUZ JO UIF TUSFTT
DBMDVMBUJPO ɨF QMPU PG UPUBM TUSFTT WT EFQUI 	'JH 
 TIPXT B DPODBWJUZ JO UIF TUSFTT DVSWF
BU JODSFBTJOH EFQUIT XJUIJO UIF JDF NBTT ɨF JNQMJDBUJPO PG UIJT DPODBWJUZ JT UIBU JG UIF UFOTJMF
TUSFTT JT DMPTF UP UIF UFOTJMF TUSFOHUI PG JDF BO JODSFNFOUBM JODSFBTF JO TUSFTT XJMM CF FOPVHI
UP JOJUJBUF CPUUPN DSFWBTTF QSPQBHBUJPO 0ODF CPUUPN DSFWBTTF QSPQBHBUJPO JT JOJUJBUFE UIF
DSFWBTTF XJMM DPOUJOVF QSPQBHBUJOH VQ JOUP UIF JDF NBTT VOUJM UIF MPOHJUVEJOBM TUSFTT BU UIF
DSFWBTTF UJQ GBMMT CFMPX UIF UFOTJMF TUSFOHUI PG JDF ɨF DPODBWJUZ JO UIF TUSFTT WT EFQUI HSBQI
UIFSFGPSF TIPXT UIBU UIFSF XJMM CF B NJOJNVN IFJHIU GPS B OFXMZ GPSNFE CPUUPN DSFWBTTF
'PS UIF JDF TIFMG DPOTJEFSFE JO 4FD  UIF NJOJNVN TUSBJO SBUF OFFEFE GPS UIF JOJUJBUJPO
PG CPUUPN DSFWBTTF QSPQBHBUJPO 	JG UIF UFOTJMF TUSFOHUI PG JDF JT BTTVNFE UP CF BU JUT MPXFS CPVOE
PG  L1B
 JT . B− BOE UIF DPSSFTQPOEJOH CPUUPN DSFWBTTF IFJHIU GPS UIJT TUSBJO SBUF JT
 N "T TUSBJO SBUFT JODSFBTF CPUUPN DSFWBTTFT BOE TVSGBDF DSFWBTTFT DPOWFSHF BOE BU B TUSBJO
SBUF PG . B− TVSGBDF BOE CPUUPN DSFWBTTFT KPJO MFBEJOH UP JDFCFSH DBMWJOH 	PCTFSWFE OFBS
UIF JDF TIFMG GSPOUT PG - BOE - "QQFOEJY$
 #PUUPN DSFWBTTFT PO BO JDF TIFMG BSF UIFSFGPSF
FYQFDUFE UP CF GPVOE BU TUSBJO SBUFT PG CFUXFFO . B− BOE . B− 	EFQFOEBOU VQPO
UIF SBEJVT PG DVSWBUVSF PG UIF DSFWBTTF UJQ
 BOE IBWF B NJOJNVN IFJHIU PG BSPVOE  N

 *DF TIFMG CBTBM VOEVMBUJPOT
 ,FHVKHOIEDVDOXQGXODWLRQV
'SPN 4FD  JU JT PCTFSWFE UIBU GPS ìJHIU TFDUJPO - 	'JH 
 UIF JDF TIFMG CPUUPN VOEV
MBUFT JO B TJOVTPJEBM NBOOFS XJUI UIF DSFTU PG VOEVMBUJPOT MPDBUFE BU UIF CBTFT PG UIF CPUUPN
DSFWBTTFT ɨF VOEVMBUJPO NBZ XFMM QSPWJEF UIF SBEJVT PG DVSWBUVSF OFFEFE UP JOJUJBUF CPU
UPN DSFWBTTF GPSNBUJPO *O PSEFS UP EFUFSNJOF UIF QFSJPEJDJUZ PG UIF VOEVMBUJPOT B TQFDUSBM
BOBMZTJT DBO CF QFSGPSNFE BOE GSPN UIF TQFDUSBM BOBMZTJT UIF EPNJOBOU TQBUJBM GSFRVFODZ PS
XBWFOVNCFS DBO CF EFUFSNJOFE
5P QSPWJEF EBUB GPS UIF TQFDUSBM BOBMZTJT UIF JDF TIFMG CBTBM JOUFSGBDF JT QJDLFE JO UIF QSP
DFTTFE EBUB GPS UIF  LN TFDUJPO PG - XIFSF UIF VOEVMBUJPOT BSF PCTFSWFE 	UIF QJDLT BSF
TIPXO BT XIJUF EPUT JO 'JH 

'JHVSF  ɨF TFDUJPO PG - EJTQMBZJOH JDF TIFMG CBTBM VOEVMBUJPOT ɨF CFE
QJDLT BSF TIPXO BT XIJUF EPUT BOE UIF BSFB PWFS XIJDI UIF TQFDUSBM BOBMZTJT JT
QFSGPSNFE JT EFMJOFBUFE CZ UIF HSFZ CPY
5P DPSSFDU GPS UIF CBTBM TMPQF PG UIF JDF TIFMG B ëGUIPSEFS QPMZOPNJBM JT ëUUFE UP UIF CFE
QJDLT ɨJT FYQSFTTJPO JT UIFO VTFE UP DPSSFDU GPS UIF CBTBM TMPQF MFBWJOH UIF VOEVMBUJPOT WBSZJOH
BCPVU B [FSP NFBO 	'JH 


 *DF TIFMG CBTBM VOEVMBUJPOT
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'JHVSF  4MPQFDPSSFDUFE VOEVMBUJPOT GPS UIF  LN TFDUJPO PG UIF JDF TIFMG
CBTF TUBSUJOH KVTU EPXOTUSFBN PG UIF 9 JOUFSTFDUJPO QPJOU 	HSFZ CPY JO 'JH 

 6SHFWUDODQDO\VLV
5P QFSGPSN B TQFDUSBM BOBMZTJT PO UIF DPSSFDUFE CFE QJDLT UIF %JTDSFFU 'PVSJFS 5SBOTGPSN
	%'5
 JT VTFE UIF %'5 HFOFSBUFT B EJTDSFUF GSFRVFODZ EPNBJO TFRVFODF X(m) VTJOH
X(m) =
N−1∑
n=0
x(n)e−i
2pinm
N 	

XIFSF x(n) JT B EJTDSFUF TFRVFODF PG TQBUJBMMZ EJTUSJCVUFE EBUB XIJDI JO UIJT DBTF BSF UIF CFE
QJDLT ɨF %'5 JT JNQMFNFOUFE VTJOH 'BTU 'PVSJFS 5SBOTGPSN 	''5
 BMHPSJUINT JO ."5
-"#¥  " QMPU PG TQFDUSBM QPXFS WT GSFRVFODZ JT DBMMFE B QFSJPEPHSBN BOE UIF QFSJPEPHSBN
DPSSFTQPOEJOH UP UIF CFE QJDLT JT TIPXO JO 'JH  'SPN 'JH  JU JT BQQBSFOU UIBU UIF
NBKPSJUZ PG UIF TQFDUSBM QPXFS JT EJWJEFE CFUXFFO UXP EPNJOBOU QFBLT 	QFBL  BOE 
 BOE B
XFBLFS TVCTJEJBSZ QFBL 	QFBL 
 $MPTFS PCTFSWBUJPO PG UIF CFE QJDLT 	'JH 
 TIPXT UIBU
UIF MPDBUJPO PG UIF EPNJOBOU QFBLT DPVME CF EVF UP B CFBU GSFRVFODZ FêFDU CFUXFFO B MPX
GSFRVFODZ NPEVMBUJOH GVODUJPO BOE B IJHI GSFRVFODZ UFSN 	DPSSFTQPOEJOH UP UIF BDUVBM GSF
RVFODZ PG UIF VOEVMBUJPOT


 *DF TIFMG CBTBM VOEVMBUJPOT
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'JHVSF  1FSJPEPHSBN PG UIF TMPQFDPSSFDUFE CFE QJDLT TIPXO JO 'JH 
/PUJDF UIF UXP EPNJOBOU QFBLT 	QFBL  BOE 
 BOE UIF XFBLFS TVCTJEJBSZ QFBL
	QFBL 

 %HDWWKHRU\
ɨF NPEVMBUFE TJOVTPJEBM EJTUSJCVUJPO PG CFE QJDLT TIPXO JO 'JH  DBO CF UIPVHIU PG BT
CFJOH EVF UP UIF DPNCJOBUJPO PG UXP XBWFT XJUI UIF XBWF OVNCFST PG UIFTF XBWFT CFJOH
BTTPDJBUFE XJUI UIF EPNJOBOU QFBLT JO UIF QFSJPEPHSBN 	'JH 
 *G UIF UXP XBWFT BSF
EFOPUFE BT E1 BOE E2 UIFO
E1 = E01 DPT (k1x) 	

E2 = E01 DPT (k2x) 	

XIFSF k1 > k2 	)FDIU 
 *G UIFTF XBWFT IBWF FRVBM BNQMJUVEFT BOE [FSP QIBTF TIJGU
CFUXFFO UIFN UIFO UIF OFU DPNQPTJUF XBWF JT HJWFO CZ
E = E01 [DPT (k1x) + DPT (k2x)] 	


 *DF TIFMG CBTBM VOEVMBUJPOT
XIJDI VTJOH UIF JEFOUJUZ
DPTα+ DPT β = 2 DPT 1
2
(α+ β) DPT 1
2
(α− β) 	

DBO CF SFGPSNBUUFE BT
E = 2E01 DPT
1
2
[(k1 + k2)x] DPT
1
2
[(k1 − k2)x] 	

ɨF RVBOUJUZ k¯ JT OPX JOUSPEVDFE BOE JT EFTJHOBUFE BT UIF BWFSBHF XBWFOVNCFS TJNJMBSMZ UIF
RVBOUJUZ km JT EFTJHOBUFE BT UIF NPEVMBUJPO XBWFOVNCFS ɨFSFGPSF
k¯ =
1
2
(k1 + k2) km =
1
2
(k1 − k2) 	

UIVT
E = 2E01 DPT(kmx) DPT(k¯x) 	

UIF DPNCJOFE XBWFGPSN NBZ CF SFHBSEFE BT B XBWF PG XBWFOVNCFS k¯x IBWJOH B NPEVMBUFE
BNQMJUVEF E0(x, t) TVDI UIBU
E(x) = E0(x) DPT(k¯x) 	

XIFSF
E0(x) = 2E01 DPT(kmx) 	

5P DIFDL UIJT IZQPUIFTJT UIF UXP EPNJOBOU 	BOE XFBLFS TVCTJEJBSZ QFBL
 GSPN 'JH  BSF
JTPMBUFE VTJOH HBVTTJBO GVODUJPOT ɨFTF JTPMBUFE QFBLT BSF UIFO USBOTGPSNFE CBDL JOUP UIF
UJNF 	TQBDF
 EPNBJO VTJOH UIF *OWFSTF %JTDSFFU 'PVSJFS 5SBOTGPSN 	*%'5
 ɨJT SFTVMU JT PWFS
MBJO POUP UIF PSJHJOBM VOEVMBUJPOT 	'JH 
 BOE JT TIPXO JO 'JH  'SPN 'JH  JU JT
PCTFSWFE UIBU UIF k¯ XBWF JT CFJOH NPEVMBUFE CZ UIF km UFSN ɨF UJNFTQBDF EPNBJO SFQSFT
FOUBUJPO PG UIF UISFF QFBLT DBQUVSFT UIF HFOFSBM CFIBWJPVS PG UIF CFE QJDLT CVU UIF ëU JT OPU
QFSGFDU EVF UP UIF FêFDU PG TQFDUSBM QPXFS GSPN PUIFS QBSUT PG UIF QFSJPEPHSBN
 8QGXODWLRQZDYHQXPEHU
ɨF k¯ UFSN DBO CF PCUBJOFE GSPN UIF XBWFOVNCFST PG UIF UXP EPNJOBOU QFBLT 	k1 BOE k2

k¯ =
1
2
(k1 + k2) 	


 *DF TIFMG CBTBM VOEVMBUJPOT
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'JHVSF  5JNF EPNBJO SFQSFTFOUBUJPO PG UIF UISFF QFBLT TIPXO JO UIF QFSJPEP
HSBN 	'JH 
 ɨF QFBLT XFSF JTPMBUFE XJUI HBVTTJBO GVODUJPOT JO UIF GSFRVFODZ
EPNBJO BOE UIFO USBOTGPSNFE JOUP UIF UJNF EPNBJO BOE BSF IFSF TVQFSJNQPTFE
POUP UIF TMPQFDPSSFDUFE CFE QJDLT
)FSF k1 = 0.285 JT BTTPDJBUFE XJUI QFBL  BOE k2 = 0.379 XJUI QFBL  UIFSFGPSF
k¯ =
1
2
(0.285 + 0.379) 	

= 0.332 	

UIJT HJWFT B XBWFOVNCFS PG  LN− XIJDI JT UIF TBNF XBWFOVNCFS BT TVCTJEJBSZ QFBL  "
XBWFOVNCFS PG  LN− DPSSFTQPOET UP B XBWFMFOHUI PG λ =  LN
 )RUPDWLRQSURFHVV
*G UIF ##"4 ìJHIU TFDUJPOT BSF TVQFSJNQPTFE POUP B .0%*4 TBUFMMJUF JNBHF PG 1*( JDF TIFMG
	'JH 
 UIFO JU JT PCTFSWFE UIBU ìJHIU TFDUJPO - JT QPTJUJPOFE PWFS B SFHJPO PG JNBHFE TVS
GBDF VOEVMBUJPOT ɨF +PVHIJO  BOE  WFMPDJUZ ëFMET TIPX UIBU UIF 1*( JDF TIFMG ìPX
WFMPDJUZ JODSFBTFE GSPN . LN B− JO  UP . LN B− JO  7FMPDJUZ EBUB QSFTFO
UFE CZ 	3JHOPU 
 TIPXFE UIBU UIF ìPX WFMPDJUZ PO 1*( JDF TIFMG JO .BSDI  XBT

 *DF TIFMG CBTBM VOEVMBUJPOT
. LN B− BOE UIBU ìPX JODSFBTFE GSPN . LN B− JO "QSJM  UP . LN B− JO /PWFN
CFS  	KVTU CFGPSF UIF ##"4 TVSWFZ
 ɨFSFGPSF UIF BWFSBHF ìPX WFMPDJUZ PWFS UIF 
ZFBST GSPN  XBT ∼. LN B− ɨJT FRVBUFT UP BO BMPOHìPX EJTUBODF PG ∼ LN
GSPN UIF HSPVOEJOH MJOF TJNJMBS UP UIF MFOHUI PG UIF CBTBM TFDUJPO TIPXO JO 'JH  *U JT
BMTP PCTFSWFE UIBU - DSPTTFT UIFTF VOEVMBUJPOT PCMJRVFMZ *G UIF TVSGBDF VOEVMBUJPOT BSF UIF
FYQSFTTJPOT PG CBTBM VOEVMBUJPOT PG UIF TBNF PSJFOUBUJPO UIFO UIF XBWFMFOHUI PG λ =  LN
DBMDVMBUFE JO 4FD  JT BO PWFSFTUJNBUF PG UIF BDUVBM XBWFMFOHUI ɨJT XPVME NBLF UIF VO
EVMBUJPO XBWFOVNCFS BOE ìPX WFMPDJUZ BQQSPYJNBUFMZ FRVBM NFBOJOH UIBU UIF QIFOPNFOPO
UIBU QSPEVDFT UIF VOEVMBUJPOT XPVME MJLFMZ IBWF B ZFBSMZ QFSJPEJDJUZ
ɨF NPTU QMBVTJCMF GPSNBUJPO NFDIBOJTN PG CBTBM VOEVMBUJPOT JT NFMUJOH BU UIF 1*(
HSPVOEJOH MJOF GPSDFE CZ $%8 JOUSVTJPOT ɨFTF JOUSVTJPOT BSF GPSDFE CZ BOOVBM DIBOHFT
UP UIF SFHJPOBM QSFTTVSF ëFME *O UIF XJOUFSTQSJOH FBTUFSMZ XJOET PWFS UIF "NVOETFO 4FB
TIFMG FEHF DIBOHF UP 8FTUFSMJFT BT UIF "NVOETFO 4FB MPX NJHSBUFT TPVUI 	ǲPNB FU BM 

ɨJT DBVTFT B QVMTF PG $%8 UP NPWF TPVUI POUP UIF DPOUJOFOUBM TIFMG OFBS ¡8 ɨJT $%8
QVMTF UIFO ìPX FBTU BOE TPVUI UPXBSET UIF JOOFS DPOUJOFOUBM TIFMG DIBOOFMFE UISPVHI B TVC
NBSJOF USPVHI UIBU IBT JUT PSJHJO PO UIF PVUFS DPOUJOFOUBM TIFMG CSFBL 	ǲPNB FU BM 

ɨF TFB ìPPS TMPQFT EPXO UPXBSET 1*( BOE EVF UP JUT IJHI EFOTJUZ UIF $%8 CFDPNFT B HSBWJUZ
DVSSFOU IVHHJOH UIF FBTUFSO TJEF PG UIF USPVHI BT B SFTVMU PG $PSJPMJT EFìFDUJPO " TVCNBSJOF
SJEHF BU UIF FOUSBODF PG 1*( TVCHMBDJBM DBWJUZ QSPWJEFT B QIZTJDBM CBSSJFS UP UIF $%8 QVMTF
PO SPVUF UP UIF 1*( HSPVOEJOH MJOF 	+FOLJOT FU BM 
 "T UIF $%8 ìPXT PWFS UIF SJEHF
WFSUJDBM NJYJOH PDDVST BOE SFTVMUT JO NFMUJOH PG UIF PWFSMZJOH JDF TIFMG XJUI UIF HBQ BCPWF UIF
DSFTU PG UIF SJEHF MJNJUJOH IPX SBQJEMZ UIF JOOFS DBWJUZ XBUFST BSF SFOFXFE 0ODF JOTJEF UIF
TVCHMBDJBM DBWJUZ UIF $%8 IBT BDDFTT UP UIF 1*( HSPVOEJOH MJOF BOE MPDBMJTFE NFMUJOH PDDVST
DBSWJOH PVU BO VOEVMBUJPO ɨF SFTVMUJOH NFMUXBUFS NJYFT XJUI UIF $%8 BOE UIJT NJYFE
XBUFS NBTT ìPXT PVU PG UIF DBWJUZ BT B CVPZBOU DVSSFOU BMPOH UIF JDF TIFMG CBTF 	+FOLJOT FU BM

 ɨJT CVPZBOU PVUìPX DVSSFOU XJMM NFMU NPSF PG UIF JDF TIFMG CPUUPN BT JU NPWFT PVU
PG UIF DBWJUZ BOE UPXBSET UIF JDF TIFMG GSPOU BOE XJMM SFTVMU JO NPSF $%8 CFJOH FOUSBJOFE
JOUP UIF DBWJUZ "T TQSJOH USBOTJUJPOT JOUP TVNNFS UIF XFTUFSMZ XJOET UVSO CBDL UP &BTUFSMJFT
DVUUJOH Pê UIF $%8 JOìVY SFTVMUJOH JO B DFTTBUJPO PG UIF NFMUJOH ɨSPVHIPVU UIJT XIPMF
QFSJPE UIF JDF TIFMG DPOUJOVFT NPWJOH BU B TUFBEZ TQFFE PG  LN B− DSFBUJOH UIF TJOVTPJEBM
CPUUPN QSPëMF PCTFSWFE

 *DF TIFMG CBTBM VOEVMBUJPOT
 9LVFRXVUHOD[DWLRQSURFHVV
ɨF BNQMJUVEF PG UIF CBTBM VOEVMBUJPOT JT OPU DPOTUBOU BMPOH - UIF VOEVMBUJPO BNQMJUVEF
EFDSFBTFT EPXOTUSFBN BXBZ GSPN UIFJS QPJOU PG GPSNBUJPO BUOFBS UIF HSPVOEJOH MJOF ɨFSF
BSF UXP QPTTJCMF NFDIBOJTNT UIBU DPVME DBVTF UIJT NFMUJOH CZ BO PVUìPX QMVNF DPNQSJTFE
PG NPEJëFE $%8 BOE B TUSFTT SFMBYBUJPO FêFDU 	XIFSF JDF XJMM ìPX UP BDIJFWF IZESPTUBUJD
FRVJMJCSJVN
 'PS UIF NFMUJOH DBTF XBSN PDFBO XBUFS JO UIF DBWJUZ DPVME CF SFTQPOTJCMF GPS
NFMUJOH PG UIF USPVHI PG UIF VOEVMBUJPO EFDSFBTJOH JUT BNQMJUVEF ɨF PUIFS NFDIBOJTN JT
B WJTDPVT SFMBYBUJPO FêFDU TJNJMBS UP UIBU TFFO JO JDFCFSHT "O FYQSFTTJPO SFMBUJOH SFMBYBUJPO
UJNF UP TUSBJO SBUF IBT CFFO EFWFMPQFE CZ 3JDIBSE )JOENBSTI PG #"4 	UIF EFSJWBUJPO PG XIJDI
JT PVUMJOF JO "QQFOEJY#
 BOE JT HJWFO CZ
tr =
1
1.6,˙
	

XIFSF tr JT UIF SFMBYBUJPO UJNF PS AFGPMEJOH UJNF 	UIF UJNF UBLFO GPS UIF BNQMJUVEF PG UIF
VOEVMBUJPO UP EFDSFBTF CZ 1e 
 BOE ,˙ JT UIF MPOHJUVEJOBM TUSBJO SBUF *U NVTU CF OPUFE UIBU
&R  JT BO AFOHJOFFSJOH DBMDVMBUJPO UIBU QSPWJEFT BO FTUJNBUF GPS UIF DBTF PG JDF PG VOJGPSN
UIJDLOFTT *U JT IPXFWFS FYQFDUFE UP HJWF B SFBTPOBCMF SFTVMU FWFO UISPVHI JDF UIJDLOFTT JT
WBSZJOH JO TQBDF *G UZQJDBM WBMVFT PG ,˙ BSF TVCTUJUVUFE JOUP &R  UIFO tr JT HJWFO CZ
tr =
1
1.6× 0.01 	

= . ZS 	

UIF SFMBYBUJPO UJNF JT UIFSFGPSF BSPVOE  ZFBST GPS UIJT TUSBJO SBUF " GVMM USFBUNFOU XPVME
SFRVJSF BO BDDVSBUF UISFF EJNFOTJPOBM NPEFM PG 1*( BOE VQ UP EBUF WFMPDJUZ ëFMET ɨF SF
MBYBUJPO UJNF JT UIF SJHIU PSEFS PG NBHOJUVEF UP CF SFTQPOTJCMF GPS UIF EFDSFBTF JO VOEVMBUJPO
BNQMJUVEF PWFS UIF MFOHUI TDBMFT TIPXO "U UIF QSFTFOU UJNF UIF RVFTUJPO PG XIFUIFS VOEVMB
UJPO BNQMJUVEF EFDSFBTF JT EVF UP NFMUJOH PS WJTDPVT SFMBYBUJPO SFNBJOT BO PQFO JTTVF

 *DF TIFMG CBTBM VOEVMBUJPOT
'JHVSF  .0%*4 .PTBJD PG "OUBSDUJDB 	.0"
 JNBHF PG UIF 1*( JDF TIFMG
/PUJDF UIF VOEVMBUJOH TVSGBDF 	UIF TVSGBDF FYQSFTTJPO PG CBTBM VOEVMBUJPOT
 VOEFS
UIF - ìJHIU MJOF "MTP TIPXO BSF UIF ìJHIU TFDUJPOT 	SFE MJOFT
 BOE ZFBS 
HSPVOEJOH MJOF 	CMVF MJOFT


&KDSWHU
6XPPDU\DQGFRQFOXVLRQV
 6XPPDU\
ɨJT 1I% UIFTJT EFTDSJCFT UIF EFWFMPQNFOU PG BO JOJDF 4"3 QSPDFTTJOH BMHPSJUIN BOE JUT
BQQMJDBUJPO UP SFBM BJSCPSOF SBEBS TPVOEJOH EBUB ɨF 4"3 QSPDFTTJOH BMHPSJUIN DBMDVMBUFT
BOE BQQMJFT QIBTF DPSSFDUJPOT PO B USBDFCZUSBDF CBTJT ɨJT USBDFCZUSBDF QIBTF DPSSFDUJPO
BQQSPBDI NBLFT JU EJTUJODU GSPN PUIFS JOJDF 4"3 QSPDFTTPST UIBU VTF ACMPDL QSPDFTTJOH ''5
NFUIPEPMPHJFT 	-FHBSTLZ FU BM 
 BOE 	)FMJFSF FU BM 
 ɨF USBDFCZUSBDF QIBTF
DPSSFDUJPO NFUIPE BMMPXT UIF VTF PG B DPPSEJOBUF TZTUFN SPUBUJPO UP DPSSFDU GPS UIF MPDBM JDF
TVSGBDF TMPQF ɨJT BMMPXT BDDVSBUF QIBTF DPSSFDUJPOT UP CF EFUFSNJOFE GPS BMM JDF TVSGBDFT TMPQFT
MJLFMZ UP CF FODPVOUFSFE JO UIF TVSWFZ BOE BMTP GPS NVDI HSFBUFS TMPQFT UIBO BSF FWFS MJLFMZ UP
CF FODPVOUFSFE
ɨF 4"3 QSPDFTTJOH BMHPSJUIN XBT BQQMJFE UP SBEBS TPVOEJOH EBUB DPMMFDUFE EVSJOH UIF
 BVTUSBM TVNNFS TFBTPO PWFS 1*( ɨF ìJHIUT PWFS UIF 1*( USVOL XFSF TVCEJWJEFE
JOUP  BMPOHìPX ìJHIU TFDUJPOT 	--
 BOE  DSPTTìPX ìJHIU TFDUJPOT 	99
 4"3
QSPDFTTJOH SFEVDFE UIF MFWFM PG TVSGBDF DMVUUFS BOE BMMPXFE UIF JNBHJOH PG FOHMBDJBM MBZFSJOH
BOE UIF JDF CPUUPN JOUFSGBDF FWFO JO BSFBT PG IFBWZ TVSGBDF DSFWBTTJOH 4"3 QSPDFTTJOH BMTP
JNQSPWFE UIF BMPOHUSBDL SFTPMVUJPO GSPN IVOESFET PG NFUSFT 	JO UIF VOQSPDFTTFE EBUB
 UP
B GFX NFUSFT JO UIF 4"3 QSPDFTTFE EBUB ɨJT SFTPMVUJPO JNQSPWFNFOU BMMPXFE TNBMMTDBMF
TVCHMBDJBM BOE FOHMBDJBM GFBUVSFT UP CF JNBHFE JO UIF 4"3 QSPDFTTFE EBUB
*O QSPYJNJUZ UP UIF HSPVOEJOH MJOF UIF DMVUUFSSFEVDFE 4"3 QSPDFTTFE EBUB BMMPXFE UIF
HSPVOEFE JDF JOUFSGBDF NBUFSJBM UP CF DPOTUSBJOFE CZ JOWFSUJOH UIF SBEBS FRVBUJPO 0O UIF

 -JNJUBUJPOT BOE GVUVSF XPSL
1*( JDF TIFMG CPUUPN DSFWBTTFT XFSF PCTFSWFE FYUFOEJOH GSPN UIF CBTF PG UIF JDF TIFMG JOUP
UIF JDF NBTT " TUSFTT BOBMZTJT VTJOH QVCMJTIFE WFMPDJUZ ëFMET XBT QFSGPSNFE BMMPXJOH UIF
NBYJNVN CPUUPN DSFWBTTF IFJHIU UP CF FTUJNBUFE 4QFDUSBM BOBMZTJT PG VOEVMBUJPOT PO UIF
JDF TIFMG CBTF TIPXFE B EPNJOBOU QFSJPEJDJUZ PG BSPVOE POF ZFBS ɨF MJLFMZ HFOFTJT PG UIFTF
VOEVMBUJPOT XBT BUUSJCVUFE UP MPDBMJTFE NFMUJOH BU UIF HSPVOEJOH MJOF GPSDFE CZ BO BOOVBM
JOìVY PG $%8 JOUP UIF JOOFS 1*( JDF TIFMG DBWJUZ ɨF EFDSFBTF JO VOEVMBUJPO BNQMJUVEF
BXBZ GSPN UIF HSPVOEJOH MJOF GPSNBUJPO TJUF XBT JOUFSQSFUFE BT CFJOH EVF UP B DPNCJOBUJPO
PG NFMUJOH CZ NPEJëFE $%8 FTDBQJOH UIF DBWJUZ BOE B WJTDPVT SFMBYBUJPO FêFDU PQFSBUJOH PO
B EFDBEBM UJNFTDBMF
 /LPLWDWLRQVDQGIXWXUHZRUN
"MUIPVHI 4"3 UFDIOJRVFT IBWF CFFO TVDDFTTGVMMZ BQQMJFE UIFSF BSF DFSUBJO MJNJUBUJPOT JO XIBU
DBO CF BDIJFWFE EVF UP UIF VODFSUBJOUJFT PVUMJOFE JO 4FD 4FD 
 7KHHIIHFWRIWKHXQFHUWDLQWLHV
*O UIF VODFSUBJOUZ BOBMZTJT 	4FD 
 UIF NBKPS TPVSDFT PG VODFSUBJOUZ BêFDUJOH JOJDF
4"3 QSPDFTTJOH XFSF JEFOUJëFE ɨF BDDVSBDZ PG UIF (14 TZTUFN BOE SBEBS BMUJNFUFS UPHFUIFS
XJUI UIF MPX TBNQMJOH SBUF PG UIF OBWJHBUJPOBM EBUB DPVME WFSZ FBTJMZ DBVTF MBSHF QIBTF VODFS
UBJOUJFT UP EFWFMPQ PWFS BO BQFSUVSF MFOHUI ɨF QJUDI PG UIF BJSDSBGU JT BOPUIFS TPVSDF PG QIBTF
VODFSUBJOUZ FTQFDJBMMZ TJODF UIF SBEBS BMUJNFUFS JT NPVOUFE UPXBSET UIF UBJM PG UIF BJSDSBGU
BOE BXBZ GSPN UIF DFOUSF PG HSBWJUZ ɨF SPMM PG UIF BJSDSBGU IBT B MBSHF FêFDU PO UIF SFDFJWFE
QPXFS FTQFDJBMMZ GPS TNPPUI TVSGBDFT XIFSF FWFO B TNBMM SPMM PG MFTT UIBO ¡ DPVME SFTVMU JO B
MBSHF SFEVDUJPO JO SFDFJWFE QPXFS
#BTFE PO UIF #SZE "OUBSDUJD TUBUJPO ëSO QSPQFSUJFT 	4FD 
 BMM WFSUJDBM QPTJUJPOT DPVME
CF VQ UP ∼ N 	 SBOHF CJOT
 TIBMMPXFS UIBO DBMDVMBUFE VTJOH UIF TPMJE JDF DBTF "MUIPVHI
B ëSO MBZFS QIBTF DPSSFDUJPO NBZ OPU CF OFFEFE FYDFQU GPS XIFO GPDVTJOH TIBMMPX TDBUUFSFST
JU XPVME CF QPTTJCMF UP EFWJTF POF JG UIF ëSO EFOTJUZ QSPëMF PG 1*( XFSF LOPXO TVïDJFOUMZ
XFMM ɨJT ëSO DPSSFDUJPO XPVME SFRVJSF UIF SFHFOFSBUJPO PG UIF MPPLVQ UBCMFT CVU XPVME CF
SFMBUJWFMZ FBTZ UP JNQMFNFOU JO UIF SPUBUFE DPPSEJOBUF TZTUFN
ɨF FêFDU PG BMM UIFTFT TPVSDFT PG VODFSUBJOUZ JT UP EFHSBEF UIF BCJMJUZ PG UIF 4"3 QSPDFTTPS
UP QSPWJEF UIF DPSSFDU QIBTF DPSSFDUJPOT *G UIF QIBTF DPSSFDUJPOT XFSF AQFSGFDU UIFO UIF TJHOBM

 -JNJUBUJPOT BOE GVUVSF XPSL
GSPN B QPJOU SFìFDUPS BGUFS QSPDFTTJOH XPVME SFTFNCMF B IJHI CBOEXJEUI 4JOD GVODUJPO BOE
GPS WFSZ MPOH BQFSUVSF MFOHUIT XPVME TUBSU UP SFTFNCMF B EFMUB GVODUJPO ɨF FêFDU PG BQQMZJOH
JODPSSFDU QIBTF DPSSFDUJPOT JT UP TNFBS UIF PVUQVU 4JOD GVODUJPO UIVT SFEVDJOH UIF BMPOHUSBDL
SFTPMVUJPO 7JFXFE JO UFSNT PG UIF 4"3 SFTPMVUJPO DFMM 	'JH 
 UIF FêFDU PG JODPSSFDU QIBTF
DPSSFDUJPOT JT UP SFEVDF UIF VTBCMF BQFSUVSF MFOHUI XIJDI XBT EFëOFE BT UIF TFDUJPO PG UIF
BQFSUVSF XIPTF QIBTF TIJGU JT MFTT UIBO UIF NBYJNVN TQFDJëFE CZ UIF BOUFOOB DPOEJUJPO ɨF
SFEVDUJPO JO VTBCMF BQFSUVSF MFOHUI DBVTFT UIF FYUFOTJPO PG UIF SFTPMVUJPO DFMM JO UIF BMPOH
USBDL EJSFDUJPO SFTVMUJOH JO B DPBSTFS BMPOHUSBDL SFTPMVUJPO BOE BMMPXJOH NPSF DMVUUFS FOFSHZ
UP FOUFS UIF QSPDFTTFE USBDFT &WFO XIFO QIBTF DPSSFDUJPOT BSF OPU AQFSGFDU UIFSF DBO TUJMM CF
HSFBU SFEVDUJPOT JO DMVUUFS FOFSHZ BOE JODSFBTFT JO BMPOHUSBDL SFTPMVUJPO UISPVHI UIF VTF PG
JOJDF 4"3 UFDIOJRVFT
ɨFSF JT BMTP BOPUIFS JNQPSUBOU QPJOU UP DPOTJEFS BOE UIBU JT UIF GBDU UIBU 4"3 QSPDFTTJOH
POMZ SFEVDFT UIF BMPOHUSBDL DMVUUFS ɨJT NFBOT UIBU UIFSF XJMM BMXBZT CF DSPTTUSBDL DMVUUFS
TJHOBMT SFHBSEMFTT PG BQFSUVSF MFOHUI BOE BMPOHUSBDL SFTPMVUJPO ɨJT QVUT B UIFPSFUJDBM MJNJU
PO UIF JODSFBTFT JO TJHOBMUPDMVUUFS SBUJP UIBU DBO CF BDIJFWFE CZ 4"3 QSPDFTTJOH
 $GYLVRU\VWDWHPHQWV
ɨFSF BSF B OVNCFS PG JNQSPWFNFOUT UP UIF 1"4*/ TZTUFN UIBU DPVME CF JNQMFNFOUFE JO BO
BUUFNQU UP SFEVDF TPNF PG UIF NBKPS TPVSDFT PG VODFSUBJOUZ ɨF JNQSPWFNFOU PG (14 OBWJH
BUJPO BDDVSBDZ UISPVHI UIF VTF BO JNQSPWFE (14 TZTUFN DPVME SFEVDFE TPNF PG UIF QPTJUJPOBM
VODFSUBJOUJFT "O JNQSPWFE SBEBS BMUJNFUFS JEFBMMZ B TDBOOJOH MBTFS BMUJNFUFS UIBU XPVME BMTP
EFUFDU UIF DSPTTUSBDL TMPQF XPVME JNQSPWF TMPQF DPSSFDUJPOT BOE SFEVDF UIF VODFSUBJOUZ JO
BJSDSBGU IFJHIU NFBTVSFNFOUT " MBTFS BMUJNFUFS XPVME BMTP IBWF UIF BEWBOUBHF PG B TNBMMFS
TQPU TJ[F BMMPXJOH GPS B NPSF BDDVSBUF TMPQF DPSSFDUJPO -PDBUJOH CPUI UIF (14 SFDFJWFS BOE
SBEBS BMUJNFUFS BT DMPTF UP UIF DFOUSF PG HSBWJUZ BT QPTTJCMF XPVME SFEVDF UIF VODFSUBJOUZ EVF UP
BJSDSBGU QJUDI ɨF JNQSPWFNFOU UIBU XPVME IBWF UIF HSFBUFTU FêFDU PO VODFSUBJOUZ SFEVDUJPO
XPVME CF BO JODSFBTF JO UIF OBWJHBUJPOBM EBUB TBNQMJOH GSFRVFODZ GSPN  )[ UP BT DMPTF UP UIF
FêFDUJWF 13' 	. )[
 BT QPTTJCMF &WFO BO JODSFBTF UP  )[ XPVME QSPWJEF B OBWJHBUJPOBM
EBUB QPJOU FWFSZ . N 	BU BO BJSDSBGU WFMPDJUZ PG  N T−
 SBUIFS UIBO UIF  N BU  )[ %VS
JOH UIF ##"4 TVSWFZ BO *OFSUJBM /BWJHBUJPO 4ZTUFN 	*/4
 XBT OPU JOTUBMMFE UIF JOTUBMMBUJPO PG
BO */4 HZSPTDPQF TZTUFN XPVME BMMPX UIF FêFDU PG DIBOHFT JO BJSDSBGU BUUJUVEF BOE ESJGU UP CF
DPOTUSBJOFE ɨF */4 TZTUFN XPVME BMMPX UIF PSJHJO PG UIF QPXFS SFUVSO DIBOHFT TFFO JO UIF

 -JNJUBUJPOT BOE GVUVSF XPSL
SBX 	BOE QSPDFTTFE
 EBUB UP CF DPOTUSBJOFE BOE BMMPX UIF EJTDSJNJOBUJPO CFUXFFO SFDFJWFE
QPXFS DIBOHFT EVF UP DIBOHFT JO JDF QSPQFSUJFT BOE UIPTF SFTVMUJOH GSPN DIBOHFT JO BJSDSBGU
BUUJUVEF 	TVDI B MBSHF SPMMT

 )XWXUHZRUN
'VUVSF XPSL XPVME QSJNBSJMZ GPDVT PO USZJOH UP NJOJNJTF UIF TPVSDFT PG VODFSUBJOUJFT CZ CPUI
SFEFTJHOJOH UIF 1"4*/ TZTUFN BOE HBUIFSJOH TVQQPSUJOH NFBTVSFNFOUT PO UIF DIBSBDUFSJTUJDT
PG UIF JDF UISPVHI XIJDI UIF SBEBS QVMTFT QSPQBHBUF
ɨF 4"3 QSPDFTTJOH UFDIOJRVF EFWFMPQFE JO UIJT TUVEZ DPVME CF JNQSPWFE CZ BEBQUJOH
JU UP QFSGPSN ANVMJUMPPLJOH .VMUJMPPL 4"3 JT VTFE CZ TQBDFCPSOF SBEBS QMBUGPSNT BOE
JT JNQMFNFOUFE CZ GPDVTJOH UIF TZOUIFUJD SBEBS CFBN BU BOHMFT B GFX EFHSFFT GPSF BOE BGU PG
OBEJS ɨFTF SFDFJWFE TJHOBMT BSF UIFO TVNNFE UP JNQSPWF UIF TJHOBMUPDMVUUFS SBUJP WJB B
TQFDLMF SFEVDUJPO QSPDFTT
ɨF EFWFMPQNFOU PG NPSF TPQIJTUJDBUFE 4"3 QSPDFTTJOH TDIFNFT TVDI BT % 4"3 XPVME
SFRVJSF UIF VTF PG B ëSO DPSSFDUJPO ɨF UIJDLOFTT PG UIF ëSO MBZFS BU 1*( JT OPU LOPXO
BU QSFTFOU CVU UIJT QSPCMFN DPVME CF TPMWFE JG BO JDF DPSF XFSF UP CF ESJMMFE BU 1*( ɨF
JDF DPSF XPVME BMMPX B EFOTJUZ BOE UFNQFSBUVSF QSPëMF UP CF PCUBJOFE GSPN XIJDI B ëSO
DPSSFDUJPO DPVME CF DBMDVMBUFE BOE BQQMJFE UIVT JODSFBTJOH UIF NBYJNVN VTBCMF BQFSUVSF
MFOHUI ɨF UFNQFSBUVSF QSPëMF XPVME CF FTQFDJBMMZ VTFGVM GPS GVSUIFS TUVEJFT PO CPUUPN
DSFWBTTF GPSNBUJPO BT UIF UFNQFSBUVSF QSPëMF XBT POF PG UIF NBKPS VOLOPXOT JO UIF CPUUPN
DSFWBTTF BOBMZTJT QSFTFOUFE JO 4FD 
ɨF HSPVOEFE JDF JOUFSGBDF BOBMZTJT 	4FD 
 DPVME CFOFëU HSFBUMZ GSPN BO JOEFQFOEFOU
NFBTVSF PG JDF TIFMG CBTBM SPVHIOFTT XJUI GVUIFS "VUPTVC NJTTJPOT 	PS GVUVSF "67T
 CFJOH
VTFE UP QSPWJEF TVDI EBUB *U JT BMTP DMFBS GSPN UIF HFPNFUSZ PG UIF VOEVMBUJPOT 	4FD 
 UIBU
UIFSF JT B DPNQMFY JOUFSQMBZ CFUXFFO QSPDFTTFT PDDVSSJOH JO UIF 1*( JDF TIFMG TVCHMBDJBM DBWJUZ
'VUVSF "67 NJTTJPOT DPVME UIFSFGPSF BMTP CF VTFE UP QSPWJEF NPSF EBUB PO UIF MPDBUJPO BOE
DIBSBDUFSJTUJDT PG $%8 JO UIF TVCHMBDJBM DBWJUZ
ɨFSF BSF UXP NBJO SFHJPOT PG 1*( UIBU SFQSFTFOU B QSJPSJUZ GPS GPMMPXVQ SBEBS TPVOEJOH
TVSWFZT UIFTF BSF UIF BSFB PWFS UIF JDF TIFMG DBWJUZ SJEHF BOE BMTP UIF BSFB PG VOEVMBUJPO
GPSNBUJPO OFBS UIF HSPVOEJOH MJOF "T UIF 1*( JDF TIFMG POMZ CFDBNF VOHSPVOEFE GSPN UIF
SJEHF JO UIF FBSMZ T UIF HBQ CFUXFFO UIF UPQ PG UIF SJEHF BOE UIF JDF TIFMG CPUUPN JT MJLFMZ
UP CF TNBMM BOE UIFSF NBZ CF FWJEFODF PG NFMUJOH PO UIF VOEFSTJEF PG UIF JDF TIFMG GPSDFE CZ

 -JNJUBUJPOT BOE GVUVSF XPSL
XBSN $%8 NPWJOH PWFS UIF SJEHF " IJHI SFTPMVUJPO TVSWFZ PWFS UIF VOEVMBUJPO GPSNBUJPO
TJUF XJUI ìJHIU MJOFT QFSQFOEJDVMBS UP UIF VOEVMBUJPOT XPVME CF WFSZ VTFGVM JO EFUFSNJOJOH
UIFJS GPSNBUJPO NFDIBOJTN 'SPN TVDI B TVSWFZ JU XPVME CF QPTTJCMF UP DSFBUF B % NPEFM PG
UIF VOEVMBUJPO GPSNBUJPO TJUF BOE GVSUIFS DPOTUSBJO IPX $%8 JOUFSBDUT XJUI UIF HSPVOEJOH
MJOF
" DPNQSFIFOTJWF TFB CFE TVSWFZ PG UIF "NVOETFO 4FB DPOUJOFOUBM TIFMG VTJOH IJHI SFT
PMVUJPO TXBUI CBUIZNFUSZ UFDIOJRVFT XPVME BMMPX UIF MJOLJOH CFUXFFO EFQSFTTJPOT JO UIF
TIFMG CSFBL BOE JOOFS TIFMG USPVHIT %BUB QSPWJEFE CZ TVDI B TVSWFZ XPVME CF PG HSFBU IFMQ JO
DPOTUSBJOJOH IPX $%8 JT DIBOOFMFE UISPVHI UIF USPVHI TZTUFNT BOE UIF SPVUF UIBU $%8
UBLFT PO JUT XBZ UPXBSET UIF JDF TIFMG DBWJUJFT ɨJT TVSWFZ XPVME QSPCBCMZ OFFE UP CF DBSSJFE
PVU CZ BO JDF CSFBLFS EVF UP UIF QFSFOOJBM TFB JDF DPWFS JO UIF "NVOETFO 4FB PS BMUFSOBUJWFMZ
JU DPVME CF DBSSJFE PVU CZ TPNF TPSU PG "67 	TVDI BT "VUPTVC
 UIBU DPVME PQFSBUF VOEFS UIF
TFB JDF ɨF SFTVMUT PG TVDI B TVSWFZ XPVME DPOUSJCVUF NVDI UP UIF PDFBOPHSBQIJD LOPXMFEHF
PG UIJT QBSU PG "OUBSDUJDB
 )XWXUHVXUYH\YHKLFOHV
ɨFSF BSF TJHOJëDBOU SFHJPOT PG "OUBSDUJDB UIBU IBWF TUJMM OPU CF TVSWFZFE CZ SBEBS TPVOEJOH
TZTUFNT "T B SFTVMU UIF JDF EFQUI JO UIFTF SFHJPOT JT OPU LOPX BU QSFTFOU MFBEJOH UP VODFS
UBJOUJFT JO "OUBSDUJD NBTT CBMBODF DBMDVMBUJPOT .BOZ PG UIF VOTVSWFZFE SFHJPOT BSF GBS GSPN
FTUBCMJTIFE "OUBSDUJD CBTFT BOE XPVME SFRVJSF FYUFOTJWF MPHJTUJDBM DBNQBJHOT UP TVQQPSU SBEBS
TPVOEJOH TVSWFZT JO UIFTF SFHJPOT 0OF TPMVUJPO UP UIJT QSPCMFN JT UIF VTF PG 6ONBOOFE
"FSJBM 7FIJDMFT 	6"7
 ɨFTF 6"7T DPVME CF ëUUFE XJUI SBEBS TPVOEJOH TZTUFNT BOE ìPXO
GSPN BO FTUBCMJTIFE CBTF BOE QJMPUFE SFNPUFMZ
ɨFSF BSF UXP QPUFOUJBM QSPCMFNT XJUI VTJOH 6"7T GPS SBEBS TPVOEJOH TVSWFZT ɨF ëSTU
QSPCMFN JT UIBU UIF DVSSFOU HFOFSBUJPO PG 6"7T TVêFS GSPN QPPS GVFM FïDJFODZ MJNJUJOH UIFJS
SBOHF BOE UIVT QSFWFOUJOH TVSWFZT PG UIF NPSF SFNPUF QBSUT PG "OUBSDUJDB GSPN FTUBCMJTIFE
CBTFT ɨF TFDPOE QSPCMFN JT UIBU UIF DVSSFOU HFOFSBUJPO PG 6"7T BSF NVDI TNBMMFS UIBO
UZQJDBM "OUBSDUJD TVSWFZ BJSDSBGU 	TVDI BT UIF EF )BWJMMBOE 5XJO 0UUFS
 ɨF TNBMM TJ[F PG B
6"7 QSPWJEFT BO VQQFS MJNJU PO UIF TJ[F PG UIF SBEBS TPVOEJOH BOUFOOB UIBU DBO CF TVDDFTTGVMMZ
NPVOUFE UP JU ɨJT QPTFT B QSPCMFN BT B TNBMMFS BOUFOOB XJMM SFTVMU JO B MBSHFS DSPTTUSBDL
CFBN XJEUI 	FWFO BGUFS 4"3 QSPDFTTJOH
 BOE B MBSHFS SFTPMVUJPO DFMM DSPTTUSBDL EJNFOTJPO "
MBSHF SFTPMVUJPO DFMM DSPTTUSBDL EJNFOTJPO XPVME SFTVMU JO B EFHSBEBUJPO JO UIF RVBMJUZ PG UIF

 $PODMVTJPOT
SBEBS TPVOEJOH EBUB PCUBJOBCMF
ɨF UXP BGPSFNFOUJPOFE QSPCMFNT XJUI 6"7T DPVME CF TPMWFE UISPVHI UIF VTF PG B OFXMZ
EFWFMPQFE DMBTT PG BJSDSBGU UIF )ZCSJE "JS 7FIJDMF 	)"7
 ɨF )"7 	)ZCSJE "JS 7FIJDMFT -UE 

 JT B DSPTT CFUXFFO BO BJSTIJQ BOE B DPOWFOUJPOBM BJSDSBGU BOE IBT B OVNCFS PG QSPQFSUJFT
XIJDI NBLF JU XFMM TVJUFE GPS QPMBS TVSWFZJOH 	BOE MPHJTUJDT
 ɨF )"7 IBT B IFMJVNBJS HBT
ëMMFE FOWFMPQF GPS CVPZBOU MJGU BOE JT DPOUPVS TIBQFE GPS BFSPEZOBNJD MJGU *U IBT B IPWFSDSBGU
MBOEJOH TZTUFN XIJDI NBLFT JU DBQBCMF PG MBOE PS XBUFS PQFSBUJPO XJUI B ATVDL EPXO NPEF
UP LFFQ JU JO QMBDF PODF HSPVOEFE *U IBT B WFDUPSFE UISVTU TZTUFN GPS WFSUJDBM UBLFPê BOE
MBOEJOH BMMJFE UP B CPX UISVTUFS GPS JOEFQFOEFOU PQFSBUJPO PO UIF HSPVOE UIVT SFNPWJOH UIF
OFFE GPS B AHSPVOE DSFX 	)ZCSJE "JS 7FIJDMFT -UE  

ɨF )"7 UIBU XPVME CF PG NPTU VTF GPS QPMBS TVSWFZJOH JT UIF )"7  BT JU DBO CF
SFNPUFMZ QJMPUFE PS PQFSBUFE DPNQMFUFMZ BVUPOPNPVTMZ ɨF DIBSBDUFSJTUJDT PG UIF )"7 
BSF BO FOEVSBODF PG  EBZT B NBYJNVN BMUJUVEF PG PQFSBUJPO PG  N B SBEJVT PG BDUJPO
	SBOHF
 PG  LN 	DPNQBSFE UP  LN GPS B EF )BWJMMBOE 5XJO 0UUFS
 B DSVJTF TQFFE PG
 N T− BOE B MPJUFS TQFFE PG  N T− ɨF )"7  IBT B MFOHUI PG  N B XJEUI PG  N
BOE B IFJHIU PG  N 	)ZCSJE "JS 7FIJDMFT -UE  

'SPN UIF TQFDJëDBUJPOT PG UIF )"7  JU JT DMFBS UIBU VTJOH TVDI B WFIJDMF QJMPUFE SFNPUFMZ
PS QSFQSPHSBNNFE XJUI B TVSWFZ HSJE XPVME BMMPX GPS AEFFQ ëFME SBEBS TPVOEJOH TVSWFZT
XJUI UIF NJOJNVN PG MPHJTUJDBM TVQQPSU JOGSBTUSVDUVSF OFFEFE ɨF MBSHF EJNFOTJPOT PG UIF
)"7  BMMPX UIF NPVOUJOH PG MBSHFTDBMF SBEBS BOUFOOB BSSBZT *G UIF FOUJSF  N XJEUI PG
UIF )"7  XFSF UP CF VUJMJTFE GPS B SBEBS TPVOEJOH BOUFOOB UIFO UIF SFTVMUJOH DSPTTUSBDL
CFBNXJEUI XPVME CF θby ≈ ¡ 	DPNQBSFE UP θby ≈ ¡ GPS B EF )BWJMMBOE 5XJO 0UUFS

ɨF VTF PG )"7T GPS GVUVSF SBEBS TPVOEJOH TVSWFZT XPVME BMMPX IJHI RVBMJUZ JDF UIJDLOFTT
EBUB UP CF DPMMFDUFE JO BSFBT QSFWJPVTMZ JOBDDFTTJCMF PS MPHJTUJDBMMZ DIBMMFOHJOH GPS QSFTFOU TVSWFZ
BJSDSBGU ɨFTF JDF UIJDLOFTT EBUB DPVME CF VTFE UP CFUUFS DPOTUSBJO "OUBSDUJD NBTT CBMBODF
DBMDVMBUJPOT BOE JNQSPWF SFHJPOBM ìPX NPEFMT UISPVHI JNQSPWFE CFE UPQPHSBQIZ
 &RQFOXVLRQV
*O UIJT TUVEZ BO JOJDF 4"3 QSPDFTTPS IBT CFFO TVDDFTTGVMMZ EFWFMPQFE BOE JNQMFNFOUFE UIVT
GVMëMMJOH UIF QSJNBSZ BJNT PG UIF 1I% ɨF QSPDFTTFE SFTVMUT PCUBJOBCMF GSPN UIF 4"3 QSP
DFTTPS BSF BT HPPE BT DBO CF FYQFDUFE HJWFO UIF DVSSFOU LOPXMFEHF PG 1*( JDF DIBSBDUFSJTUJDT
.PSF BEWBODFE 4"3 UFDIOJRVFT TVDI BT % 4"3 BSF QPTTJCMF CVU XPVME SFRVJSF B ëSO DPSSFD

 $PODMVTJPOT
UJPO UP CF BQQMJFE BT UIF EFQUI BOE EFOTJUZ TUSVDUVSF PG UIF ëSO MBZFS SFNBJOT B NBKPS TPVSDF
PG VODFSUBJOUZ
ɨF 4"3 QSPDFTTPS EFWFMPQFE EVSJOH UIJT TUVEZ JT UP CF JOTUBMMFE PO UIF DPNQVUFS TZTUFNT
BU #"4 IFBERVBSUFST JO $BNCSJEHF BOE JT UP CFDPNF UIF NBJO #"4 JOJDF 4"3 QSPDFTTJOH
TZTUFN ɨJT 4"3 QSPDFTTPS XJMM CF NPEJëFE BOE BEBQUFE BT OFX EBUB BCPVU 1*( JDF DIBS
BDUFSJTUJD CFDPNF BWBJMBCMF BOE XJMM BMTP CF VTFE UP QSPDFTT SBEBS TPVOEJOH EBUB GSPN PUIFS
QBSUT PG "OUBSDUJDB
ɨFSF JT BMTP NVDI TDPQF GPS GVSUIFS XPSL JODMVEJOH UIF EFWFMPQNFOU PG B EFUBJMFE %
NBQ PG JDF UIJDLOFTT PWFS UIF JDF TIFMG DBWJUZ BOE QFSIBQT FWFOUVBMMZ UIF FOUJSF 1*( HSPVOEJOH
MJOFJDF TIFMG SFHJPO 3BEBS TPVOEJOH DPNCJOFE XJUI PDFBOPHSBQIJD DBNQBJHOT JT QSPWJEJOH
VTFGVM JOGPSNBUJPO BOE TPMWJOH NBOZ VOBOTXFSFE RVFTUJPOT BCPVU 1*( ɨF DPOUJOVFE EFWFM
PQNFOU BOE SFëOFNFOU PG UIJT UFDIOJRVF BOE UIF JNQMFNFOUBUJPO PG OFX TVSWFZ WFIJDMFT BOE
DPODFQUT XJMM BMMPX GVSUIFS JOTJHIUT JO UIF ZFBST UP DPNF

$SSHQGL[$
3URFHVVLQJVFKHPH
$ 3URFHVVLQJVFKHPH
$ 7KHUDZGDWDIRUPDW
&BDI PG UIF ìJHIU TFDUJPOT JT DPNQSJTFE PG B OVNCFS PG ëMFT UIF OVNCFS PG ëMFT JO UIF BMPOH
ìPX TFHNFOUT WBSJFT CFUXFFO 99 BOE 115 BOE UIF OVNCFS JO UIF DSPTTìPX TFDUJPOT WBSJFT
CFUXFFO 31 BOE 42 &BDI ëMF JO OPSNBMMZ DPNQSJTFE PG 5904 TFQBSBUF USBDFT XJUI 1250 EJTDSFUF
SBOHF CJOT QFS USBDF ɨF SBX EBUB JT BSSBOHFE JOUP CZ ."5-"#¥PDW BSSBZT
JO UIF GPSN PG TJHOFE CJU DPNQMFY JOUFHFST 	 CZUFT QFS BSSBZ FMFNFOU
 BOE FBDI PG UIF4
DIBOOFMT DPOUBJOFE JO B ëMF 	1)6 1)- 1)6 1)-
 IBT JUT PXO BSSBZ 8JUIJO FBDI ëMF
UIFSF JT B IFBEFS VWUXFW ëMF XIJDI DPOUBJOT JOGPSNBUJPO BCPVU UIF USBDFT TVDI BT UIF ëMF
DSFBUJPO UJNF BSSBZ TJ[F ëMF TFRVFODF OVNCFS BOE BMTP BO JEFOUJëFS DBMMFE UIF 13* OVNCFS
ɨF 13* OVNCFS PG B USBDF JT UIF OVNCFS PG USBOTNJUUFE QVMTFT TJODF UIF CFHJOOJOH PG UIF
ìJHIU &BDI USBDF JT BTTJHOFE B TQFDJëD 13* OVNCFS XIJDI JT VTFE UP TZODISPOJTF UIF USBDF
XJUI QPTJUJPOBM EBUB GSPN UIF (14 TZTUFN BOE BMUJNFUFS
$ 6HWXS
ɨF ëSTU TUFQ JO 4"3 QSPDFTTJOH UIF SBX EBUB JT UP TQFDJGZ UIF ìJHIU UIF TUBSU ëMF 	Fs
 FOE
ëMF 	Fe
 BOE DIBOOFM 	1)6 1)- 1)6 PS 1)-
 GPS UIF TFMFDUFE ìJHIU TFDUJPO ɨF
OVNCFS PG USBDFT VTFE UP GPSN UIF TZOUIFUJD BQFSUVSF BMTP OFFET UP CF TQFDJëFE ɨF ëMF
TFRVFODF SVOT GSPN Fs UP Fe JO JODSFNFOUT PG POF &BDI ëMF DPOUBJOT UIF SBX EBUB JO UIF

" 1SPDFTTJOH TDIFNF
GPSN PG CZ ."5-"#¥PDW BSSBZT 	4FD"
 BOE FBDI USBDF 	DPMVNO
 PG UIF
BSSBZ IBT B TQFDJëD 13* OVNCFS BTTPDJBUFE XJUI JU *OGPSNBUJPO BCPVU UIF OVNCFS PG USBDFT
BOE UIFJS SFMFWBOU 13* OVNCFST JT GPVOE JO B IFBEFS ëMF XIJDI JT CVOEMFE XJUI FBDI ëMF 'PS
FBDI ëMF JO UIF ëMF TFRVFODF UIF ëMF IFBEFS JT TDBOOFE BOE GSPN JU B SPX WFDUPS PG 13* OVNCFST
JT DPOTUSVDUFE ɨJT WFDUPS TUBSUT BU UIF ëSTU USBDF tr(1) MPDBUFE JO Fs BOE FOET BU UIF MBTU USBDF
	OPSNBMMZ
 tr(5904) MPDBUFE JO Fe ɨF OBWJHBUJPOBM EBUB JT UIFO MPBEFE GPS UIF TQFDJëFE ëMF
TFRVFODF BOE TZODISPOJTFE UP UIF USBDFT VTJOH UIF 13* OVNCFS SPX WFDUPS "T NFOUJPOFE JO
4FD  CPUI UIF (14 TZTUFN BOE SBEBS BMUJNFUFS BSF MPHHFE BU  )[ ɨF FêFDUJWF 13'
PG UIF SBEBS TPVOEFS 	4FD 
 JT . )[ UIJT NFBOT UIBU UIF OBWJHBUJPO EBUB OFFET UP CF
MJOFBSMZ JOUFSQPMBUFE PWFS UIF XIPMF ëMF TFRVFODF TP UIBU UIFSF JT OBWJHBUJPOBM EBUB BTTPDJBUFE
XJUI FBDI USBDF
$ 7KHV\QWKHWLFDSHUWXUHZLQGRZ
" TZOUIFUJD BQFSUVSF JO UIF DPOUFYU PG B 4"3 QSPDFTTPS UBLFT UIF GPSN PG B TMJEJOH XJOEPX UIBU
NPWFT USBDFCZUSBDF UISPVHI BMM UIF USBDFT DPOUBJOFE XJUIJO B PDW BSSBZ UIJT JT SFQFBUFE GPS
FBDI ëMF JO UIF ëMF TFRVFODF ɨF EJNFOTJPOT PG UIJT TMJEJOH XJOEPX BSF EFUFSNJOFE CZ UIF
OVNCFS PG SBOHF CJOT JO B USBDF 	OVNCFS PG SPXT JO UIF PDW BSSBZ
 BOE UIF OVNCFS PG USBDFT
	DPMVNOT
 VTFE UP GPSN UIF TZOUIFUJD BQFSUVSF *G L JT UIF OVNCFS PG USBDFT JO UIF BQFSUVSF
UIFO UIF MFGU BOE SJHIU XJOEPX CPVOEBSJFT BSF EFëOFE CZ − (L−1)2 BOE (L−1)2 SFTQFDUJWFMZ 'PS
FYBNQMF JG UIF EBUB XFSF UP CF QSPDFTTFE XJUI B 1001 USBDF TZOUIFUJD BQFSUVSF UIFO UIF MFGU
BOE SJHIU XJOEPX CPVOEBSJFT SFMBUJWF UP UIF DFOUSF XJOEPX USBDF 	tr
 BSF HJWFO CZ (tr− 500)
BOE (tr + 500) SFTQFDUJWFMZ *O UIJT FYBNQMF UIFSF BSF 500 USBDFT CFGPSF BOE 500 USBDFT BGUFS
UIF NJEEMF PG UIF XJOEPX (tr) #FGPSF UIF TUBSU PG QSPDFTTJOH UIF SBX EBUB ëMF 	Fs − 1
 JT
MPBEFE BOE BOE JUT PDW BSSBZ JT DPODBUJOBUFE XJUI UIF Fs PDW BSSBZ QSPWJEJOH EBUB GPS UIF
MFGU IBMG [(tr − 500)→ tr] PG UIF XJOEPX
$ )RUHDFKQHZSRVLWLRQ
ɨF XJOEPX JT UIFO NPWFE USBDFCZUSBDF UISPVHI UIF SBX EBUB BSSBZ BOE GPS FBDI OFX QPTJUJPO
B OVNCFS PG EJêFSFOU PQFSBUJPOT PDDVS ɨF DPPSEJOBUF TZTUFN SPUBUJPO 	4FD 
 JT QFSGPSNFE
PO UIF OBWJHBUJPO EBUB XJUIJO UIF XJOEPX MJNJUT BOE UIF USBDFT DPNQSJTJOH UIF BQFSUVSF
SFDIPTFO BDDPSEJOHMZ ɨF NFBO WFMPDJUZ PWFS UIF BQFSUVSF (va) BOE UIF BJSDSBGU IFJHIU PG
UIF BQFSUVSF DFOUSF FMFNFOU (htr) JT DBMDVMBUFE JO UIF DBTF PG UIF BJSDSBGU IFJHIU UIJT WBMVF JT

" 1SPDFTTJOH TDIFNF
SPVOEFE UP B QSFDJTJPO PG  N (hrtr) DPSSFTQPOEJOH UP UIF IFJHIU JOUFSWBMT PG UIF MPPLVQ UBCMFT
	4FD 

$ /RDGLQJWKHORRNXSWDEOH
*G va DIBOHFT CZ B TFU UPMFSBODF 	OPSNBMMZ . N T−
 PS XIFO UIF DIBOHF JO hrtr JT≥  N B OFX
MPPLVQ UBCMF JT MPBEFE 8IFO B MPPLVQ UBCMF JT MPBEFE UIF GPDVT QPJOU EFQUIT BSF DBMDVMBUFE
VTJOH &R  6TJOH hrtr UIJT DBMDVMBUJPO JT HJWFO CZ
R(n) =
( nc
2fs
− hrtr
n2
)
	"

XJUI R(n) CFJOH UIF EFQUI PG GPDVT QPJOU n ɨF TQBDJOH CFUXFFO BEKBDFOU TBNQMF MPDBUJPOT
JT DBMDVMBUFE VTJOH &R  GPS UIF NFBO BQFSUVSF WFMPDJUZ (va)
∆sx =
va
312.5
	"

6TJOH UIF SFGSBDUJPO BOHMFT GSPN UIF SFMFWBOU MPPLVQ UBCMF GPDVT QPJOU MPDBUJPOT BOE UIF IFJHIU
hrtr 4OFMMT -BX BOE USJHPOPNFUSZ BSF UIFO VTFE UP DBMDVMBUF UIF MPPLVQ UBCMF 01- (ΛL) GSPN
FBDI TBNQMF MPDBUJPO UP FBDI GPDVT QPJOU
$ 7KHWRWDORSWLFDOSDWKOHQJWK
ɨF DPPSEJOBUF TZTUFN SPUBUJPO TFUT UIF TVSGBDF TMPQF UP [FSP 	4FD 
 CVU UIFSF JT TUJMM UIF FYUSB
01- BTTPDJBUFE XJUI WBSJBUJPOT PG BJSDSBGU IFJHIU PWFS UIF BQFSUVSF MFOHUI 	-
 ɨFSFGPSF VTJOH
UIF JODJEFOU BOHMFT DPOUBJOFE JO UIF MPPLVQ UBCMF BOE UIF UFDIOJRVFT PVUMJOFE JO 4FD  UIF
∆Λz BTTPDJBUFE XJUI BJSDSBGU IFJHIU WBSJBUJPOT SFMBUJWF UP hrtr JT DBMDVMBUFE ɨJT∆Λz BSSBZ JT
UIFO BEEFE UP UIBU DBMDVMBUFE JO UIF MPPLVQ UBCMFT (ΛL) UP HFU UIF UPUBM 01- (Λ = ΛL+∆Λz)
XIJDI JT VTFE UP HFOFSBUF UIF QIBTF DPSSFDUJPOT 	4FD 
 *U JT JNQPSUBOU UP OPUF UIBU BT UIF
BQFSUVSF JT NPWFE UIF WBMVFT JO UIF ∆Λz BSSBZ DIBOHF XJUI FBDI OFX QPTJUJPO CVU UIPTF
EFSJWFE GSPN UIF MPPLVQ UBCMF POMZ DIBOHF XIFO B OFX MPPLVQ UBCMF JT MPBEFE

" 1SPDFTTJOH TDIFNF
$ 5RZVKLIWLQJDQGHOHPHQWPXWLQJ
ɨF WBSJBUJPO PG BJSDSBGU IFJHIU PWFS UIF BQFSUVSF NFBOT UIBU UIF SBOHF CJO BTTPDJBUFE XJUI B
TQFDJëD GPDVT QPJOU NBZ IBWF CFFO TIJGUFE VQ PS EPXO SFMBUJWF UP BQFSUVSF DFOUSF NFBOJOH
UIBU JU NBZ XFMM CF BU B EJêFSFOU SPX MPDBUJPO ɨFSFGPSF JG UIF WBMVF PG h(x)−hrtr DPSSFTQPOET
UP B UJNF EJêFSFODF HSFBUFS UIBO
∣∣∣ 1fs ∣∣∣ UIFO UIF USBDF JT TIJGUFE VQ PS EPXO BT BQQSPQSJBUF
6TJOHΛ 	4FD"
 UIF SFHJPO GPS FBDI SPX PG UIF BQFSUVSF XIFSF UIF NBYJNVNNJOJNVN
01- JT HSFBUFS UIBO
∣∣∣ 1fs ∣∣∣ JT DBMDVMBUFE "T QSPDFTTJOH POMZ PDDVST JO % 	4FD 
 UIF BSSBZ
FMFNFOUT JO UIJT SFHJPO BSF NVUFE BT UIFZ XJMM DPOUBJO OP VTFGVM FOFSHZ BT GBS BT % QSPDFTTJOH
JT DPODFSOFE
$ 3KDVHFDOFXODWLRQDQGPXOWLSOLFDWLRQ
ɨF DFOUSBM QVSQPTF PG 4"3 QSPDFTTJOH JT UP HFOFSBUF QIBTF DPSSFDUJPOT BOE BQQMZ UIFN UP SBX
EBUB ɨF QIBTF DPSSFDUJPOT BSF DBMDVMBUFE VTJOH Λ 	4FD"
 BOE BSF HJWFO CZ
φ(tr, d) =
2pi
λ
Λ 	"

XJUI UIF SFGFSFODF GVODUJPO 	4FD 
 CFJOH HJWFO CZ
m(tr, d) = e−iφ(tr,d) 	"

GPSNJOH BO BSSBZ PG QIBTF DPSSFDUJPOT
m(tr, d) =

e−iφ(tr−
L−1
2 ,d1) · · · e−iφ(tr,d1) · · · e−iφ(tr+L−12 ,d1)
e−iφ(tr−
L−1
2 ,d2) · · · e−iφ(tr,d2) · · · e−iφ(tr+L−12 ,d2)
e−iφ(tr−
L−1
2 ,d3) · · · e−iφ(tr,d3) · · · e−iφ(tr+L−12 ,d3)
... . .
. ...
. . .
...
e−iφ(tr−
L−1
2 ,dn) · · · e−iφ(tr,dn) · · · e−iφ(tr+L−12 ,dn)


" 1SPDFTTJOH TDIFNF
XIFSF dn JT UIF GPDVT QPJOU EFQUI ɨJT QIBTF DPSSFDUJPO BSSBZ JT UIFO NVMUJQMJFE XJUI UIF
TFDUJPO PG UIF SBX EBUB 	PDW BSSBZ
 DPOUBJOFE XJUIJO UIF BQFSUVSF XJOEPX HJWFO CZ
s(tr, r) =

s(tr − L−12 , r1) · · · s(tr, r1) · · · s(tr + L−12 , r1)
s(tr − L−12 , r2) · · · s(tr, r2) · · · s(tr + L−12 , r2)
s(tr − L−12 , r3) · · · s(tr, r3) · · · s(tr + L−12 , r3)
... . .
. ...
. . .
...
s(tr − L−12 , rn) · · · s(tr, rn) · · · s(tr + L−12 , rn)

XIFSF rn JT UIF SBOHF CJO OVNCFS ɨJT NVMUJQMJDBUJPO JT HJWFO CZ
c(tr, r) = m(tr, d)× s(tr, r) 	"

XIFSF c(tr, r) JT UIF QIBTF DPSSFDUFE BSSBZ GPSNFE CZ UIF NVMUJQMJDBUJPO ɨF OFYU PQFSBUJPO
JT UP TVN UIF QIBTF DPSSFDUFE BSSBZ BDSPTT SPXT QSPEVDJOH B TJOHMF PVUQVU USBDF ɨJT PVUQVU
USBDF JT QMBDFE JO BO PVUQVU BSSBZ UIF TBNF TJ[F BT UIF DVSSFOUMZ MPBEFE ëMF BOE BU DPMVNO
QPTJUJPO tr ɨJT QSPDFTT JT DPOUJOVFE VOUJM UIFSF JT B QSPDFTTFE USBDF DPSSFTQPOEJOH UP FBDI
DPMVNO JO UIF DVSSFOUMZ MPBEFE ëMF
$ &RQFDWHQDWLRQDQGVDYLQJ
'PS FBDI ëMF 	F 
 DVSSFOUMZ CFJOH QSPDFTTFE XIFO UIF MFGU TJEF PG UIF XJOEPX
(
tr − L−12
)
DMFBST
UIF ëSTU USBDF JO UIF ëMF UIFO UIF QBSU PG UIF DPODBUFOBUFE BSSBZ 	DPSSFTQPOEJOH UP F − 1
 JT
EFMFUFE 8IFO UIF SJHIU TJEF PG UIF XJOEPX (tr + L−12 ) BQQSPBDIFT UIF MBTU USBDF JO UIF ëMF
UIFO UIF ëMF F + 1 JT MPBEFE BOE DPODBUFOBUFE UP F  0ODF UIF DFOUSF PG UIF BSSBZ tr JT PWFS
UIF MBTU USBDF 	OPSNBMMZ
 F (5904) UIF QSPDFTTFE PVUQVU BSSBZ JT TBWFE ɨJT QSPDFTT DPOUJOVFT
VOUJM BMM UIF ëMFT JO UIF ëMF TFRVFODF IBWF CFFO QSPDFTTFE

$SSHQGL[%
9LVFRXVUHOD[DWLRQWLPH
% 9LVFRXVUHOD[DWLRQWLPHGHULYDWLRQ
8IBU GPMMPXT JT UIF EFSJWBUJPO PG UIF JDF TIFMG CBTBM VOEVMBUJPO SFMBYBUJPO UJNF JU JT BEEFE
IFSF GPS DPNQMFUFOFTT )JOENBSTI 	QFSTPOBM DPNNVOJDBUJPO
 TBZT UIBU JU HJWFT B HPPE FTUJNBUF
PG SFMBYBUJPO UJNF GPS VOEVMBUJPOT PG XBWFMFOHUI≥ POF JDF UIJDLOFTT 'PS JOëOJUF XBWFMFOHUIT
UIF CBTJD GPSDF CBMBODF FRVBUJPO JT
2
∂
∂x
(Hτxx) = ρ
′ρigH
∂H
∂x
, 	#

XIFSF x JT UIF IPSJ[POUBM DPPSEJOBUF τxx JT MPOHJUVEJOBM TUSFTT BOE H JT JDF UIJDLOFTT XIJDI
JOUFHSBUFT UP
τxx =
1
4
ρ′ρigH +
B
2H
, 	#

XIFSF B JT B DPOTUBOU PG JOUFHSBUJPO LOPXO BT UIF CBDLGPSDF BOE ρ′ JT EFëOFE BT
ρ′ = 1− ρi
ρw
, 	#

8F OPX FYQBOE BSPVOE B CBTF DBTF XIFSF UIF UIJDLOFTT JT VOJGPSN TVQFSTDSJQU (0) XIJDI IBT
B TQFDJëFE MPOHJUVEJOBM TUSFTT BOE B TNBMM QFSUVSCBUJPO JO UIJDLOFTT XF EFOPUF (1) ɨFTF BSF

# 7JTDPVT SFMBYBUJPO UJNF EFSJWBUJPO
HJWFO CZ
τ (0)xx =
1
4
ρ′ρigH(0) +
B
2H(0)
, 	#

τ (1)xx =
1
4
ρ′ρigH(1) − BH
(1)
2H(0)2
, 	#

XIJDI MFBET EJSFDUMZ UP
τ (1)xx
τ (0)xx
=
H(1)
H(0)
− BH
(1)
τ (0)xx H(0)2
, 	#

ɨF DPOTUJUVUJWF SFMBUJPOTIJQ (MFOT MBX JT HJWFO CZ
,˙ = Aτnxx, 	#

XIFSF ,˙ JT UIF MPOHJUVEJOBM TUSBJO SBUF BOE A JT UIF ìPX QBSBNFUFS -JOFBSJTJOH XF PCUBJO
,˙(1)
,˙(0)
= n
τ (1)xx
τ (0)xx
, 	#

XIJDI MFBET UP
,˙(1)
,˙(0)
=
H(1)
H(0)
[
n− nB
τ (0)xx H(0)
]
	#

=
H(1)
H(0)
n+ 2n
(
τ f(0)xx − τ (0)xx
)
τ (0)xx
 	#

8F MFU TVQFSTDSJQU f TUBOET GPS UIF AGSFF ìPBUJOH 	OP CBDLQSFTTVSF
 DBTF BOE OPUF UIBU
τ f(0)xx =
1
4
ρ′ρigH(0), 	#

ɨF MJOFBSJTFE DPOUJOVJUZ FRVBUJPO JT
∂H
∂t
= −,˙(1)H(0) − ,˙(0)H(1), 	#


# 7JTDPVT SFMBYBUJPO UJNF EFSJWBUJPO
PS VTJOH UIF FYQSFTTJPO GPS ,˙(1) JO &R#
∂H
∂t
= −,˙(0)
n+ 1 + 2n
(
τ f(0)xx − τ (0)xx
)
τ (0)xx
H(1), 	#

XJUI UIF UIJSE UFSN XJUIJO UIF TRVBSF CSBDLFUT CFJOH UIF CBDLQSFTTVSF UFSN 8F DBO FTUJNBUF
UIF [FSPUI PSEFS TUSFTT GSPN UIF PCTFSWFE TUSBJOSBUF
τ (0)xx =
(
A
,˙(0)
) 1
n
TJHO
(
,(0)
)
, 	#

"U UIF HSPVOEJOH MJOF B HPPE FTUJNBUF PG UIF TUSBJOSBUF JT ,˙ = . ZS− BOE TJODF
,˙ = Aτn, 	#

XIFSF A = × − 1B− ZS− BU − ¡$ XF ëOE
τ =
(
.× ) 13 = ×  1B, 	#

VQPO TVCTUJUVUJPO XF DPNQVUF UIF GSFF ìPBUJOH TUSFTT
τ f =
1
4
(
1− ρi
ρw
)
ρigH, 	#

= 0.025× 104 × × , 	#

= .×  1B, 	#

6TJOH n = 3
∂H(1)
∂t
= −,˙(0)
[
n+ 1 + 2n
(
1.25− 2
2
)]
, 	#

= −,˙(0)(4 + 6(−0.4)), 	#

= −,˙(0)(4− 2.4), 	#

= −1.6,˙(0), 	#


# 7JTDPVT SFMBYBUJPO UJNF EFSJWBUJPO
UIFSFGPSF UIF SFMBYBUJPO UJNF JT HJWFO CZ
t =
1
1.6,˙(0)
, 	#

XIJDI GPS ,˙(0) = . ZS− HJWFT
t =
1
1.6× 0.01 , 	#

. ZS, 	#


$SSHQGL[&
6$5 SURFHVVHGÁLJKWVHFWLRQV
& / VHFWLRQV
8IBU GPMMPXT BSF UIF SBX BOE 4"3 QSPDFTTFE USBDF BSSBZT GPS ìJHIU TFDUJPOT -- *O FBDI DBTF
UIF SBX EBUB XFSF 4"3 QSPDFTTFE VTJOH B  USBDF TZOUIFUJD BQFSUVSF ɨF BJSDSBGU WFMPDJUZ
EVSJOH UIF TVSWFZ UZQJDBMMZ WBSJFE CFUXFFO  BOE  N T− UIJT NFBOT UIBU UIF MFOHUI PG UIF
NBYJNVN QPTTJCMF TZOUIFUJD BQFSUVSF WBSJFE CFUXFFO  N BOE  N
/PUF UIBU GPS ìJHIU TFDUJPOT - BOE - UIFSF XBT B GBVMU JO UIF SFDFJWFS TZTUFN UIBU NFBOU
UIBU B TJHOJëDBOU DPIFSFOU TJHOBM XBT BEEFE UP UIF SFDFJWFE TJHOBM ɨF TUSFOHUI PG UIJT DPIFSFOU
TJHOBM XBT BCPWF UIF OPJTF ìPPS BOE JT WJTJCMF JO CPUI UIF SBX BOE 4"3 QSPDFTTFE EBUB ɨJT
TJHOBM UBLFT UIF GPSN PG TMJHIU CBOEJOH JO UIF SBX EBUB BOE TJHOJëDBOU CBOEJOH JO UIF 4"3
QSPDFTTFE EBUB

$ - TFDUJPOT -

$ - TFDUJPOT -

$ - TFDUJPOT -

$ - TFDUJPOT -

$ 9 TFDUJPOT
& ; VHFWLRQV
8IBU GPMMPXT BSF UIF SBX BOE 4"3 QSPDFTTFE USBDF BSSBZT GPS ìJHIU TFDUJPOT 99 *O FBDI
DBTF UIF SBX EBUB XFSF 4"3 QSPDFTTFE VTJOH B  USBDF TZOUIFUJD BQFSUVSF ɨF BJSDSBGU
WFMPDJUZ EVSJOH UIF TVSWFZ UZQJDBMMZ WBSJFE CFUXFFO  BOE  N T− UIJT NFBOT UIBU UIF MFOHUI
PG UIF NBYJNVN QPTTJCMF TZOUIFUJD BQFSUVSF WBSJFE CFUXFFO  N BOE  N

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

$ 9 TFDUJPOT 9

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